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Abstract

Empirical Evidence for the Birch and Swinnerton-Dyer Conjecture

Robert L. Miller

Chair of the Supervisory Committee:
Professor William Stein
Mathematics

The current state of knowledge about the Birch and Swinnerton-Dyer conjecture relies on
some of the deepest and most difficult mathematical endeavors, including the modularity
theorem of Wiles, Breuil, Conrad, Diamond and Taylor, which was instrumental in the proof
of Fermat’s last theorem. There are also the Euler systems of Kato and Kolyvagin, Rubin’s
work on curves with complex multiplication, Néron’s classification and Tate’s algorithm,
and the formula of Gross and Zagier. Despite all of this mathematical energy there is still
much to be learned. Many facts about the conjecture only become clear one case at a time,
after hard computation. We prove the full Birch and Swinnerton-Dyer conjecture for many
specific elliptic curves of analytic rank zero and one and conductor up to 5000 by combining

theoretical and computational methods.
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Chapter 1
INTRODUCTION

In this chapter we recall the statement of the Birch and Swinnerton-Dyer conjecture for
elliptic curves over the rational numbers. In the second chapter we collect results about the
conjecture for elliptic curves over the rational numbers of analytic rank at most one. In the
third chapter we examine some techniques for performing descents on elliptic curves, which
is useful in many of the cases where the more general theory breaks down. New results
are found in the fourth chapter, in which we use the theory established in the previous two
chapters when the analytic rank is at most one, in particular proving Theorem 1.1. Appendix
A contains the tables referred to in Chapter 4 and in Theorem 1.1. For a statement of the
conjecture for abelian varieties over global fields, see Appendix B. For the remainder we
specialize to F an elliptic curve over Q.

Suppose E/Q is an elliptic curve and let E(Q) denote the set of points of E with
coordinates in @Q, noting that F(Q) is an abelian group whose identity we will denote O.

The Mordell-Weil theorem states that E(Q) is finitely generated, i.e.,

E(@) = Zr X E(Q)tors-

Let ap = p+ 1 — #E(F,) where E(F,) is the mod-p reduction of E—this requires that £
be a minimal Weierstrass model. In cases of good reduction (p f A(E) where A(FE) is the
discriminant), E(F,) is a group and in cases of bad reduction, E(IF,) is singular and the
nonsingular points form a group. Define
R | e e | =
iam) TP pags LT WP EEP

which converges for R(s) > 3/2 and has an analytic continuation to the complex plane. The

Birch and Swinnerton-Dyer conjecture asserts that rank(E(Q)) = ords—1 L(E/Q, s)!. For

If you can prove this for every elliptic curve E over Q, the Clay Mathematics Institute will give you a
million dollars. [54]



this reason we define r,, (F/Q) = ords—1 L(E/Q, s) to be the analytic rank of E.

The determinant of the height pairing matrix, i.e., the regulator of E(Q), is denoted
Reg(E(Q)). With w denoting the minimal invariant differential let Q(E) = | B(®) |w| be the
so-called “real period” of E, which is the real period (the least positive real element of the
canonical period lattice) times the order of the component group of E(R). Let ¢,(E) denote
the Tamagawa numbers and let III(Q, E') denote the Shafarevich-Tate group. The Birch

and Swinnerton-Dyer conjectural formula (assuming that r = r,y,) is:

LO(E/Q,1) )T, c(E) - Reg(E(Q)) - #1L(Q, E)

’r! #E(@)?JOI‘S ’

which of course requires that III(Q, F) is finite, which is part of the conjecture. #11(Q, E)an

denotes the order predicted by the conjecture, which is not even known to be a rational
number for a single curve of analytic rank greater than one.

For simplicity of notation (following [22]) we define the following:

Definition. BSD(E/Q, p): We have rank(E(Q)) = ran(E/Q), #111(Q, E)(p) < oo, #11(Q, E)an

is a rational number and

Ordp(#m((@, E)an) = Ordp(#m(Qv E) (p))

Note that the full conjecture for E/Q is equivalent to BSD(E/Q, p) for all primes p. The

rest of this paper if devoted to proving the following result:

Theorem 1.1. Suppose E/Q is an elliptic curve of rank at most 1 and conductor N(E) <
5000. If (E,p) # (1155k,7) and (E,p) is not isogenous to one of the 223 pairs listed in
Tables A.9, A.11, A.12, A.13 and A.15, then BSD(E/Q, p) is true.

Note that this gives the full Birch and Swinnerton-Dyer conjecture for 16501 curves of
the 16725 of rank at most one and conductor at most 5000. The essential obstructions to
proving BSD (for rank(E(Q)) < 1 and N(E) < 5000) are reducible representations (the
127 curves in Tables A.11, A.12 and A.13), additive reduction (the 96 curves in Table A.9
and A.15) and situations in which p divides two distinct Tamagawa numbers (the pair

(E,p) = (1155k, 7).



Suppose the conductor of E/Q is N. By [53] and [6] every elliptic curve over Q has a
modular parametrization, which is a nonconstant morphism v : Xo(N) —— E. In other
words, every elliptic curve is a Weil curve. If for each isogenous curve E’ with modular
parametrization ¢’ : Xo(N) —— E’ we have that ¢ = ¢ o 1) for some isogeny ¢, then we
say that E is an optimal elliptic curve, often called a strong Weil curve in the literature.
Every elliptic curve E/Q has an optimal elliptic curve in its isogeny class, and by the
characterizing property this optimal curve is unique. Thus we can use optimal curves as
isogeny class representatives and, by isogeny invariance of the BSD formula, focus on optimal
curves.

A remark about computation is in order: Whenever we prove a theorem with the help
of a computer, interesting questions arise. Aside from the philosophical points, there is the
very real question of errors, both in hardware and software. Any computer-assisted proof
implicitly includes as a hypothesis the statement that the software used did not encounter
any bugs during execution.

There is a also benefit to computation which some may not expect, which comes in this
investigation in the form of some of the tables and exceptions at the end of Chapter 4.
These kinds of examples can point to areas of inquiry not fully addressed in the current
theory—in particular the curves in Table A.9 are all rank 1 curves with CM where there are
no known techniques to bound the p-primary subgroup of the Shafarevich-Tate group at all.
These sorts of examples arising from computation often lead to innovation and discovery
and they challenge us to think about what is necessary to provably verify something.

Few software programs for serious number theory research have been proven correct.
However it is often noted in the literature, as it is in Birch and Swinnerton-Dyer’s seminal
note itself, that the kind of algorithms which occur in number theory, and more importantly
the errors computational number theorists are likely to make implementing them, are often
of a very particular sort. Either the software will work correctly or very quickly fail in an
obvious way—perhaps it will crash or give answers that make no sense at all. In fact the
computational work behind the theorems of Chapter 4 uncovered several bugs (which have
all been fixed). There are sometimes different implementations of the same algorithm or

even different algorithms which implement the same theory. For example, the author used



four different implementations of 2-descent to verify the computational claims of Theorem

3.8.



Chapter 2
ELLIPTIC CURVES OVER Q

2.1 Imaginary quadratic twists

Since a fair amount of material to come will depend on the properties of a quadratic twist
EP of an elliptic curve E by D < 0, let us establish some of its properties here. Suppose
E is an elliptic curve over Q, and let Isomg(E) denote the set of isomorphisms £ —— E
defined over Q.

Given a cocycle £ € H!(Gq,Isomg(FE)) we can construct an elliptic curve as described
in [43, ch. X] by constructing its field of functions. Let Q(E)¢ be a field isomorphic to Q(E)
via some Q-isomorphism Z : Q(E) — Q(E)¢. We can define an action of Gg on Q(E);¢
via Z:

Z(f)7 = Z(&(f7)) for all 0 € Gg and all f € Q(E),

where & : Q(E) — Q(E) is induced by &, : E —— E. Letting F denote the fixed field
of Q(E)¢ under the action of Gg, we have F NQ = Q and that QF = Q(E)¢. Thus F is an
extension of Q of transcendence degree 1 with F N Q = Q, i.e., there exists a curve E¢/Q
with Q(E¢) = F.

Let x : Gg — {£1} denote the quadratic character associated to Q(v/D)/Q, i.e.,
x(6) = VD’ /v/D, and use it to define a cocycle ¢ : Gg — Isomq(E) by & = [x(0)]. If

FE' is given in short Weierstrass form
E:y2 :x3+ax+b,
then [—1](x,y) = (z,—y). We can express the action of o € Gg on Q(z,y)¢ by
VD" = x(0)VD, 27 ==z, y7 =x(o)y.

Thus v = x and v = y/v/D are functions in Q(z, y)¢ fixed by Gg and satisfy the equation

Dv? = u? + au + b. If the given Weierstrass equation for F is minimal and the minimality



of its twist is needed, then multiplying v by D and v by D?, we obtain the alternate form
EP v = u? 4+ aD%u + bDP.

The discriminant of the twist will be minimal as long as we assume ged (A(E), D) = 1,
since A(EP) = —16 (4 (aD2)3 +27 (bD3)2> = DSA(E). The two curves are related by the
Q(v/D)-isomorphism

0: E— EP:p(z,y) = (Dx,D3/2y) .
Let o denote complex conjugation and note that if x° = x and y° = £y then
o(2,y)” = (Dz, D3/?y)” = (Dx,+D*?y) = ((z,Fy)) = [Fl]e(z,y).

This shows that ¢ exchanges the 41-eigenspaces of 0. With K = Q(v/D), the following
lemma gives a relationship between the Mordell-Weil groups E(Q), EP(Q) and E(K).

Lemma 2.1. We have E(Q) = E(K)* and under ¢~ we may identify EP(Q) = E(K)~.

Under this identification we have that

1. the intersection is two torsion:

E(Q) N EPQ) =EQ)2],

2. if E(K) has rank r and E(K)[2] has rank s, then

[E(K) jtors : (E(Q) + E”(Q)) jtors) < 2

and

[E(K): B(Q) +E”(Q)] <2,
3. and if E(K) has rank 1, E(Q) has rank 0 and E(Q)[2] = 0, then

E(K)/tors = ED(Q)/torS'



Proof. Let o be the nontrivial element of G = Gal(K/Q), which is induced by complex
conjugation since D < 0. Considering F(K) as a Z[G]-module, since 02 — 1 = 0, we
are interested in the +1-eigenspace E(K)t = ker(c — 1) and the -1-eigenspace E(K)™ =
ker(o + 1) of E(K), which are interchanged by the K-isomorphism ¢. The former is simply
E(Q) by definition and the latter is ¢~ (EP(Q)). We have that E(K)TNE(K)~ = E(Q)[2],
since P € E(K)™ N E(K)~ is equivalent to P = P? = —P.

Let z € E(K) and note that

22 =(24+2)+(2-2°) e E(K)t + E(K)™.
Therefore since 2E(K) C E(K)" + E(K)~ we have that
[E(K)/tors : (E(K)+ + E(K)_)/tors] < [E(K)/tors : 2E(K)/tors] =2"

and

[B(K): E(K)" + E(K) ] < [E(K):2E(K)] =2""%.

Now suppose that E(K) has rank 1 and choose z such that E(K) = Zz @& E(K )tors-
Suppose further that E(K)* has rank 0. Then 2° + 2z € F(K)" must be torsion—say
2% + z = t. Choose a so that 2a + 1 is equal to the odd part of the order of ¢ and let

w = z 4 at. The element
wl+w=2+at+ (z+at) =2+ z+ 2at = (2a + 1)t

is in E(Q)[2]. If we further suppose that E(Q)[2] = 0, then w’ +w = 0, which implies that

w € E(K)~. Since w = 2z modulo torsion, we have E(K) tors = E(K) O

/_tors'
From the identifications of Lemma 2.1, we have an exact sequence

0 — T} — III(Q, E) x II(Q, EP) — II(K,E) — Ty — 0, (2.1)

where T} and T5 are finite 2-groups.
The following lemma is a correction to a formula which appeared in [23, p. 312] without

proof.



Lemma 2.2. Suppose E/R is an elliptic curve and D < 0 is a square-free fundamental

discriminant. Then

QE) - QEP) - /D = [ER) : E°(R)] - [lw]]*.

Proof. Without loss of generality we may assume that F and E” are in short Weierstrass

form and ¢ : E —— EP is defined as above. In this case the minimal invariant differentials

for E and EP are w = % and wp = —g”‘;, respectively. We calculate their relationship via ¢:
du d(Dx) Y _
* =" — ) = o — D222 _ p-1/2
¢"(wp) = <2v> ® <2D3/2y> 2% w

If E(C)* denotes the +1-eigenspace of E(C) under the action of o, then we have

O(EP) = / lwp| = / lwp| = / *wp| = |DIV/2 / vl
EP(R) w(E(C)™) E(C)~ E(C)~

O(E) =/ vl =/ .
E(R) E(C)*

The constant ||w||? is defined by the formula

]2 = / WA T,
B©)

We now switch to a complex variable via the Weierstrass map. Let A C C be the period

and

lattice of w, noting that the image of the invariant differential under the Weierstrass map

f:E(C)— C/Ais fg,)((zz)) = dz. In order to avoid overloaded notation, we fix the complex
variable z = z, + iy, and compute dz A idz = 2 dy, Adzx,. If A = wiZ & weZ where
R(w1) > 0, F(w1) =0, F(we) > 0 and R(ws) < wy, then the geometry of C/A breaks into
two cases, depending on whether the fundamental domain is rectangular (when A(E) > 0)
or not (when A(F) < 0). See Figure 2.1, in which E(C)* (colored red) is either one or two
horizontal pieces, and E(C)~ (colored green) is two vertical pieces. Let h be the height of
the fundamental domain D and let b be the width of its base. Then we have

|w||2:/2dyzAd:cz=z// dy. de. = 2bh.
D D

QE) - E?) - ID = [ sl [ laz] = 2nlm®) : ER),

which together prove the claim. O

and



Im(z)

Im(z)

Figure 2.1: The +1-eigenspaces of C/A under complex conjugation.

2.2 Gross-Zagier-Zhang and Kolyvagin

If F is an elliptic curve over Q of conductor N(E), we say that the quadratic imaginary
field K = Q(v/D) satisfies the Heegner hypothesis for E if each prime p | N(E) splits in K.
If EP is the twist of E by D then

L(E/K,s) = L(E/Q,s) - L(E”/Q,s).

If K satisfies the Heegner hypothesis for E, then the Heegner point yx € E(K) is defined
as follows (see [24] for details). By hypothesis (and some elbow grease) there is an ideal N
of Ok such that Ok /N is cyclic of order N = N(E). Since O C N™!, we have a cyclic
N-isogeny C/Ok — C/N 1 of elliptic curves with complex multiplication by Ok and a
point 21 € Xo(N). By the theory of complex multiplication one can show that x; is defined
over the Hilbert class field H of K. We fix a modular parametrization ¢ : Xo(N) — E of
minimal degree taking co to O, which exists by [53] and [6]. There is a unique minimal
invariant differential w on E over Z and ¢*(w) is the differential associated to a normalized
newform on Xo(N). We have ¢¥*(w) = a - f where f is a normalized cusp form and «
is some integer [20] constant which we may assume is nonzero. The Manin constant is
¢ := |a| and the Heegner point is yx := Try/k(¢(21)) € E(K). It has been conjectured
that ¢ = 1 if E is optimal. Define I := [E(K) jtors : Zyk], which we call the Heegner indez.

Note that sometimes we may denote the Heegner index by Ip to emphasize the dependence

K =Q(D).
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Gross, Zagier and Zhang have proven a deep theorem which expresses the first derivative
of the L-series of E/K at 1 in terms of the canonical height h of the Heegner point yg.
Theorem 2.3 (Gross-Zagier-Zhang). If K satisfies the Heegner hypothesis for E, then

2[|wl|*Alyx)

¢ ufe - /IAKK)]

where ||w||? = fE(C) w Aiw, the quadratic imaginary number field K has 2ux roots of unity

L'(B/K,1) =

and A(K) is the discriminant.

Proof. [23] when D is odd and [57] in general. O

Note that Ug(y=1) = 2, Ug(y=3) = 3 and for all other quadratic imaginary fields K (in
particular those satisfying the Heegner hypothesis) we have ux = 1. Often one requires
that D ¢ {—1, —3}, but since there are infinitely many D satisfying the Heegner hypothesis
for E if ran(F) < 1, this is a minor issue (see the proof of Theorem 2.6). Note also that the
h appearing in the formula as stated here is the absolute height, whereas the one appearing
in [23, Theorem 2.1, p. 311] is equal to our 2h.

Consider the map pg , : Gg — Aut(E[p]), which we call the mod-p representation since
E[p] = (Z/pZ)? as abelian groups. Let R denote the endomorphism ring R = End(E/C).
We have pg, : Go — Autgr(E[p]), where Autr(E[p]) is the subgroup of automorphisms
commuting with the action of R. If E does not have complex multiplication, then R = Z
and Autr(E[p]) = Aut(E[p]) = GLo(F,). If E does have complex multiplication, then R is
an order in a quadratic imaginary field and Autr(E[p]) € Aut(E[p]) = GLy(F,). In either
case, we will say that pp, is surjective if its image is Autg(E[p]). Often in the literature
one sees this defined as being “as surjective as possible” in the complex multiplication case.

We have the following powerful theorem of Kolyvagin:

Theorem 2.4. If yx is nontorsion, then E(K) has rank 1 (hence Ix < o), II(K, E) is
finite,
e3IgII(K, E) = 0 and #111(K, E)|calf,

where cs and ¢4 are positive integers explicitly defined in [29]. The primes dividing c4 are

at most 2 and the odd primes p for which pg, is surjective.
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Proof. [29, Theorem A] O

Corollary 2.5. If yx is nontorsion, then II(Q, E) and II(Q, EP) are finite and have

orders whose odd parts divide 04112(.

Proof. By the exact sequence (2.1), we have that #I11(Q, E)-#111(Q, EP) divides #111(K, E)

up to a power of two. ]
Theorem 2.6. If r,,(E) < 1, then yi is nontorsion. In particular,
r(E) = ra(F),
HI(Q, E) is finite, and if p is an odd prime such that pg , is surjective, then
ord, (#I11(Q, E)) < 2-ordy,(Ik).

Proof. We follow the proof given in [19]. If ¢ = —1 (i.e., 7an(E) = 1), then [52] implies that
there are infinitely many D < 0 such that K = Q(v/D) satisfies the Heegner hypothesis for
E and 7,y (EP) = 0. If ¢ = 1 (i.e., 7an(E) = 0), then results of [7] and [33] imply that there
are infinitely many D < 0 such that K = Q(v/D) satisfies the Heegner hypothesis for E. In
this case, for parity reasons, L(E”/Q,1) is always 0.

We have that

orde—1 L(E/K, s) = orde—1 L(E/Q, s) + ords—1 L(E? /Q, 5),

which implies that in either case 74, (E/K) = 1 which, by the Gross-Zagier-Zhang formula
(Theorem 2.3), implies that yx is nontorsion. Then Kolyvagin’s theorem implies that F(K)
has rank 1, Ix < oo and that III(K, F) is finite.

By Lemma 2.1, we have
rank(E(K)) = rank(E(Q)) 4 rank(E” (Q)).

The point yx belongs to E(Q) (up to torsion) if and only if ¢ = —1. If ¢ = —1, then
rank(E(Q)) = 1 since yx € E(Q) tors- If € = 1, then some multiple of yx is in E(K)~,
which implies that rank(EP(Q)) = 1, hence rank(E(Q)) = 0. O
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Lemma 2.7. If B > 0 is such that S = {P € E(Q) : h(P) < B} contains a set of generators
for E(Q)/2E(Q) then S generates E(Q).

Proof. See [13, §3.5]. O

Theorem 2.8. If r,,(E) < 1, then there are algorithms to compute both the Mordell-Weil
group E(Q) and the Shafarevich-Tate group 111(Q, E).

Proof. Following [46], we can naively search for points in F(Q) and the rank of what we
find will eventually climb to r. We can also compute L(k)(E ,1) to a given precision which
will give an upper bound on 7,,. This upper bound will eventually converge to r,, as we
increase the precision. Once our bounds for r and r,, are equal, we have computed the
rank.

We can compute the subgroup E(Q)[2] to obtain the rank of F(Q)/2E(Q). A point
search to compute the rank of F(Q) will find independent points P, ..., P. of infinite order.
If any sum of P; is equal to 2Q for Q € E(Q), then we replace one of the P; involved
in the sum with @ and start over—this halves the index of what we have inside of E(Q).
If no subset of the (modified) P; sums to twice a rational point, these plus the 2-torsion
generators found above generate E(Q)/2E(Q). Call these generators Py, ..., Ps. Let C =
C(E) be the constant given in [15] such that |h(P) — h(P)| < C for all P € E(Q) and let
B = max{h(P,), ..., h(P;)}. We then perform a point search up to naive height B 4+ C, and
by the previous lemma this will guarantee a set of generators of E(Q).

To compute II1(Q, E), note that Kolyvagin’s theorem gives an explicit upper bound B for
#111(Q, E). For primes p dividing this upper bound, we can' perform successive p*-descents
(see Chapter 3) for k& = 1,2,3,... to compute III(Q, E)[p*]. As soon as III(Q, E)[p*] =

I(Q, E)[p**!] we can move on to the next prime. Once we do this for each prime we have

MI(Q. B) = @, Q. B)[p). =

Note that if the full BSD conjecture holds, we may theoretically do a single n-descent,
where n? = #II(Q,E) = #II1(Q, E)an, to determine the group structure of I(Q, E).

However, for even moderately sized n this is impractical.

'Recall, we are only proving that an algorithm exists: this scheme quickly becomes computationally
infeasible as p varies.
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For r,n(E) < 1, the following theorem will allow us (at least in theory) to compute
#II(Q, E)an exactly, which, together with the previous theorem, shows that the BSD for-

mula for £ can be proven for specific elliptic curves via computation.

Theorem 2.9. Ifrq,(E) < 1, then #11(Q, E) 4y, is a rational number with bounded denom-

inator (i.e., there is an easily computed integer n = n(E) such that #11(Q, E) 4, € Z[n™1]).

Proof. The first fact we will need is that the L-ratio L(F/Q,1)/Q(F') of any elliptic curve
F/Q is a rational number. By [53] and [6] F' is modular. Cremona [13, §2.8] gives an
algorithm for computing these quantities for modular curves, however the original result
(that the ratio is rational) is due to Birch.

If ran(E) = 0, we have Reg(F(Q)) =1 and

— L(E/Q7 1) X (#E(Q)tors)2
Q(E) Lo

If ran(E) = 1, then suppose K = @(\/ﬁ) satisfies the Heegner hypothesis for £. Note
that L'(E/K,s) = L'(E,s) - L(EP/Q,s). If z is a generator? of E(Q) s, then since
hi(z) = 2?@(2), we have

#IL(Q, E)an

haclys) _ 20 _ oy g2,
hol)  us)
By Theorem 2.3 (and since Regp ) = ho(z)) we have
_ L,(E/K’ 1) . (#E(Q)tors)2
T RN T R A R X
_ hi(yx) [lwll? (#E(Qtors)”

ho(z)  VIAKK)|-L(EP/Q,1)-E) -1,
_ [|w][? 2 [E(K) : Zyk]® - (#E(@)torS)Q‘
VIAEK)]- L(EP/Q,1) - U(E) -1l
By Lemma 2.2, we have that (Q(E) -Q(EP) - ]A(K)\) /||wl||? is a rational number. Since

L(EP/Q,1) /QEP) is a rational number, we have

ol o
|A(K)|- L(EP/Q,1) - E)
and since the rest of the expression involves integers, we have #I1I(Q, F),, € Q. O

2Here we are treating z as a generator of E(K ) for simplicity—it may be twice a generator, see Section
2.1. We can do this if we are only concerned with showing that a quantity is rational.
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Gross and Zagier first proved this in [23, p. 312].

2.3 Complex Multiplication

If E is an elliptic curve over Q, then End(E/C) is either Z or an order O in a quadratic
imaginary number field K. If the latter is the case, there is an isogeny defined over QQ from
E to an elliptic curve E’ with complex multiplication by the maximal order O . Note that
FE has complex multiplication by a non-maximal order if and only if its j-invariant is in
the set {—12288000, 54000, 287496, 16581375}. Suppose, without loss, that E is an elliptic
curve defined over a quadratic imaginary field K and that F has complex multiplication by

the ring of integers Og. The purpose of this section is to prove the following theorem:

Theorem 2.10. Suppose E has CM by the full ring of integers O .

1. If ron(E) = 0, then BSD(E/Q, p) is true for p > 5.
2. If ron(E) =1, then:

(a) If p > 3 is split, then BSD(E/Q, p) is true.

(b) If p > 5 is inert and p is a prime of good reduction for E, then
ord, (#111(Q, E)) < 2-ordy(I),

where I = IQ(@) is any Heegner index for D < —4 satisfying the Heegner
hypothesis.

We will prove this theorem in a sequence of smaller statements, beginning with a theorem

of Rubin:

Theorem 2.11. With w = #05, we have

1. If L(E/K,1) # 0 then E(K) is finite, II(K, E) is finite and there is a u € O [w™1]*
such that B
L1(K, E) - Q0
(#E(K))?
In other words, BSD(E/K,p) is true for ptw.

L(B/K,1) = u
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2. If L(E/K,1) = 0, then either E(K) is infinite, or the p-part of ILI(K, E) is infinite
for all primes p t #0 .

3. If E is defined over Q and r4,(E/Q) = 1, then BSD(E/Q,p) is true for all odd p
which split in K.

Proof. [37] O

Corollary 2.12. If E is defined over Q, has complex multiplication and rq,(E/Q) = 0,
then BSD(E/Q, p) is true for all p > 5.

Proof. Since a,(E) = 0 for primes p which are inert in K, and since these are exactly the

primes where the twisting character is nontrivial, we have that
L(E/K, s) = L(E/Q, s)%

As Silverman notes in [44, p. 176], since E has complex multiplication it must be of
additive reduction at all the bad primes. By [43, Cor. 15.2.1, p. 359] the Tamagawa
product (not including archimedean primes) is at most 4. By Lemma 2.1, we have that
[E(K): E(Q)+ EP(Q)] is a power of two, hence the odd part of # F(K )ty is the square of
the odd part of #E(Q)iors. Lemma 2.2 shows that co(E/K) = Q(E)? up to a power of two
since E is isogenous to EP. (See Appendix B for the full statement of what BSD means
for E/K, and in particular for a definition of ¢o(E/K).) Finally, by the exact sequence
(2.1), BSD(E/Q, p) is equivalent to BSD(E/K, p) for odd primesp. By the first part of the
theorem BSD(E/Q, p) is true for p f #0%. Since K is quadratic imaginary, only 2 and 3
can divide #0%. 0

Lemma 2.13. Let p be a prime of K of good reduction for E which does not divide #Oj..
Then K(E[p])/K is a cyclic extension of degree Norm(p) — 1 in which p is totally ramified.

Proof. [36, Lemma 21(i)] O

Lemma 2.14. (Og/pOk)* = Autp, (E[p]).
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Proof. Following unpublished work of A. Lum and W. Stein, let Ox = Z[a]. Then via
the isomorphism E[p] & ]Ff,, the element o acts on IF'?D by a matrix M € GLg(F,). Then
Autop, (E[p]) is isomorphic to the centralizer of M in GLy(F,). The centralizer of M is
equal to the subgroup it generates since M cannot be a scalar element. In other words, we
can make the identification Autop, (E[p]) = () by viewing « as an element of Aut(E[p]).
We define an isomorphism Autp, (E[p]) — (Or/pOk)* by sending a” to a" + pOk €
(Ok/pOK)*. If o™ € pOk then M™ = 0 in GL2(F,), hence the map is injective. It is

surjective since O = Z[a]. O

Proposition 2.15. Ifp is a prime of good reduction for E not dividing #O 5 which is inert

in K, then pg, is surjective.

Proof. When p is inert in K, Norm(p) = p?. By Lemma 2.13 #Gal(K(E[p])/K) =
p? — 1. Since pp,, : Gal(K(E[p])/K) — Auto, (E[p]) is injective it suffices to show that
#Aute, (E[p]) = p* — 1. By Lemma 2.14 this reduces to showing #(Ok /pOk)* = p? — 1
which is true since [Ok /pOk : Z/pZ] = 2. O

2.4 Bounding the order of 1II(Q, F)

Suppose 7Tan(E) < 1 for E/Q and that K is a quadratic imaginary field satisfying the
Heegner hypothesis for £ with Ix = [E(K) : Zyk]. We have already seen that for analytic
rank zero curves BSD(E/Q, p) is true for primes p > 3 if E has complex multiplication.

Otherwise we have the following theorem of Kato:
Theorem 2.16 (Kato). Suppose E is an optimal non-CM curve, and let p be a prime such
that p{ 6N (E) and pgyp is surjective. If rqn(E) = 0 then III(Q, E) is finite and

ord, (#I11(Q, E)) < ord, (L(é_j(/j_%l)) .

Proof. [28] O

As a corollary to this theorem BSD(E/Q, p) is true for primes p > 3 of good reduction
where E[p] is surjective and p does not divide #III(Q, E)ayn. Under certain technnical
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conditions on p (explained in [21]), Grigorov has proven the bound on the other side:

ord, (#11(Q, F)) = ord, (IJ(Q%U) :

Because Kato’s theorem often eliminates most of the primes p > 3, one often does not
need to compute the Heegner index for rank zero curves. However, if there is a bad prime
p > 3 with E[p] surjective then Kato’s theorem does not apply and descents are in general
not feasible. For example, this happens with the pair (E,p) = (2900d1,5). Interestingly
#11(Q, E) = 25 in this case (this will be proven in Chapter 4). Kolyvagin’s theorem still
gives an upper bound in this case, provided we can get some kind of bound on the Heegner
index. In the example above the methods of Section 2.5 show that I'x < 23, implying that
ords(Ix) <1 and hence ords(#11(Q, E)) < 2.

Theorem 2.17 (Kolyvagin’s inequality). If p is an odd prime unramified in the CM field

such that pg , is surjective then
ord,(#1I(Q, £)) < 2-ordy(Ik).
We have the following alternative hypotheses which lead to the same result:
Theorem 2.18 (Cha). If pt2-A(K), p*{ N(E) and pg,, is irreducible then
ord, (#II(Q, E)) <2 - ord,(Ik).
Proof. [11, 12] O

Theorem 2.19. Suppose E is non-CM and p is an odd prime such that p t #E'(Q)tors
for any E' which is Q-isogenous to E. If A(K) is divisible by exactly one prime, further
suppose that pt A(K). Then

ord, (#I1(Q, E)) < 2 - ordy(Ig).
Proof. [22] O

Jetchev [27] has improved the upper bound with the following:
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Theorem 2.20 (Jetchev). If the hypotheses of any of Theorems 2.17, 2.18 or 2.19 apply
to p, then

ord,(#1I(Q, E)) <2- <ordp(IK) — q‘r?va(%) ordp(cq)> .

If p divides at most one Tamagawa number then this upper bound is equal to ord,(#I111,,(Q, E)).
All the work done in Chapter 4 was originally inspired by the following result in [22]:

Theorem 2.21. Suppose E is a non-CM elliptic curve over Q of rank(E(Q)) < 1 and
conductor N(E) <1000, and p is a prime. If p is odd, suppose further that pg , is irreducible
and p does not divide any Tamagawa number of E. Then BSD(E/Q, p) is true.

Proof. In the paper [22], the authors used 2-descent to compute #II(Q, F)[2], and in
the cases where this was nontrivial, they used 4-descent to prove that HI(Q, E)[2] =
#II(Q, E)[4]. This gives the order of III(Q, E)[2°°], which agrees with the conjectured
order, thus proving BSD(FE/Q,2) for each curve satisfying the hypothesis.

In the rank 1 case the authors used Theorem 2.17 when pp, , is irreducible and surjective,
leaving a set of pairs (E,p) such that PE,p is irreducible but not surjective. The remaining
cases all have p? | N(E), so Theorem 2.18 does not apply. These are dealt with using
Theorem 2.19.

In the rank 0 case, when p { 3N(E), the pairs (F,p) such that pg, is not known to be
surjective which satisfy the hypothesis is the single pair (608B, 5). Theorem 2.16 deals with
all the other cases, and Theorem 2.18 handles (608B, 5).

In the general rank 0 case, Theorem 2.17 applies when pg , is surjective and p 1 I,
and Theorem 2.19 works for thirteen additional pairs. For the pairs (E,p) which are left, if
p > 5 then pt N(E). Together with the previous paragraph, this shows that BSD(E/Q, p)
is true if p # 3.

Finally, 3-descents prove all of the remaining cases except for 681B, where 3-descent
shows that III(Q, E)[3] is nontrivial. Then Theorem 2.17 with D = —8 proves that
#11(Q, £)[3%°] <9, proving the last case. O

There is also an algorithm of Stein and Wuthrich based on the work of Kato, Perrin-

Riou and Schneider (a preprint is available at [47] and the algorithm is implemented in
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Sage [49]). Suppose that the elliptic curve E and the prime p # 2 are such that E does
not have additive reduction at p and the image of pp , is either equal to the full group
GL3(F,) or is contained in a Borel subgroup of GLg(F,). (We recall that a Borel subgroup
is a maximal closed connected solvable subgroup. In GLy(FF,) these are subgroups which are
conjugate to the group of upper triangular matrices. See [26, Section 21| for more details.)
These conditions hold for all but finitely many p if E does not have complex multiplication.
Given a pair (FE,p) satisfying this hypothesis, the algorithm either gives an upper bound
for #I1(Q, E)[p*°] or terminates with an error. In the case that r,,(F) < 1, an error only
happens when the p-adic height pairing can not be shown to be nondegenerate. For curves
up to conductor 5000 of rank 0 or 1 this never happened for those p considered. Note that
it is a standard conjecture that the p-adic height pairing is nondegenerate, and if this is
true for a particular case, it can be shown via a computation.

There are also techniques for bounding the order of II from below. In [17], Cremona
and Mazur establish a method for visualizing pieces of 111 as pieces of Mordell-Weil groups
via modular congruences, which is explained only in the appendix of [1]. They have also
carried out computations for curves of conductor up to 5500, which are listed in [17]. In
addition, Stein established a method for doing this for abelian varieties as part of his Ph.D.
thesis [48].

2.5 The Heegner index

The main ingredient to applying Kolyvagin’s work to a specific elliptic curve E of analytic
rank at most 1 is to compute the Heegner index I = [E(K) jtors : ZYK|, where K = Q(vD)
satisfies the Heegner hypothesis for F and yx € E(K) is a Heegner point (and 7k is its
image in E(K)/tors). Let 2 € E(K) generate E(K) /yors-

We can efficiently compute iL(yK) provably and to desired precision using the Gross-
Zagier-Zhang formula (Theorem 2.3)), reducing the index calculation to the computation

of the height of z, since

hiz)

We have the following corollary of Lemma 2.1:
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Corollary 2.22. Suppose E is an elliptic curve of analytic rank 0 or 1 over Q, in particular
rank(F(Q)) = ran(E(Q)). Let D < 0 be a squarefree integer such that K = Q(v/D) satisfies
the Heegner hypothesis for E.

1. If ran(F(Q)) = 1, where F € {E,EP}, and if v € F(Q) generates F(Q) jsors, then

Mu) 1y ¢ F(K),

2, /w1y e p(K).

2. Suppose ran(E(Q)) = 0. If E(Q)[2] = 0 then let A = 1, otherwise let A = 4. Let
C = C(EP/Q) denote the Cremona-Pricket-Siksek height bound [15]. If there are no
nontorsion points P on EP(Q) with naive absolute height

A h(yx)
then

Ik < M.

Note that this is a correction to the results stated in [22]. However, for each case in
which [22] uses this result, the corresponding A is equal to 1. Therefore this mistake does
not impact any of the other results there.

If rank(F(Q)) = 1, then we will have a generator = from the rank verification, and we
can simply check whether %x is in E(K) and use part 1 of the corollary. If rank(F(Q)) =0
then we may not so easily find a generator of the twist, because a point search may very
well fail since the conductor of EP is D?N(E). However, a failed point search can still be
useful as long as we search sufficiently hard, because of part 2 of the corollary.

Cremona and Siksek [16] describe an algorithm which allows the quick computation of
the minimum height for a nontorsion point on an elliptic curve. This algorithm has been

implemented in Sage [49] by Robert Bradshaw.

Theorem 2.23. Suppose r.n(E/Q) = 0. If E(Q)[2] = 0 then let A = 1, otherwise let
A =4, and let D < 0 be a Heegner discriminant. There is an easily computed constant

H(EP) such that if z € EP(Q) is nontorsion then h(z) > H(EP).
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Corollary 2.24. With the same hypotheses,

I < \JA - h(yx)/H(EP).

We will use this Corollary when a point search is infeasible, to at least give some bound
on the order of the Shafarevich-Tate group. If we compute A4, h(yx) and H(EP) as above,
then we let S; = S1(F, D, p) denote the largest nonnegative even integer such that p%1 <
A hy)/H(EP).

If the hypotheses of any of Theorems 2.17, 2.18 or 2.19 apply to p (and hence we can
also use Theorem 2.20), then we will have

ord, (#II1(Q, F)) < S7 — 2 max ord,(cy).
p(# (Q )) 1 q‘N(g) p( q)

In the tables the quantity .S will be equal to the right hand side of the above inequality. In
particular, S will be an upper bound on the exponent of p in the order of III(Q, E).



22

Chapter 3
DESCENT

In studying the arithmetic of the abelian group E(Q) it is natural to consider the map
[n] : E —— E, which is multiplication by an integer n. We can use this map to define the

sequence

0 - E[n] - E - E - 0,

(where E[n] denotes the kernel) which leads us to the descent sequence

0 E(Q)/nE(Q) > HY(Q, Eln]) — H'(Q. E)[n] —— 0,

via the long exact sequence of Galois cohomology.
By localizing at all primes p, we obtain the commutative diagram with exact rows which

is used to define the n-Selmer group and the Shafarevich-Tate group:

o

H'(Q, En]) (@Q, E)n]

E(Q)/nEQ)

0
[1E@)/nE@)) HHﬂl Q. Eln]) — [[ H'(Qp, E)ln] — 0.

P P
Recall that the n-Selmer group Sel(™ (Q, E) is the kernel of the map o. If ¢ : E —— E' is

an isogeny of degree n over a number field K, we obtain the analogous diagram:

H'(K, Eg]) H'(K, B)|¢]

E'(K)/¢E(K)

T1E (Ko /0E(Ky) > T H Ky El6)) — [[ 5"y B)8] — 0.

p p p
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The ¢-Selmer group Sel(¢)(K , ) is the kernel of the map « and the image of ¢ is contained in
it, by exactness of the bottom row and commutativity. By the definition of the Shafarevich-

Tate group, we obtain the short exact descent sequence:

0 IWMMHK%Q%WWL@—JMKEML—HQ

To see how the various Selmer and Shafarevich-Tate groups relate to each other under
an isogeny, suppose ¢ : B —— E’ has prime degree p, let ¢’ : B/ —— FE denote the dual

isogeny and consider the diagram:

0 El¢] E— % g - 0
o
0 E@ U )
¢ ¢
0 Bl e )

By taking long exact sequences and truncating, we obtain

B(K)[9B(K) ~2r H'(K, Elg)) —» H'(K, E)[g]

0 0
(b/
Op 1 |
0 E(K)/pE(K) — H (K, E[p|) — H (K, E)p] 0
dp () o* o*
0 E(K)/;’/E/(K) %/’ H'(K,E'[¢]) — Hl(erEl)W] — 0.
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By restricting to the Selmer groups, we obtain

E'(K)/¢E(K) o, Sel (K, E) — HI(K, E)|[¢]

0 0
(b/
0 B(E) p(K) P Sl (K, B) — WI(K, B 0
o o}
'/ / 5¢' / ‘ / INT 1/
0 E(K)/¢'E'(K) =2 Sel®) (K, E') — 1II(K, E')[¢/] — 0.

In [38] (Lemma 9.1), the authors use this diagram to show that the following sequence is

exact:

E'(K)[¢']/¢(E(K)[p])

Sel® (K, E) Sel?) (K, E) Sel”) (K, E)

II(K, E)[¢]/¢* (LK, E)[p])

Let us consider the ¢-descent sequence more concretely:
)
E/(K)/6(B(K)) — -~ 8l (K, E) —= HI(K, E)[¢"].

The map g4 is the connecting homomorphism from Galois cohomology. If P € E'(K),
choose a Q € E(K) such that ¢(Q) = P. Then 6,(P) € H'(K, E[¢]) is represented by
€0 G — E[g], where

¢o(o) =0Q — Q, for all 0 € Gg.

A simple diagram chase will tell us that by the definition of Sel(®) (K, E), the image of § lies
inside Sel'® (K, E). The map 7 comes from the natural surjection H' (K, E[¢]) — H' (K, E)[¢].
For [€] € Sel®) (K, E), € is a map Gx — E[¢] and 7([¢]) is represented by the composition

Gk — E[¢] — E.
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Recall that for M a Gg-module, v a place of K, and I, C G its inertia group, a
cohomology class £ € HY(K, M) = H (G, M) is said to be unramified at v if it is trivial
under the natural map H*(Gg, M) — H*(I,, M). For S a finite set of places of K and M a
finite abelian G j module, we define H'(K, M;S) to be the set of £ € H'(K, M) such that

¢ is unramified outside of S. In fact, this is a finite set [43, ch. X, Lemma 4.3].

Theorem 3.1. If S is a set of places of K containing infinite places, places at which E has
bad reduction, and places dividing deg(¢), then

Sel® (K, E) C HY(K, E[¢]; S).
Proof. [43, ch. X, Corollary 4.4] O

Definition. If /K is an elliptic curve, a principal homogeneous space for E/K is a smooth
curve C'/K together with a simply transitive algebraic group action of E on C' defined over

K.

For p € C' and P € E, we write the image of P under this action as p+ P. In this notation,
simply transitive means that the equation p + P = ¢ for p,q € C always has a unique
solution P, hence we may also write P = p — q. Picking a py € C gives an isomorphism
0:FE — C: P py+ P, defined over K(pg), thus C is a twist of E, and if C' has a point
defined over K, then C'is isomorphic to £ over K. Two homogeneous spaces are said to be
equivalent if they are isomorphic over K such that the isomorphism is compatible with the

action of E on each.

Definition. The Weil-Chatelet group WC(E/K) is the collection of equivalence classes of

homogeneous spaces for E over K.

The set WC(E/K) is a group by the bijection WC(E/K) « H'(K, E) defined as follows:
for {C/K} € WC(E/K), choose any py € C and define {o — pJ — po} to be the corre-
sponding cocycle in H'(K, E). In fact, C/K is in the trivial class if and only if C(K) is
not empty, and PicO(C) can be canonically identified with E via the “summation map,”

defined by Div®(C) — E : 3. ni(p;) — >_[ni](pi — po), which is independent of the choice of
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po € C. We identify WO(E/K) = H'(K, E), and under this identification, one can think
of III(E/K) as the group of equivalence classes of homogeneous spaces for E/K which have
K, -rational points for every place v of K. Under this light, a nontrivial element of HI(E/K)
will correspond to a failure of the Hasse principle for some homogeneous space which has

points over each completion K, yet no points over K itself.

3.1 Implementations of descents

Cremona’s program mwrank is one of various implementations of 2-descents on elliptic curves,
and consists of Birch and Swinnerton-Dyer’s original algorithm [5] together with an impres-
sive range of improvements spanning years in the literature. This is frequently called the
“principal homogeneous space” method, since it essentially involves a search for principal
homogeneous spaces which represent elements of the 2-Selmer group. These are hyperel-
liptic curves defined by 32 = f(z), where f is a quartic. As such, these are called quartic
covers of the elliptic curve. It is very well described in [13], as long as one is also aware of
the various improvements and clarifications: [14] works out computing equivalence of the
involved quartics, [18] completes the classification of minimal models begun in [5] at p = 2
and even this was further refined in certain cases by [39] and [42] includes an asymptotic
improvement over [5] in determining local solubility. Further, the situation regarding what
mwrank does in higher descents (extensions of ¢-descents to 2-descents when ¢ is an isogeny
of degree 2) is documented mostly in slides titled “Higher Descents on Elliptic Curves” on
Cremona’s website!, as well as some unpublished notes he was kind enough to share.

There is also Denis Simon’s gp [4] script, which has been incorporated into Sage. It
computes the same information as mwrank, but via what is called the “number field method.”
For more of the flavor of this approach, see section 3.2.

The 2-descent methods in Magma [8] were written mostly by Geoff Bailey. Magma’s
4-descent routines are based on [32] and [55], and here the homogeneous spaces each come
from the intersection of two quadric surfaces in P3. The 8-descent routines are based on

[45], and the homogeneous spaces are intersections of three quartics.

"Mttp://www.warwick.ac.uk/~masgaj/
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Jeechul Woo, a 2010 Ph.D. student of Noam Elkies, has implemented a gp script (which
has been ported to Sage [49] but not yet merged as of this writing) for doing 3-isogeny

descents when the curve has a rational 3-torsion point, based on [56].

3.2 Schaefer-Stoll

For D an étale algebra over K, define
D(S,m) ={a € D*/(D*)™ : « is unramified outside of S},

where we say that & € D* is unramified at v if the extension of étale K-algebras D(¥/«)/D
is unramified at all places of D lying above v.

Note that if E[m] C E(K), we have that u,, C K*. Then E[m] & (u,)? as trivial
G -modules, hence H' (K, E[m]) & H (K, (jim)?) = Hom (G, pm)?. Hilbert’s theorem 90
implies that 0 : K*/(K*)™ — Hom(Gg, i, is an isomorphism. Then in this case we

have

HY(K,E[m]; S) = K(S,m) x K(S,m).

We can then use this isomorphism to enumerate elements of H'(K, E[m];S), and for
each element £, determine whether it is in the m-Selmer group. This is done by taking a
corresponding principal homogeneous space C'/K in the Weil-Chatelet group, and checking
whether C(K,) # @ for each v € S. This demonstrates the effectiveness of the method to
compute the m-Selmer group, but often we do not need to extend K so that E[m] C E(K),
since other similar methods are available.

For the following, assume p is an odd prime, and again that ¢ : E —— E’ is an isogeny
over K with kernel E[¢] of prime exponent p. We have the following improvement to

Theorem 3.1:

Theorem 3.2. If S is a finite set of places of K containing the places above p and the

places v such that at least one of the Tamagawa numbers cg, or cpr, is divisible by p, then

Sel® (K, E) C HY(K, E[¢]; S).
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If we consider the following diagram:
0
E'(K)/¢(B(K)) ————— H'(K, E[g]: S)

II,cqresy I1,cqresy

[[ E(K.)/¢(E(K,)) vesor I1 7' (%.. El6.)).

ves ves

we may reformulate the definition of the Selmer group as follows:
Sel®)(K, E) = {€ € H\(K, E[¢]; S) : res, (€) € imdy,, for all v € S}.

Proof. [38, Prop. 4.6] O

From now on, let us suppose S satisfies the hypothesis of Theorem 3.2. Following [38],
let ¢' : E' — E be the dual isogeny of ¢ and let X be a Galois-invariant subset of E'[¢']\{O}
which spans E'[¢']. Considering X as a finite étale subscheme of E’, let D be the finite étale
K-algebra corresponding to X. The étale algebra D = [[", D; decomposes as a product
of finite extensions D; of K. If a = (v, ..., ) we say that D(¥/«)/D is unramified at a
prime p = (p1, ..., pm) if each D;(¢/a;)/D; is unramified at p;. Here we say p lies above v if
each p; lies above v.

Note that we can use algorithms for computing S-class groups Clg and S-units Ug in

the number fields D; to compute D(S,n) =[]~ D;(S,n) via the exact sequences
1 — Us(D;)/Us(D;)" — D;i(S,n) — Clg(D;)[n] — 1.

Next, we use the Weil pairing e4 : E[¢] x E'[¢/] — pp together with the Kummer isomor-
phism k : HY(K, u,(D)) — D* /(D*)P. The Weil pairing induces an injection wy : E[¢] —
pp(D) = {X(K) — pp} taking P to ey (P, ). If the induced map wy HY(K,E[¢]) — H (K, u,(D))
is injective (both globally and locally in S), then we may form the following diagram, and

transfer computations in H'(K, E[¢]; S) to computations in D(S, p):
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’ 5¢ 1 kow;;
E(K)/¢(BE(K)) ———— H (K, E[¢]; 5) <

- D(S,p)

[Lcgresy [ cgresy [Lcgresy

HVES kl’ o wy
(GRS —

8w v
[I £(K.)/¢(E(K,)) Loes dor [ #' (K., El6.]) “ 1 px oy

ves veSs ves

Under this new diagram, we have
Sel® (K, E) =~ {a € im(k o wy,) : resy () € im(ky, 0wy, 0dg,) for all v € S}.

This description of the ¢-Selmer group depends on w;; being injective globally and locally
forv e S. If ¢ = [p] and G = Gal(K(E|[p])/K), then this is the case if p{ #G or p{ #X [38,
Prop. 6.4]. In particular, if we set X = E[p] \ {O}, then p{ #X = p? — 1. If we partition
X into orbits under the G g-action, we need only take a union of orbits which spans E|[p]
such that p does not divide its order.

To make this description of the Selmer group more effective, define F : B/ — D as
follows. For each P € X, choose a function fp in K(P)(E’) with divisor div(fp) = pP —pO
such that for 0 € G we have ofp = f,p. Then F is the rational function from E’ to D
which sends a point R to the function P — fp(R). We call a degree-0 divisor on E’ over
K good if its support avoids X U {O}. Every point of E'(K) can be represented by a good
divisor, and we can evaluate I' on a good divisor »_,;n;Q; to find [[; F(Q;)" € D*. By
evaluating on good divisors, F' induces a well-defined map from E'(K)/¢(E(K)) to D(S,p)

which turns out to be equal to the composition k o w;") 0 0g4. Under this new notation, we

have
E(K)/$(E(K)) — 4 D(S.p)
[l esresy [T cgres,
F,
T 25 608, Hees T 1T oz pozy,
vesS vesS
and

Sel® (K, E) =~ {a € im(k o wy) s resy(a) € F,(E'(K,)/¢(E(K,))) for all v € S}.
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To compute the Selmer group using this description we must be able to find the im-
age of F,(E'(K,)) in D)/(D;)?, for v € S. Work in [38] allows us to find the size of
F'(K,)/¢(E(K,)), which involves computing the norm of the leading coefficient of the
power series representation of ¢ on formal groups when ¢ # [p]. Once we know the size, we
can search for good divisors defined over K, whose classes span the group. Using F},, it is
typically easier to compute independence in D) /(D,)P.

Suppose we have an étale algebra D/K corresponding to a Gg-set X with GLy-action.
Further assume that the stabilizers in GLy(F,) of points in X meet the center trivially.
Then by [38, Lemma 7.2] there is an étale subalgebra D of D corresponding to the orbits
in X of the center F) of GLa(Fp), and D/Dy is a cyclic extension of degree p — 1. Let
p1p(D)V) denote the submodule of p,(D) consisting of elements for which the action of a
central element o € F' is multiplication by a.

The last remaining step is computing im(kow}) in D(S, p). We do so in the generic case
¢ = [p], X = E[p] \ {O}. Let A denote the étale algebra corresponding to X = E[p| \ {O}
(here we are following the notation of [38], so D will now become A, and D will assume a
new role below), and let B denote the étale algebra corresponding to the set of affine lines in
E[p] avoiding the origin, i.e., corresponding to E[p]"\{O}, where E[p|Y = Hom(FE|[p|,Z/pZ).
We let Y denote the G g-set of pairs (P,¢) € E[p|\{O} x E[p]Y\ {O}, and let D denote the
étale algebra corresponding to Y. Let g be a primitive root mod p and o, the automorphism

of A/AL corresponding to the action of g on X.

Theorem 3.3. We have the following exact sequence:

w u

—> Mp(z)(l) - :U’IJ(E)(I) — E[p]v ® pp — 0,

0 E[p]

where u is defined by

sDH<€HH90(P)>-

Pel
Furthermore, the sequence
0 — H'(K, E[p]) 2~ H'(K, py(H)V) — H'(K, 11,(B)V)

1s also exact.

HI(K,E[p]) = ker (g —og: A /(AP — AX/(AX)p) Nker(u),
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anduw: A*J(A*)P — B*/(B*)? is induced by the composition
Normp/potgc» py: A— B.
Proof. [38] O
Corollary 3.4.
SelP) (K, E) = {¢ € A(S,p) : res, (§) € imF, for all v € S}.

Michael Stoll has kindly provided some unpublished notes regarding the special case of
an isogeny of prime degree, which can be useful to prove that III(Q, E)[¢(] = 0 when E[/]
is reducible. These notes consider a degree £ isogeny ¢ : E —— E’ over Q where either
¢ > 3 or £ =3 and E has no special fibers of Kodaira type IV or IV* and normalized
so that E[¢] contains real points. In [38], the set of usual primes to consider is restricted
to {€} U {p : lcp(E)cy(E")}. If l)cp(E)cp(E') then both curves have split multiplicative
reduction at p, and there are two cases: ¢,(E) = lep(E') or ¢p(E') = ey (E).
Proposition 3.5. If p # ¢ and c¢,(E') = lcy(E), then F, has trivial image and the local
condition in Corollary 3.4 becomes that resy(§) is trivial.

If p# 0 and cp(E) = lep(E'), then Fy, is surjective so the condition is vacuous.

Proof. (Stoll’s notes) 0

If p = ¢ then either Q(E) = Q(E') or Q(E) = (Q(E'), so let w € {0,1} be such that
Q(E) = (“Q(E'). In the first case, ¢’ is an isomorphism on the kernels of reduction,

otherwise ¢ is. Stoll proves that
Proposition 3.6. If E[¢](Q¢) = 0 = E'[¢'](Qy), then
Sel®)(Q, E') = ker a and Sel'? (Q, E) = ker 3,
where if w =0,
o K(S1,0W — K(SoU{l},0)* and B : K'(Sy,0)Y) —— K'(S1,0)*
are the canonical maps and if w =1,

a: K(S1,0) — K(Sy,0)" and 3 : K'(S,0)) — K'(5; U {£},0)*.
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Further unraveling of notation is necessary for the above proposition to make sense.
e K is the field of definition of any point in E[¢] and similarly for K’.

o Si1={p:cp(E)="lcp(E")} and Sy = {p: ¢,(E') = lep(E)}.

o K(S,0) is defined above, and

X

K0 =1] O

X Z’
peS (OK,p)

where Ok, = O ®z Zp.

Corollary 3.7. With the same hypotheses, assume that the class numbers of K and K' are
not divisible by £. Then we have

#5171+ w — #955 < dimkera < #57 + 1

and

#S5 — (#S1 + w) < dimker 8 < #5,.

Proof. From Stoll’s notes, we have dim K (Sy, ) = #8; + 1, (dim K (52, £)*)V) = #95,
dim K'(Sa, 0)®) = #8,, and (dim K'(Sy, 0)" ) = #8,. O

On the other hand, if F'[¢/](Q,) # 0 and w = 1 then the maps to consider are instead
o K(S;U{e}, 0N —~ K(S5,0)" and 8 : K'(Ss,0)) — K'(S, U {¢},0)*.
If w = 0, then an easy description of (3 is:
B K'(S5, ) — K'(81,0)".

We do not have at present a similar description of « in this case, apart from considering
the image of Fy explicitly.

In the cases where v and ( are defined, we have

max { dim II(Q, E)[{], dimIII(Q, E')[¢] } < dimker o 4+ dimker 3 — rank(E(Q)).
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3.3 The primes p=2 and p=3
Theorem 3.8. If E/Q has conductor N(E) < 5000, then BSD(E/Q,2) is true.

Proof. Assume that E is an optimal curve and let T'(E) = ordy(#I1(Q, E)an). HT(E) =0
then a 2-descent proved BSD(E/Q, 2) and if T'(E) > 0 then a 2-descent proved III(Q, F)[2] =
Z]2Z x Z/27. 1f T(E) = 2 then a 4-descent proved BSD(E/Q, 2) and if T'(E) > 2 then a 4-
descent proved II(Q, E)[4] & Z /A7 x Z/AZ. For the range of curves considered T(E) was at
most 4 and in the case where T'(E) = 4, an 8-descent proved that IHI(Q, E)[8] = HI(Q, E)[4]
and hence proved BSD(E/Q,2). The truth of BSD(E/Q, p) is independent of the isogeny

class of E¥ and every isogeny class contains an optimal curve. O
Theorem 3.9. If E/Q has conductor N(E) < 5000, then BSD(E/Q, 3) is true.

Proof. For optimal curves where ords(#II(Q, E)an) = 0, a 3-descent proved BSD(E/Q, 3).
For the rest we have ords(#HI(Q, E)an) = 2, and in this case a 3-descent proved that
I(Q, E)[3] = Z/3Z x Z/3Z. These 31 remaining optimal curves are shown in Table A.2.
If F is in the set {681b1, 1913b1, 2006el, 2420b1, 2534el, 2534f1, 2541d1, 2674b1, 2710c1,
2768c1, 2849al, 2955b1, 3054al, 3306b1, 3536h1, 3712j1, 3954cl, 4229al, 4592f1, 4606b1},
then the algorithm of Stein and Wuthrich [47] proves the desired upper bound. For the
rest of the curves except for 2366d1 and 4914n1, the mod-3 representations are surjective.
Table A.4 displays selected Heegner indexes in this case, which together with Kolyvagin
(and Jetchev for 4675j1 since ¢17(4675j1) = 3) proves the desired upper bound.

Finally we are left with 2366d1 and 4914nl. Each isogeny class contains a curve F
for which #1I(Q, F)an = 1, so we replace these curves with 2366d2 and 4914n2. Then 3-
descent shows that III(Q, F')[3] = 0, and hence BSD(F'/Q, 3) for both curves. By Theorem
B.3, BSD(E/Q, 3) only depends on the isogeny class of E, hence the claim is proved.  [J

Corollary 3.10. If rank(E(Q)) = 0, E has conductor N(E) < 5000 and E has complex

multiplication, then the full BSD conjecture is true.
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Chapter 4
CURVES OF CONDUCTOR N < 5000

There are 17314 isogeny classes of elliptic curves of conductor up to 5000. There are
7914 of rank 0, 8811 of rank 1 and 589 of rank 2. There are none of higher rank. There
are only 116 optimal curves which have complex multiplication in this conductor range.
Every rank 2 curve in this range has #III(Q, E),, = 1. For any curve E in this range,
ord,(HI(Q, E)an) < 6 for all primes p. If such an E is optimal then ord,(III(Q, E).,) < 4
for all primes p. Table A.1 shows how many curves have nontrivial II1,, at each prime, and

what the exponent of that prime is.
4.1 Optimal curves with nontrivial #111(Q, F),p

Theorem 4.1. If E/Q is an optimal curve with conductor N(E) < 5000 and #11(Q, E) 4, #
1, then for every p | #11(Q, E) 4n, BSD(E/Q, p) is true.

Proof. By table A.1 we have that p < 7, and by the theorems of the previous section, we
may assume that p > 5.

For p = 5, E is one of the twelve curves listed in table A.5. These are all rank 0 curves
with E[5] surjective, so if 51 N(FE) Kato’s theorem 2.16 provides an upper bound of 2 for
ords(#1I(Q, E)). This leaves just 2900d1 and 3185c1. For 2900d1, Corollary 2.22 together
with a point search shows that the Heegner index is at most 23 for discriminant -71, hence
Kolyvagin’s inequality provides the upper bound of 2 in this case. For 3185c1, the algorithm
of Stein and Wuthrich [47] provides the upper bound of 2. In all twelve cases [17] (and the
appendix of [1]) finds visible nontrivial parts of III(Q, E)[5]. Since the order must be a
square, #III(Q, F) must be exactly 25 in each case.

For p = 7 there is only one curve £ = 3364cl and E[7] is surjective. Since 7 t 3364
and F is a rank 0 curve without complex multiplication, Kato’s theorem 2.16 bounds

ord7(#11(Q, E)) from above by 2. Furthermore, Grigorov’s thesis [21, p. 88] shows that
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ord7(#111(Q, E)) is bounded from below by 2. O

Note: In fact computations show that if F is any (not necessarily optimal) curve with
conductor N(E) < 5000 and ord,(#I(Q, E)an) # 0, then BSD(E/Q, p) is true except for
the isogeny classes in Table A.6. All of these curve-prime pairs (F,p) have E[p] reducible,

and this will be discussed in Section 4.4.

4.2 Rank 0 curves and irreducible mod-p representations

Theorem 4.2. If E/Q is an optimal rank 0 curve with conductor N(E) < 5000 and p
is a prime such that E[p] is surjective and E does not have additive reduction at p, then

BSD(E/Q,p) is true.

The hypothesis that E does not have additive reduction at p is addressed in Section 4.5.

Proof. By theorems of the previous two sections, we may assume that p > 3, E' does not have
complex multiplication and ord,(#IL(Q, E)a,) = 0. In this case Kato’s theorem applies to
E (since the rank part of the conjecture is known for N(E) < 130000), and since E[p] is
surjective and p > 3, we need only consider primes dividing the conductor N(E).

For such pairs (E, p), we can compute the Heegner index or an upper bound for it, which
gives an upper bound on ord,(III(Q, £)). When the results of Kolyvagin and Jetchev were
not strong enough to prove BSD(E/Q, p) using the first available Heegner discriminant, the
algorithm of Stein and Wuthrich [47] was (although to be fair the former may be strong
enough using other Heegner discriminants in these cases). This algorithm always provides
a bound in this situation since p > 3 is a surjective prime of non-additive reduction and F

is rank O. OJ

For example if £ = 1050cl, the first available Heegner index is -311. Bounding the
Heegner index is difficult in this case since it involves point searches of prohibitive height.
However in two and a half seconds the algorithm of Stein and Wuthrich provides an upper
bound of 0 for the 7-primary part of the Shafarevich-Tate group, which eliminates the last

prime for that curve.
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Theorem 4.3. If E/Q is an optimal rank 0 curve with conductor N(E) < 5000, E[p| is
irreducible and E is not of additive reduction at p, then BSD(E/Q, p) is true.

Proof. By the previous theorem we need only consider primes p such that E[p] is not
surjective. Similarly we can assume that p > 3, ord,(#I1(Q, F),n) = 0 and that E does
not have complex multiplication. The curve-prime pairs matching these hypotheses can be
found in Table A.7 along with selected Heegner indices. The only prime to occur in these
pairs is 5, and each chosen Heegner discriminant and index is not divisible by 5 except E =
3468h. Further, 5 does not divide the conductor of any of these curves so by Cha’s theorem
2.18, BSD(E/Q,5) is true for these pairs. For E = 3468h note that one of the Tamagawa
numbers is 5, so by Theorem 2.20, BSD(E/Q, 5) is true for this curve. O

4.3 Rank 1 curves and irreducible mod-p representations

Theorem 4.4. If E/Q is a rank 1 curve with conductor N(E) < 5000, p is a prime such
that E[p] is irreducible, E does not have additive reduction at p and (E,p) # (1155k,7),
then BSD(E/Q, p) is true.

Note that for (E,p) = (1155k, 7), we have c3(E) =7,c5(E) =7,
ord7(#11(Q, E)an) = 0 and ord7(#11(Q, E)) < 2,

by Jetchev’s improvement to Kolyvagin’s theorem. We may also replace the hypothesis that
FE does not have additive reduction at p with the hypothesis that F does not have complex

multiplication and E does not have additive reduction at p, since .

Proof. We may assume in addition that F is optimal, since reducibility and additive reduc-
tion are isogeny-invariant. By Theorems 3.8 and 3.9, if p < 5 then BSD(E/Q, p) is true.
Thus we may assume p > 5. Computing the Heegner index is much easier when E has
rank 1, as noted in Section 2.5. Kolyvagin’s theorem then rules out many pairs (F, p) right
away. Then some combination of Theorems 2.19, 2.18, 2.20 and the algorithm of Stein and
Wuthrich [47] will rule out many more pairs. If no combination of these techniques works

for the first Heegner index one usually computes, then another Heegner discriminant must
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be used. Table A.8 lists rank 1 curves E for which this is necessary such that Ep| is irre-
ducible, E does not have complex multiplication and (E,p) # (1155k, 7). All these curves
have E[p| surjective and p does not divide any Tamagawa numbers so it is sufficient to
demonstrate a Heegner index which p does not divide. On the other hand if E has complex
multiplication, there are a handful of pairs (F,p) left where E has additive reduction at p,

and these are listed in Table A.9. O

4.4 Reducible mod-p representations

Suppose E is an optimal elliptic curve of conductor N(FE) < 5000 and p is a prime such
that E[p] is reducible, i.e., there is a p-isogeny ¢ : E —— E'. If p < 5 or E is a rank 0
curve with complex multiplication, results of the previous sections show that BSD(E/Q, p)
is true. This leaves 464 pairs (E,p). By results in [31], BSD(11a/Q, 5) is true, leaving 463
pairs.! Table A.10 illustrates the distribution of primes and ranks of these 463 pairs.

The results of Theorem 2.19 can be applied to 339 of these curve-prime pairs, providing
that the Heegner index computation cooperates. This occurs in all but five cases, which
are listed in Table A.11. This table also lists the discriminant out of the first ten for which
the required point search on the twist is easiest (i.e., for which the corresponding height is
smallest). The additional column S is an upper bound for ord,(#II(Q, E)) in each case,
computed using Corollary 2.24 and the technique immediately preceding it.

This leaves 129 pairs of the original 464: 107 5-isogenies, 17 7-isogenies, 2 11-isogenies,
and one isogeny each of degree 19, 43 and 67. The 5-, 7- and 11-isogenies ought to be
feasible, since doing an isogeny descent will require computing the class groups of number
fields of degree up to 10. The remaining three cases are listed in Table A.12, together with
the degrees of the relevant number fields. There are also two cases with rank 2, namely
(E,p) € {(260111,5), (3328d,5)}. The 119 rank 0 and 1 cases not appearing in Tables A.11
and A.12 are listed in Table A.13 for completeness: if (F,p) does not appear in one of these
three tables for E[p| reducible, then BSD(E, p) is true.

In http://www.math.fsu.edu/~agashe/math/090526-Agashe-v1.pdf, Agashe explains the conse-
quences of Mazur’s article in more detail, in situations like these.
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4.5 Additive reduction

Suppose E is an optimal rank 0 or 1 elliptic curve with N(E) < 5000, and that p is a prime
such that Ep] is irreducible. If we want to prove BSD(E/Q, p), by Theorems 3.8 and 3.9 we
may assume p > 3 and by Theorem 4.1 we may assume that ord,(#LI(Q, E)an) = 0. By the
proof of Theorem 4.4, there are only eighteen rank 1 cases left. There is (E,p) = (1155k,7),
and F does not have additive reduction at p in this case. There are also the 17 curves listed
in Table A.9.

Assume in addition that E has rank 0, noting that we may now assume that F does not
have complex multiplication. If £ does not have additive reduction at p then Theorem 4.3
proves BSD(E/Q, p), so we are left to consider pairs (E, p) which are of additive reduction.
There are 1964 such pairs.

Suppose that E[p] is not surjective. There are 14 such pairs, and Theorem 2.19 applies
to all of them. The Heegner point height calculations listed in Table A.14 prove that
BSD(E/Q, p) is true in these cases. Note that in the cases where p may divide the Heegner
index, it must do so of order at most 1, and in these cases it also divides a Tamagawa
number, so Jetchev’s Theorem 2.20 assists Theorem 2.19.

Now we may also assume that E[p] is surjective. For 1871 of the remaining 1950 pairs,
Heegner index computations sufficed to prove BSD(E/Q, p), using Theorem 2.17 and The-
orem 2.20. The remaining 79 cases are listed in Table A.15. Each of these cases have
rank(E(Q)) = 0, and pg, surjective. The height h listed in the table is such that if we can
prove that any point P € E”(Q) has height lAz(P) > h, then BSD(E/Q, p) is true.
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Appendix A
THE TABLES

Table A.1: Number of E where ord,(#II(Q, E)an) =€ >0

General £ Optimal £
ple=2|e=4|e=6 ple=2|e=4]e=6
2 743 7 3 2 123 8 0
3 177 0 0 3 31 0 0
5 33 0 0 5 12 0 0
7 5 0 0 7 1 0 0

Table A.2: Optimal E with ords(#I1I(Q, E)an) = 2

681bl | 2429b1 | 2601h1 | 2768cl | 3054al | 3712j1 | 4229al | 4675j1
1913b1 | 2534el | 2674b1 | 2849al | 3306b1 | 3879el | 4343b1 | 4914nl
2006el | 2534f1 | 2710cl | 2932al | 3536h1 | 3933al | 4592f1 | 4963cl
2366d1 | 2541d1 | 2718d1 | 2955b1 | 3555el | 3954cl | 4606b1
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Table A.3: Optimal E with ord,(#I(Q, E)an) = 2 for p € {5, 7}

1058d1
1246b1
1664k1
236611

2574d1
2834d1
2900d1
3185¢l

ot ot Ot Ot

3384al
3952c1
4092al
4592d1

3364cl

[ B2 S N A

7

Table A.4: Selected Heegner indexes for certain E with ords(#I11(Q, E)an) = 2

E D | Ix | ords(Ig)
2601h1 | -8 | 12 1
2718d1 | -119 | 48 1
2932al | -31| 3 1
3555¢l | -56 | 6 1
38791 | -35 | 24 1

E D | Ix | ords(Ik)
3933al | -56 | 24 1
4343b1 | -19 | 12 1
4675j1 | -19 | 18 2
4963cl | -19 3 1

Table A.5: Optimal E with ords(#11I(Q, E)an) = 2

1058d1
1246b1

1664k1
2366f1

2574d1
2834d1

2900d1
3185¢l

3384al | 4092al
3952cl | 4592d1

Table A.6: Non-optimal (E,p) with ord,(#II(Q, E)an) > 0 where BSD(E/Q, p) was not

proved

54612
57013
57014
858k2

~N Ot ot

87013
870i4
105002
1230k2

1342¢3
1922¢2
19382
1950y2

(S ) S e

2370m2
2550be2
3270h2

5
5
5
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Table A.7: Non-additive reduction, irreducible but not surjective

E p D Ix | FE p D Igx | FE p D Ix | E p D Iy
324b1 5 -23 6| 121611 5 -31 112268b1 5 -47 <3 ]4232bl 5 -7 2
324d1 5 -23 2| 1296gl 5 -23 2 |3132al 5 -23 6|4232d1 5 -7 6
608bl1 5 -31 211296i1 5 -23 2| 3468c1 5 -47
648c1 5 -23 4| 1444al 5 -31 2] 3468h1 5 -47 <11
1044al 5 -23 12 ]2268al 5 -47 6| 4176nl 5 -23 <3
Table A.8: Some Heegner indexes using larger discriminants

E D D Ix | F P D Ix | F D D Ig

1450c1 5 -151 3 | 3150i1 5 -479 8 | 4440f1 5 -259 2

1485e1 5 -131 4| 3150bbl 5 -479 4| 4485d1 5 -296 2

1495a1 5 -79 3| 3310b1 5 -151 3 | 455051 5 -199 4

1735a1 5 -24 4] 3450bl1 5 -551 28 | 4675¢t1 5 -84 9

2090c1 5 -431 8| 3480h1 5 -239 2 |4680h1 5 -311 8

2145a1 5 -131 2| 3630h1 5 -431 314725¢1 5 -104 8

2275b1 5 -139 213760kl 5 -39 1| 4800bx1 5 -119 7

2550n1 5 -239 9 |3900n1 5 -599 2| 481bel 5 -T71 6

2860al 5 -519 93920yl 5 -159 6 | 4950r1 5 -359 6

2970j1 5 -359 3| 4050h1 5 -239 32

2990el 5 -159 12 | 4140cl 5 -359 6 ]2660al 7 -439 11

3060hl1 5 -359 18 | 4200t1 5 -551 4| 41581 7 -215 2

3075a1 5 -119 14 | 4400z1 5 -T9 24| 4704t1 7T -143 8

3140b1 5 -39 2 | 4410i1 5 -479 2| 4914x1 7 -335 12




Table A.9: Some rank 1 curves with complex multiplication

225a b | 3136v 7
675a 5 | 3267d 11
900c 5| 3600bd 5
1568g 7 | 3600be 5
2700h 5 | 3872a 11
27001 5 | 4356a 11
2700p 5 | 4356c 11
3136t 7 | 4356b 11
3136u 7

Table A.10: Ranks of certain E for reducible Ep|, p > 3

plr=0 r=1 r=2
176 156 2

7 50 44

11 4 6

13 10 8

19 1

37 2 2

43 1

67 1
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Table A.11: Heegner index challenge curves, reducible case

E Dy h Do

p
1950b1 5  -911 62.3 -191
2574d1 7 -263 2689 -95
304201 5
4950bol 5
4950bql 5

-23 354 -23
-1151 284 -239
-479 4277 -479

N R W o |

Let 2 be a generator of EP: (Q) jtors for @ = 1,2. For each line in the table, If h(z1) > h
then BSD(E/Q,p) is true. Further, since h(zp) > H(EP?), Corollary 2.24 shows that
ord,(#1I(Q, £)) < S unconditionally.

Table A.12: Large degree isogenies for N(E) < 5000

E p d

36lal 19 9
1849a1 43 21
4489al1 67 33




Table A.13: Small degree isogenies for N(E) < 5000

26b1
38bl
50b1
57cl
58b1
66¢1
75cl
110al
118b1
121b1
123al
150al
155al
158c1
174b1
175al
186b1
203al
246b1
258f1

[ B 2 S L L S L L S S |

11

286d1
294b1
302al
325el
366b1
395cl
426al
441d1
490k1
537el
546f1
550k1
57011
574il
574j1
606f1
665d1
678d1
710d1
762g1

N Ot g ot ot ot g Ot ot 9 Ot 9 N ot ot ot ot ot g ot

784h1
786m1
806f1
834g1
858k1
862el
870i1
874el
885d1
890g1
105001
1147b1
1155n1
1230k1
1254k1
1293el
1310c1
1342c1
1479f1
1526el

1586d1
1650r1
1650s1
1686¢1
1717cl
1745el
1790d1
1866i1

1870h1
191401
1914p1
1938j1

1950y1
1986g1
2090n1
2110el
2110h1
2170q1
2175j1

2235f1

gt ot ot 8 Ot ot Ot Ut Ut QU QU Ot Ot Ot Ot Ot QU Ut Ut Ot

2290d1
2318el
2350n1
2370m1
2550bel
2651cl
2715c1
2766i1
2786d1
2850w1
2869b1
3025al
3026d1
307511
3126¢1
3135h1
3136r1
3206el
3270h1
3333¢g1

ot Ot Ot g ot ot ot Gt

3542r1
3786g1
3806k1
3850t1
4010e1
4011d1
4043al
4389k1
4450k1
4495d1
4650bl1
4650bp1
4730k1
47741
4774k1
4790cl
4854cl
4886f1
4910g1

ot Ot Ot Ot Ot Ot g Ot ot Ot Ut QU QU Ot Ot Ot Ot Ot Ot

49



Table A.14: Additive reduction, irreducible but not surjective

E D D Ik Hq cq | E p D Ik Hq Cq
675d1 5  -11 2 1| 2400bgl 5 -T71 20 10
675f1 5 -11 2 1| 2450d1 7 -31 1 1
800el 5 -3l 6 3|2450bdl 7 -31 <13 7
800f1 5 -31 2 4800n1 5 -71 <5 3
1600i1 5  -31 4 2 | 4800ul 5 -7l 10 5
1600k1 5  -31 4 2 | 4900s1 5 -31 4 2
2400f1 5 -191 <5 2 | 4900ul 5 -31 12 6
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Table A.15: Heegner index challenge curves, surjective additive case

E p D h Do s E p D h Do s
105011 5 -311 272 -311 4 || 3850m1 5  -2351 38.8 -271 2
1050n1 5  -2399 63.4  -311 8 || 3850y1 5  -1399 596.4 -271 8
1050q1 5 -311 53.8  -311 6 || 3900k1 5  -1199 106.1 -191 4
135001 5 -239 30.8 71 4 || 390011 5 -191 23.5 -191 6
1470q1 7 -479 223.6  -311 6 || 4050bi1 5 71 32.7 71 2
1764h1 7 -167 21.5 a7 4 || 4050s1 5 551 37.0 119 4
1850d1 5 471 57.0 71 4 || 4050x1 5 -119 25.6 71 4
210001 5 311 94.7  -311 4 || 4200bd1 5 -479 888.7 -311 8
2352x1 7 -551 25.9 47 4 || 4200m1 5 719 309.8 -311 8
2450bd 1 5 -559 63.2 -31 6 || 4350q1 5 =719 104.5 719 6
2450k1 5 -159 22.5 -31 4 || 4350wl 5 719 141.5 71 8
2550bcl 5 -191 37.0  -191 6 || 4410b1 7 -671 49.4 -671 2
255051 5 -239 46.3  -191 8 || 4410bi1 7 -1319 177.1  -1319 4
255021 5  -1511 30.4  -671 6 || 4410bj1 7 -311 36.1 -311 4
2646bal 7 47 99.7 47 6 || 4410q1 7 -839 49.2 -551 2
2646bd1 7 -143 143.4 47 6 || 4410u1 7 -2231 70.5 -671 4
2650k 1 5 -679 516.8  -439 6 || 4550p1 5  -1119 647.4  -1119 6
3038m1 7 -55 40.7 -55 4 || 4606b1 7 -31 54.2 -31 4
3150bcl 5 -1511 40.7  -311 4 || 4650bol 5 -119 166.1 -119 8
3150bd1 5 -1991  3250.0 -839 8 || 4650bs1 5 -239  1154.9 -119 10
3150bj1 5 -311 242 -311 2 || 4650bt1 5  -1511 22.1 -119 2
3150bnl 5  -1991 252.7  -311 8 || 4650bul 5  -1199 175.8 -119 10
3150t1 5  -1151 183.5  -311 6 || 4650q1 5 -119 75.8 119 4
3185c1 7 -199 69.0 -131 4 || 4650wl 5 -719  2343.8 -119 10
3225b1 5 -119 23.0 71 2 || 4725q1 5 -59 47.1 -59 4
3234cl 7 -503 172.9  -503 4 || 4800bal 5 71 24.2 71 4
3350d1 5 -79 43.4 -31 6 || 4850n1 5 -31 131.5 -31 6
3450p1 5 -479 56.8  -479 6 || 4900wl 5 -311 22.0 -31 4
3450v1 5 -191 827.5 -191 10 || 4950bj1 5 -239 57.4 -239 6
3630c1 11 -1559 57.9  -239 2 || 4950bk1 5 -239 99.9 -239 6
363011 11 -239 286.2  -239 6 || 4950bm1 5 -479  7759.1 -239 10
3630r1 11 -239 37.7  -239 4 || 4950bp1 5 -431 144.8 -239 8
3630ul 11 -1319 30.9  -239 2 || 4950wl 5  -1151 50.3 -239 4
36501 5 -79 62.9 71 6 || 4950x1 5 -359 370.8 -359 6
3822bcl 7 -647 27.4  -311 4 || 4998bg1 7 a7 50.0 47 6
38221 7 -1511 21.9 -335 2 || 4998bk1 7 a7 509.1 47 8
3822ul 7 -503 27.6  -503 4 || 4998k1 7 47 178.2 a7 6
3822wl 7 -503 152.5  -335 4 || 4998t1 7 -1487 27.4 47 4
382221 7 -1823 80.6  -311 6 || 4998ul 7 a7 31.9 47 4
3850el 5  -1399 60.1  -271 4

Let 2 be a generator of E (Q) jtors for @ = 1,2. For each line in the table, If h(z1) > h
then BSD(E/Q,p) is true. Further, since h(zp) > H(EP?), Corollary 2.24 shows that
ord,(#11(Q, E)) < S unconditionally.
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Appendix B
ABELIAN VARIETIES OVER GLOBAL FIELDS

This chapter will review the characterization of global fields, the Tamagawa measure on
the Néron model of an abelian variety, the Birch and Swinnerton-Dyer (BSD) conjecture as
generalized by Tate and classical results which support the conjecture.

A global field K is a finite separable extension of either Q or Fy(t), where F, is a finite
field and ¢ is transcendental over it (called number fields and function fields, respectively—
the term function field will always be meant in this sense, with X (Y") denoting the field of
X-valued functions on Y'). Global fields are the natural setting for class field theory, and
Artin and Whaples (in [2] and [3]) characterized these fields axiomatically in terms of the

following properties:

e Every valuation of K is either archimedean or discrete with finite residue class field.

e The normalized absolute values |- |, representing the set of places My satisfy a product

formula

H lafy =1 for all « € K*.
vEME

For this to make sense, one can assume that ||, = 1 for all but finitely many places,

or that the product rule is in the sense of absolute convergence.

To define the normalized valuation, let v be a valuation of K and let K, be the completion
with respect to v. Then for a € K, the map x — ax will scale any Haar measure on K,
by a number which does not depend on the choice of Haar measure. This number is the
normalized valuation |a/|, of «.

Let A be an abelian variety defined over a global field K, and let Gx be the absolute
Galois group of K. It is helpful to consider A as a scheme over K, because this allows us

to phrase some definitions in a natural way. Let p be a nonzero prime ideal of K and fix
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the notation Oy = {a € K : ||, < 1} for the valuation ring, m, = {a € K : |a|, < 1} for
its maximal ideal and k, = Op/m, for the residue class field. In addition, define Ok to be
the ring of integers of K. The abelian variety A is said to have good reduction at p if there
exists a smooth proper scheme X over O, whose generic fiber is A. For example if K = Q
then p = (p) for a prime number p and we have O, = Lpy, My = pZpy and kp = Fp. In this
case A has good reduction at p if there is a smooth proper scheme defined over Z,) (i.e.,
the coefficients of the defining equation all have denominators that are not divisible by p)
whose generic fiber is A, and the fiber product then gives a scheme over F,. In general, we

have the following diagram:

A - X X %o, kp

Spec(K) Spec(Op) Spec(ky).

The Néron model of A over O is a smooth group scheme A over Ok whose generic
fiber is A, such that the following universal property is satisfied. For any smooth scheme
X over Ok, morphisms X —— Ag = A extend uniquely to morphisms X —— A. That

is, there is an isomorphism of morphism groups as illustrated in the following diagram:

Spec(K) —— Spec(Ok).

The existence of Néron models is highly nontrivial and is due to Néron [34]. For a prime p of
K, let A, denote the special fiber of A over the residue class field ky. As an algebraic group
over ky, Ay is not necessarily connected so denote the connected component containing the
identity by Ag. Since Ag is a group variety over k, it is an extension of an abelian variety
by a linear group. This linear group is an extension of a torus by a unipotent group, so we
define u(A,p) to be the dimension of the unipotent part and ¢(.A, p) to be the dimension of
the torus (see [40, Chapter VII] and [26, Part VI] for details).

Let ¢ be a rational prime such that p 1 ¢, let L/K be the finite extension L = K(A[/])
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and let G = Gal(L/K). The higher ramification groups are defined by
Gi={0€G:ordy(p? —p) > i+ 1},

which form a decreasing sequence of subgroups of G. The wild ramification index can be

defined via the Hilbert formula
N H#HG; _
6(Ap) = D S dimayen Al AL
i=1

Grothendieck proved in [25] that this is independent not only of the field L but also of the
prime ¢. (Note that Ogg proved this first for elliptic curves in [35]). For example, if A = F
is an elliptic curve over Q and if all of its two torsion is rational, then A[¢] = A[¢]% for all
i>1,ie., 6(E,p) =0 for all odd primes p.

Finally, define the conductor of A (and of A) to be

N(A) = HpQu(.A,p)th(A,p)Jr&(.A,p).
P

By [41], if A has good reduction at p then u(A,p) = t(A,p) = 6(A,p) = 0, and if A has
good reduction at p over an extension of K of degree prime to Norm(p) then §(A,p) = 0.
In particular this is the case if char(k,) > 2dim(A) + 1. For elliptic curves over Q, this
implies that wild ramification only happens for p = 2,3 and in particular if p > 5 then
ord,(N(E)) = 2u(E,p) + t(E,p) < 2.

The connected Néron model, denoted A", is the open subgroup scheme of A consisting
of AY at each fiber of A —— Spec(O). For each prime p of K, define the Tamagawa
number cp(A) to be the number of connected components in the fiber over p. It is possible

to use Galois cohomology to show that this is equivalent to
cp(A) = [Apg, (kp) : Agp(kp)}a

starting with 0 — A% — A — ® — 0 and using Lang’s theorem.

Following [30, III §5] let W4 be the projective Ox-module of invariant differentials on
A. Then d := rank(W4) = dim(A) = dim(H°(Agx, Q%)) and AW 4 is a submodule of
HO(Ag, Q%) of rank 1 where A? represents the d-fold exterior power (the elements of AYTV 4

are invariant d-forms) and Q¢ represents the space of d-forms. Choose a K-basis {w, ...,wg}
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for HO(Ag, Q%) and let = Ajw;. Then AYW 4 =2 na, where a, is a fractional ideal of K.
A complex embedding o of K represents a scheme morphism Spec(C) — Spec(K). Taking
the fiber product gives a morphism A¢ — Ak, and we define 7, to be the pullback of n by
this morphism.

If 0 is a complex embedding of K (whose image is not contained in R, of course) define

%MA%iA(Qi%Anm

and if o is a real embedding of K define

cszﬂwﬁd

Finally define
Norm (a
Coo(A) = |d72 H Com(

where o ranges over embeddings corresponding to the archimedean places of K and A(K)
denotes the discriminant. This quantity does not depend on the choice of n: If ' = sn
for s € K*, then na, = n'a,y = sna, gives a, = sa,y. For a complex embedding o,
n, Al = o(s)o(s)ns ATy = |0()|*1s ATle and for a real embedding o, |1.| = |o(s)||7].
Because Norm(a,) = Norm(s)Norm(a,/) one sees that cs(A) is independent of 7, by the
product rule for global fields and since Norm(s) = [, [s[,

If AV is the dual abelian variety it will have the same dimension as A and the rank of
A(K) will agree with that of AY(K). It is proven in [34] that there is a canonical choice
of height function on A(K) x AY(K). This height is denoted A and called the Néron-Tate
canonical height. A good discussion of the general theory of heights can be found in [30,
ch. II & II1].} The Néron-Tate height is a nondegenerate pairing of A(K) with AV(K), and
if {Py,..., P} is a basis for A(K), and {Q1,...,Q,} is a basis for AV(K), then the regulator
is Reg(A(K)) := | det((P;, Q))f j_y|, where (P, Q) = h(P + Q) — h(P) — h(Q).

The L-function of an abelian variety A is defined as follows. Suppose p is a non-
archimedean prime of K and let Frob, denote the arithmetic Frobenius element of D/},

where Dy, is the decomposition group and I, is the inertia group. If £ is a prime not equal

'The reader unfamiliar with these topics should know that details regarding divisors are being
suppressed—see Ibid. for more details.
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to the characteristic of ky then we define the f-adic Tate module Ty(A) = lim A(Q)[¢"].
Let Py(T') denote the characteristic polynomial of Froby, restricted to the I-invariant piece

Ty(A)%. Then, the local L-factor at p is defined to be
L(A/K.p,5) = Py(Norm(p)~)~".
The global L-function is defined as the FEuler product over local L-factors:
L(A/K,s) = [[ L(A/K p,s).
p

This L-function converges for R(s) > 3/2. By the deep results of [53] and [6], if dim A =1
and K = Q then this function has analytic continuation to the entire complex plane, and
this is also denoted L(A/K, s). This is also true if dim A = 1, A has complex multiplication,
and K is a number field—see [44, II, §10] for details. In both of these cases there is also a
functional equation.

The Shafarevich-Tate group is the kernel of the map H'(K, A) —— Hp HY(K,, A),
which is the product of the restriction maps coming from K —— K, over all p (not just the
non-archimedean places). We have the alternating, bilinear Cassels-Tate pairing, originally

defined for elliptic curves in [9] and extended to abelian varieties in [50]:
HI(K, A) x HI(K,AY) — Q/Z.
The Birch and Swinnerton-Dyer conjecture comes in two pieces.

Conjecture B.1. The order of vanishing of L(A/K,s) at s =1 is equal to the rank of the
Mordell-Weil group A(K).

We define 74, (A/K) = ords=1L(A/K, s) to be the analytic rank.
Conjecture B.2. We have
rank(A(K)) = ran(A/K),
the Shafarevich-Tate group is finite, and the leading term of the Taylor series expansion for
L(A/K,s) about s =1 is given by

LW(A/K, 1) coo(A) - TI,cp(A) - Ragr)y - #HI(K, A)
r! N #A(K)tors . #AV(K)tors
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Tate has characterized the unique flavor of this conjecture by describing it as relating the
order of vanishing of a function at a point at which it is not known to be defined to the order
of a group that is not known to be finite. There is an analogue to the Birch and Swinnerton-
Dyer conjecture in which all the quantities are known to be defined and finite: the analytic
class number formula for a number field K. Here the object is O, and the analogy with the
Néron model comes from taking it to be the integral model of G,,. Itsrankisn =r+s—1,
where 7 is the number of real embeddings and s is the number of conjugate pairs of complex
embeddings and this is also the order of vanishing of the Dedekind zeta function (x(s) at
s = 0. The class group (K, G,,) = ker (Hl(K, Gn) — 11, HY(K,, Gm)) plays the role of
the Shafarevich-Tate group, and there is a formula for the leading coefficient of the Taylor

expansion:
&(0) 1R 1K)
71! %#(C);;)tors

Andrei Jorza has written up a proof of the fact that the class group can be defined in this

way, and the notes are available on his website?. Many similar conjectures have been made
for groups of algebraic cycles by Tate, Lichtenbaum, Deligne, Beilinson, Bloch and Kato.
Originally proven by Cassels for elliptic curves over number fields [10], the following

theorem was proven in full generality by Tate [51]:

Theorem B.3. If K is a number field, the truth of the full BSD conjecture depends only on
the K-isogeny class of A. If K is a function field, then the truth of the full BSD conjecture

s preserved by isogenies of degree prime to the characteristic of K.
The following is due to Artin, Milne, Tate and others:

Theorem B.4. If K is a function field, then ran(A/K) > rank(A(K)). Furthermore, the

full BSD conjecture is equivalent to the statement that the Shafarevich-Tate group is finite.

2http://www.ajorza.org/



