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Sage — 910 GectaTHOE U CBOOOHO PACHPOCTPAHAEMOE MATEMATUYECKOE POrPAMMHOE ODECIIEYeHUe € OT-
KPBITHIMY WCXOJHBIMU KOJAMHU I UCCIEIOBATENIHCKON pabOThI M 00YUIEHUS B CAMBIX PA3IUYHBIX O0JIACTIX
BKJIIOYasi aaredpy, FreOMETPHIO, TEOPHUIO YKCEesI, KpUNTOrPAMHUIO, YUCIEHHBIE BRIYUC/IEHUs U Apyrue. Kak mo-
JIeTb pa3zpaboTKu Sage, Tak W YCJIOBHUS €ro PACIPOCTPAHEHHUS W UCIOJB30BAHUS BHIOPAHBI B COOTBETCTBUU C
MPUHIUIIAME OTKPBITOM M COBMECTHON PabOThI: MbI COOMpaeM MAIUHY, a He Tepen3obperaem komaeco. OaHoi
U3 OCHOBHBIX IieJieil Sage sBisercs CO3JaHue JTOCTYIHON, OeciuiarHoil u OTKpbITol anprepHaruBbl Maple,
Matematica, Magma n MATLAB.

Hacrosamuit nokymenT pacrnpocrpansercs no junensun Creative Commons Attribution-Share Alike 3.0.
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2 Ornasiienune



Tnasa 1

Bsenenne

JlanHoe yuebHOe Tocodre — JIydiuil Crocod MO3HAKOMUTHCS ¢ Sage 38 HECKOJIHKO YaCOB. BBl MOXKETE UCTIOJb-
3oBarh ero B HTML uniu PDF dopmare, a Takke OTKPHITH HHTEPAKTUBHYIO BEPCHUIO JJIsi HETIOCPEICTBEHHOMN
paborel B Sage notebook: naxxkmure Help, norom Tutorial. (MurepakruBHas Bepcus MOXKeT ObITh HEJIOCTYITHA,
HA PYCCKOM $3bIKE, HO MOXKeT 6bITh HoJiee HOJIHON U TOYHee COOTBETCTBOBATH TEKYyIlel Bepcuu Sage.)

Cy1ecrBeHHas 4aCTh Sage HAIMCAHA Ha si3bIKe nporpammuposanns Python, ogaako ero 3nanue ne Tpedyercs
JUIS 9TeHus gaHHoro mnocobus. Ecau Bor moxkenaere ysnars Gosbiie o Python (ouensb smeranTubiil a3bik!),
CYIIECTBYET MHOIO MPEKPACHBIX (M GECIIaTHBIX) MCTOYHMKOB, Taknx Kak [PyT| u [Dive|. Jas nepeoro xe
3HAKOMCTBA € Sage JJAHHOe TI0Cobue sIBJISIeTCs OTANYHON OTHpaBHOM TOuKOM. MTak:

sage: 2 + 2

4

sage: factor(-2007)
-1 %372 * 223

sage: A = matrix(4,4, range(16)); A
[0 123

[4 56 7]

[8 91011

[12 13 14 15]

sage: factor(A.charpoly())
x"2 * (x72 - 30%x - 80)

sage: m — matrix(ZZ,2, range(4))
sage: m[0,0] — m[0,0] - 3

sage: m

[-3 1]

[2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

sage: B

Elliptic Curve defined by y~2 + x*y + 3¥y = x"3 + 2¥x"2 + 4*x + 5
over Rational Field

sage: E.anlist(10)

[07 17 17 07 _17 _37 07 _17 _37 _37 _3]

sage: E.rank()

1




Sage Tutorial in Russian, Bermyck 5.0

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
1/(T*sqrt(3) + 5/9*sqrt(73) + 3/4)

sage: N(k)
0.165495678130644 - 0.0521492082074256*1
sage: N(k,30) # Tounoctn 30 Gut

0.16549568 - 0.052149208*1
sage: latex(k)

\frac{1}{i \, \sqrt{3} + \frac{5}{9} \, \sqrt{73} + \frac{3}{4}}

1.1 YeranoBka

Ecsu Ha BameMm KOMOBIOTEPE HE YCTAHOBJIEH Sage, M BbI XOTUTE MOMPOOOBATH HEKOTOPhIE KOMAHIBI, BOCIIOJIb-
3yiirech 3T0ii cchUIKOi: http://www.sagenb.org.

PyxkoBozcTBO 110 ycTaHOBKE Sage MOYKHO IIPOCMOTPETh Ha [VIABHOI cTpaHuile Sage B Pa3/ele JOKYMEHTAIUN:
[SA] 3meck MBI mpHBeieM JIHIIb HECKOJIBKO KOMMEHTAPUEB:

1. 3arpy:kennbiii (aiiyi yCTAHOBKU Sage sIBISETCST CaMOJOCTATOYHBIM. 10 €CTh, XOTd Sage MCIOJIBb3yeT
Python, IPython, PARI, GAP, Singular, Maxima, NTL, GMP u T.1., OTIeIbHON YCTAHOBKH BHIIIIE-
MEPEYNCIICHHBIX TTAKETOB He Tpedyercsi, TaK KaK OHU yKe BKJOUYeHbl. OIHAKO, /Ui MCIOJIH30BAHUS
HEKOTOPBIX dyHKIHI Sage Takux, kak Macaulay win KASH, Bbl JO/IKHBI yCTaHOBUTH TPEOYIONTHECs
daitipl WM UMeTb COOTBETCTBYIOIIME MPOrpaMMbl Ha BamieM komibiorepe. Macaulay u KASH siBiis-
10TCs akeramu Sage (s IPOCMOTPA CIUCKA JOCTYIIHbIX LIAKETOB BBeAuTe sage -optional uiu uzyuure
pazzen “Download” na Be6-caiite Sage).

2. IlpeaBapuTenbHO CKOMIMINPOBAHHYIO0 OMHAPHYIO BEPCHIO Sage, KOTOPYIO TaK2Ke MOXKHO HaiiTu Ha, BEO-
caiite, Oy/er Jierde yCTaHOBUTD, 9€M BEPCHIO B UCXOaHOM Koze. IIpocTo pacmakyiiTe u BbIIOJTHUTE Sage.

3. Ecnu Bbl xKesnaere ucnosibzoBars naker SageTeX, KOTOPbIA MO3BOJISIET BCTABIATH PE3YJIbTATHI BHIYUC-
nennii Sage B LaTeX daiin, Tpedbyerca caenars SageTeX m3sectubim Bamieii cucreme TeX. [Ijis aToro
uzyunte ceknuio “Make SageTeX known to TeX” B Pykososcrse mo ycranoske Sage (JaHHAsA CCHLIKA
BEJIET K JIOKAJIHHOMY DA3MEINEHUIO KOIUU DPYKOBOJACTBA 110 YCTAHOBKE). DTO JOBOJILHO IIPOCTO; BaM
MTOHAO0ONTCST BCErO JINIh CKOIMMPOBATH OAUH (haiiyi B AUpeKTopuio moucka TeX.

Hokymenranus 1o ucnosnp3osanuio SageTeX naxonurca B $SSAGE _ROOT /local /share/texmf/tex/generic/sagetex/,
rae “$SAGE_ROOT” cooTBercTByeT IMPEKTOPUH, TJe YCTAHOBJIEH caM Sage, HAMpuMep, /opt/sage-
4.2.1.

1.2 Pabora B Sage

Pabora B Sage MoxkeT ObITH OCYIECTBIEHA HECKOJbKUMU Ly TSIMU:

 Notebook (rpaduueckuii unrepdeiic): cm. pasgen o Notebook B cpaBoYHOM PYKOBOICTBE, & TakkKe
WNurepdeiic Notebook muxke;

¢ urepakTuBHASA KOMAHIHASA CTPOKA: cM. HTepakTuBHas 000109Ka;

¢ IIporpaMmbl: cO3/aHME MHTEPIPETUPYEMbIX M KOMIUJIMPYEMbIX HporpaMm B Sage (cMm. 3arpyska u
upukperienue daitios Sage u Cozuanue KOMIUJIUPOBAHHOIO KOJIA);

o CKpunThL: CO3JAHNE CAMOCTOATEIbHBIX CKPUNTOB Ha Python, ucnomb3yromux 6ubnuoreku Sage (cM.
Camocrositenbable ckpunthl Python/Sage).

4 T'nasa 1. Bseuenue


http://www.sagenb.org
http://www.sagemath.org/doc/

Sage Tutorial in Russian, Bermyck 5.0

1.3 Ilemm Sage

¢ Tlome3ubrit: mpenmnoaraeMast ayguTOpHs MTOJIB30BATENEeH Sage — ITO IIKOJBHUKKA CTAPIIAX KJIACCOB,
CTYIEHTHI, yIuTe isi, Tpodeccopa u MaTeMaTUKu-uccaenoBaresan. 1legp: mpegocTaBuTh MpOrpaMMHOE
obecredenne, KOTOpoe ObLTO OBbI MOTE3HO 11 N3YIEHNS U MCCIAEIOBAHMUI C MOMOIIHI0 MATEMATHIECKIX
KOHCTPYKIUi B ajrebpe, reOMerpun, TEOPUH YUCEJ, YUCTEHHbIX BBIYUCICHUIX W T.J. Sage yIpOIIaer
WHTEPAKTUBHOE IKCIEPUMEHTHPOBAHNUE C TTOMOIIBI0 MATEMATHIECKUX 00HEKTOB.

e Db dexTunbiit: ByibTe ObICTPHIMU B BBIUUCETHUAX. Sage NCIOIb3YeT BRICOKOOTITHMU3NPOBAHHOE TTPO-
rpammuoe obecredenue, kKak GMP, PARI, GAP, and NTL, u mosromy sBjsiercss O4eHb OBICTPHIM B
orepanusx.

e CB0oOOHDINA ¥ OTKPLITHIA: VCXOMHbII KO/, 10/12KeH ObITh CBOOOIHO JOCTYIIHBIM, TEM CAMbIM IIPEI0CTaB-
JISIS TIOJTH30BATEISIM BO3MOYKHOCTH TOHSATH, UTO MMEHHO BBITIOJIHSETCS CHCTEMOM, M JIETKO JIOTOJHSATH
ee. Tak ke, KaK ¥ MaTeMaTUKN puoOpeTarT 60jee riIyOOKOe MOHMMAHUE TEOPEMbI, YIVIyOJIsasch B €e
JIOKA3aTeJIbCTBO, JIFO/IM, BBIIOIHSIIOIIME BbIUACIEHAS, B CHIaX [IOHATH, KAK 9TU BBHIYUCIEHUS IIPOU3BO-
JISITCSL, TIOYUTAB JTOKYMEHTHPOBAHHBIN UCXOIHBIN KO/I. EC/IU BbI HCIOIb3yeTe BEIYUCICHNUS SAge B CBOUX
myOIuKanusix, Bbl MOXKeTe ObITh yBEPEHbI, YTO BAIlld YUTATENU OyJIyT BCErJa UMETh JOCTYH K Sage u
BCEMY HCXOIHOMY KOIy. BBI TaKkKe MOYKeTe apXUBUPOBATH U TIEPEPACIIPEIEIATh UCTIOIB3YEMYIO BEPCHUIO
Sage.

o Jlerko KoMOWIUpyemblii: Sage MOKHO OBITH JIETKO CKOMIHJIHPOBATH W3 HUCXOAHBIX KOJOB TIOJ
GNU/Linux, OS X u Windows. 910 npeocTaBuT 110JIb30BATENSIM BO3MOXKHOCTb MOAUMDUIUPOBATH
U ONTMMU3MPOBATH CUCTEMY IO, CBOU IIPEIIOYTEHHMS.

¢ Bzaumoneiicreue: ObecrnedanTh NPOCTbIE W HAMEKHBIE WHTEPMENCH g MHOTUX [IPYTUX CHCTEM
KoMIbIoTepHOU asredpbl, Bkiodas PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and
Mathematica. Sage co3man 1yt 0ObeIUHEHUsT U PACIIHPEHUsST BO3MOXKHOCTEH CyIIEeCTBYIOIMIEr0 MaTe-
MaTHYeCKOro IPOrPpaMMHOrO OGeCIIeYeHns.

* Xoporo AOKYMeHTHPOBAHHBIH: BhI mMeeTe m0OCTym K yueOHOMY MTOCOOHIO, PYKOBOJACTBY TIO TTPOTDAM-
MUPOBAHUIO, CIIPABOYHOMY PYKOBOJICTBY M how-to, BKJIIOUAIONIHe B cebs MHOTOUNCIEHHbBIE TTPUMEDPDHI |
00Cy’KJieHNe MATEMATHYIECKOH TOOIIIEKH.

o Pacmupsiemprit: O6bsaBiisiiiTe HOBbIE THUIBI JAHHBIX WJIM PACIIAPSANTE BCTPOEHHBIE, MCIOIb3YyiTe KO,
HAIIMCAHHBIA BO MHOXKECTBE A3bIKOB.

¢ JlpyxectBennbiii: Bam Oymer jerko moHUMATh (DYHKIIMOHAJIHHOCTH JIIOOOTO OOBEKTA, a TaK¥Ke ITPO-
CMaTPUBATh JOKYMEHTAITUIO M MCXOMHBIN KO/, Tak:ke mMeliTe B BHUIY BBICOKWI YPOBEHb TOJIEPIKKH
OO0Jb30BaTEeH.

1.3. Ienn Sage 5
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Tnasa 2

Typ o Sage

JlaHHBIH pa3/esr MOKaXKeT, 9YTo JoCTymHO B Sage. as apyrux mpumepos cMm. “Sage Constructions”, rae Ha-
XOIATCS OTBETHI HA YACTO 3aJaBaembie BOMpOchl. Takxke cm. “CrpaBodHOe PYKOBOACTBO Sage”’, B KOTOPOM
MOXKHO HAWTH ThICAYN JAPYyrux npumepoB. C maHHOM 9KCKypcHueil MOXKHO paboTaTh WHTEPAKTUBHO, €CJIH 3a-
nycruth Sage Notebook u Haxkarh Ha ccbuiky Help.

(Ecam ypoku npocmarpusatorcs B Sage Notebook, naxkmure shift-enter mst roro, 4ro6sl Boraucaurh j1100y10
sueiiky BBoga. Jlo Haxkarus coueranus Kiaasuin shift-enter MOXKHO peakTUPOBATH TEKCT BBOJA.)

2.1 IlpucBauBanne, cpaBHenue u apudMeTuKa

C HEKOTOPBIMU UCKJTIOYEHUSME Sage UCIOIb3YeT si3bIK MporpaMmMupoBanus Python, mosromy MHOrHE KHUTH,
sHakomsiue ¢ Python, momoryr B u3ydyenun Sage.

Sage wcrmonb3yer = A7 MpUCBaWBaHWs. ==, <=, >=, < W > WCMOJb3YIOTCS JJIsT CDABHEHUSI:

sage: a = b
sage: a

5

sage: 2 == 2
True

sage: 2 ==
False

sage: 2 < 3
True

sage: a == !
True

Sage momepKuBaeT Bce DA30BHIE MATEMATHIECKUE OTTEPAIIVN:

sage: 2¥*3  # ** ozmauaer BO3BeeHHE B CTENEHb

8

sage: 2°3  # B Sage ~ u ** cunonums! (B orsmume or Python)

8

sage: 10 % 3 # ang nesbix amncen % osnagaer mod, T.e. B3gTHE ocTaTKa
1

sage: 10/4

5/2

sage: 10//4 # nuis mesibix 4mces1 // 03HaYaeT LEJIOYUCIICHHOE YaCTHO
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2

sage: 4 * (10 // 4) + 10 % 4 == 10
True

sage: 372%4 + 2%5

38

Boruucsienue BoIpayKeHus, TaKOro kak 3°2%4 + 2%5, npousBoaAUTCS B COOTBETCTBUU CO CTAPIIMHCTBOM OIe-
parmuit, kKak onucano B [Ipuopurer Gunapubx apudMeTnIecKux OIepaTopoB.

Sage TakKe MONIEPKUBACT MHOTHE MATEMATHICCKHE (DyHKIUN:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt(3)

Kak moka3sbiBaer nocseauit mpuMep, HEKOTOPbhIe MATEMATHIeCKIE BbIPAKEHUsI BO3BPAIIAIOT ‘TOYHbIE’ BeJIn-
YUHDI, HO HE YucjaeHHble npubiuzkenus. i Toro, 9To0bl MOILYYUTH YUCIEHHOE NPUOJINKEHNE, HCIIOJIb3YiiTe
dyukuumio n uan meron n (0ba umeroT Gosee NMHEBIE Ha3BaHUgA - numerical _approx; dyukuua N - 310 TO
ke camoe, 9To u 1n). OHU IPUHUMAIOT HEOOA3ATEIbHBIE APIYMEHThI Prec, KOTOPbIi ONPeIessaeT KOJIUuIECTBO
6uToB TouHOCTH, U digits, KOTOPBIH ONpeIessieT KOJUIEeCTBO AeCATUIHBIX udp TouHoctu. [lo ymomganuio,
npumMensiercd 53 6ura TOYHOCTH.

sage: exp(2)

e”2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi).numerical _approx()
1.77245385090552

sage: sin(10).n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical _approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python mmeer nuramMudeckuii KOHTPOJIb THIIOB, TAK YTO 3HAYEHNE, HA KOTOPOE CChIJIAETCS TepeMeHHast, TMeeT
THM, cBs3aHHBI ¢ HUM. OHAKO, HaHHAs TepeMeHHasi MOXKET COfepKaTh 3HAUYeHne J000ro THIA U3 SI3bIKa
Python:

sage: a = b # a - IIeyI0e 4ncyio
sage: type(a)
<type ’sage.rings.integer.Integer’>

sage: a — 5/3 #f Temephn a - paNMOHATLHOE THCJIO
se: type(a)

<type ’sage.rings.rational.Rational’>

sage: a = 'hello’ # Temepsn a - cTpoka

sage: type(a)
<type ’str’>

Azpik C, KOTOPBIA HMEET CTATHYECKHI KOHTPOJIb TUIIOB, CYIIIECTBEHHO OTJINYAETCS; TIePEMEHHAs, 00bABIIeH-
Hagd Kak 1eJI0e YUCJI0, MOXKEeT COJIepKaTb TOJIbKO 11eJI0e YUCIIO.

TlorennmaabHBIM UCTOYHUKOM MyTaHUIB! B Python sBistercs ToT daxT, 9TO YnCI0Basi KOHCTAHTA, HAYNHA-
formasicsa ¢ 0, paccMaTPpUBAETCA KaK BOCBMEPUIHOE TUCJIO, T.€. YUCJIO TIO OCHOBAHUIO 8:

8 [nasa 2. Typ no Sage
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sage: 011

9

sage: 8 + 1

9

sage: n = 011

sage: n.str(8) # cTpoka MpemCTaBIAIOMAA N IO OCHOBAHUIO 8
7117

2.2 Tlosiyuenue nomotiu

B Sage ectb ucuepmbiBaionias BCTPOEHHAS JJOKYMEHTAINsI, K KOTOPOU MOYKHO TIOJIYYUTh JOCTYI, HAIEIATAB
uMsi PYHKIUU UM KOHCTAHTHL C [TOCJIEIYIONIUM BOIIPOCUTEIbHBIM 3HAKOM:

sage: tan?

Type: <class ’sage.calculus.calculus.Function tan’>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:

sage: tan(pi)

0

sage: tan(3.1415)

-0.0000926535900581913

sage: tan(3.1415/4)

0.999953674278156

sage: tan(pi/4)

1

sage: tan(1/2)

tan(1/2)

sage: RR(tan(1/2))

0.546302489843790
sage: log2?
Type: <class ’sage.functions.constants.Log2’ >
Definition: log2( [noargspec| )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)
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Sage Tutorial in Russian, Bermyck 5.0

log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807  # 64-bit
sage: sudoku?
File: sage/local/lib/python2.5 /site-packages/sage/games/sudoku.py
Type: <type ’function’ >
Definition: sudoku(A)
Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:

sage: A = matrix(Z2Z,9,[5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
0,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,
0,0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,3])

sage: A

500080049

[000500030]

06730000 1]

15000000 0]

000208000

00000001 8]

[700004150]

03000200 0]

[49005000 3]

sage: sudoku(A)

513687249

849521637

26734958 1]

158463972

97421836 5]

32679541 8]

[782934156]

[635172894]

[491856723]

Sage TakKe MpPEIOCTABISET BO3MOXKHOCTL ‘ABTO3aBepiienns’: HanedaTaiiTe HECKOJILKO MEPBhIX OYKB Ha3Ba-
nust Gyukmyn 1 Haskmure TAB. Hanpumep, ecnin manedarars ta u Hazkarb TAB, Sage BoiBeser tachyon,
tan, tanh, taylor. lannast GpyHKIHS ABJISI€TCS XOPOIIUM CIIOCOOOM MOMCKA MMEH (PYHKIHH WU APYyTUX KOH-
crpyKumii B Sage.

2.3 OyHKIUH, OTCTYTbI U CUETINKN

s Toro, 9To0bh! OnpeaeanTsh PYHKIUIO B Sage, NCnob3yiite kKomanay def u nBoerodme mocse Crimcka nuMeH
[IepeMEHHbBIX:

sage: def is_even(n):
return n%2 == 0

sage: is_even(2)
True
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Sage Tutorial in Russian, Bermyck 5.0

sage: is_even(3)
False

Samerka: B 3aBucumocTu Oor Bepcuu y4eOHOrO MOCOOMs Ha BTOPOI CTPOKE ITOrO MPUMEpPa MOXKHO YBUIETH
.... He meuaraiiTe nx, Tak KaK OHM CJIy?KaT JIUIIb JJIs TOrO, YTOOBI MOKA3ATh OTCTYIHI B KOJE.

He ompenensiite TunoB apryMmeHTOB. MOXKHO OIpeaesnTh HECKOJIbKO BHIOB BBOJA, apPTyMEHTHI KOTOPBIX
MOI'yT EMETh 3Ha49eHus 110 ymoadanuio. Hampumep, pyHKknus B ciemyoomem npumepe ucrnoab3yer divisor=2,
ecan divisor He 3a1aH.

sage: def is_ divisible by(number, divisor=2):
return numberdivisor == 0

sage: is_ divisible by(6,2)

True

sage: is_ divisible_by(6)

True

sage: is_ divisible_by(6, 5)

False

Tak>ke MOXKHO 33a/1aBaTh BBOJHBIE JAaHHBIE B ABHOM BHJIE IIPU BBI3OBE d)yHKI_[I/II/I Ecau 33/1aBaTh IMMapaMeTphI
ABHO, TO IMOPAJ0K HE BarKEH:

sage: is_ divisible_by(6, divisor=>5)

False

sage: is_ divisible by(divisor=2, number=6)
True

B Python 6/10ku Koma He OTOEISIOTCS (DUTYPHBIME CKOOKAMU WJIH APYTUMEH ODO3HAUEHWSIME, KAK B IPYTUX
sA3bIKaX. BMECTO 3TOro mCmosrhb3yroTces OTCTynbl. Hampumep, ciieayromiee BbIIACT CUHTAKCUIECKYIO OITHOKY,
TaK Kak Mmepej return HeT TAKOrO YK€ KOJMIECTBA OTCTYIOB, KAK B MPEIBIAYIUX CTPOKAX.

sage: def even(n):
vl
for i in range(3,n):
ifi%2==0:
v.append(i)
return v
Syntax Error:
return v

Ecnu mobaButh orcrymnsl, dyHKIusa Oyaer paboTars:

sage: def even(n):
vl
for i in range(3,n):
ifi%2—==0:
v.append(i)
return v
sage: even(10)

[4, 6, 8]

Toukwm ¢ 3angaTOll He HYXKHBI Ha KOHIIAX CTPOK. MOXKHO pPaCTOIOKUTH HECKOJHKO YTBEPXKIACHUN Ha OIHOMN
CTPOKE, OTJEJIEHHBIX TOYKAMU C 3aIIATOI:

sage:ra —b;b—a+ 3;¢c—Db"2; ¢
64

Ecin Tpebyercst pacioyioXKUTh CTPOKY KOJa HA HECKOJIBKUX CTPOKAX, MCIOIb3yiTe \:
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sage: 2 + \
3
5

B Sage cueTymkm npoM3BOAAT HTEPAIMA IO MHTEPBAIY HeNbIx guces. Hanmpumep, mepsasi crpodka B IpUMepe
o3navaer To xe camoe, uro for(i=0; i<3; i++) B C++ num Java:

sage: for i in range(3):
print i

N = O

IepBasi crpouka B cieiyiomeM npumepe skBusasienTa for(i=2;1<5;i++).

sage: for i in range(2,5):
print i

2

3

4

Tperuii apryment 3agaer war. Cienymoree sxksusasenrso for(i=1;1<6;i+=2).
sage: for i in range(1,6,2):

print i
1

5

Yacro Tpedyercs co31aTh TabJIUILy [ BBIBOIA YUCET, HOCIUTAHHBIX B Sage. JIerkuii criocod — ucrnoib30BaTh
dopmarnpoBanme ctpok. Hirke cozmaercst Tabaniia ¢ TpeMs CTOJONAMY ITUPUHOM 6, cozeprKarias TabauiLy
KBaJIpaToB U KyOOB:

sage: for i in range(5):

print "% ( 65"%(1,172,1°3)
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

CambiM 6A30BBIM THUIIOM JIAHHBIX B Sage siBJSETCs CHUCOK — HabOp pasinmdHbix 00bekToB. Hampumep, Ko-
MaH/ia range Co3JacT CITUCOK:

sage: range(2,10)
[27 37 47 57 6, 7, 87 9]

Hamee nmokasan mpumMep 0oJiee CIOXKHOIO CIIMCKA:

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v

[1, *hello’, 2/3, sin(x"3)]

I/IH,D;GKCI)I B CIIMCKE HAYUHAIOTCA C HYJ/Id, KaK BO MHOI'HX A3blKaX IIPOIrPaMMHUPOBAHUA.

sage: v][0]
1

sage: v[3]
sin(x"3)
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Ucuoubsyiire len(v) aist roro, 4robbl nosyunrsb piauny v; v.append(obj) ass roro, 4robbl 100aBuTb HOBbILIT
00beKT K KOHIy Vv, u del v[i], 4ToGBI yaamuTh i-i 1€MeHT U3 v:

sage: len(v)

4
sage: v.append(1.5)
sage: v

[1, *hello’, 2/3, sin(x"3), 1.50000000000000]
sage: del v[1]
sage: v

[1, 2/3, sin(x"3), 1.50000000000000]

Jpyroit ouenb BaxKHbLl TUI JAHHBIX — cJ0Bapb (uiu acconmaruBublii Mmaccus). On paboraer, KaK CIUCOK,
HO MOXKET ObITh WHIEKCUPOBAH MOYTH JIIOOBIM 00HEKTOM (HHIEKCHI JOJXKHBI OBITH HEM3MEHUMBIMH )

sage: d = {"hi:-2, 3/8:pi, e:pi}
sage: d|’hi’]

-2

sage: dle]

pi

Takke MOXKHO OINPE/IEIUTh HOBBII THUIl JAHHBIX C MCIIOJIH30BAHUEM KJIaccoB. IHKAICyIMpOBaHUE MAaTeMaTh-
YeCKUX OOBEKTOB B KJIACCAX — ITO MOIMHAS TEXHUKA, KOTOPAas MOXKET MOMOYb YIPOCTUTh W OPraHU30BATH
nporpamMbl B Sage. Huxke mokasan mpumep KJIaCCa, KOTOPBIA COCTOUT U3 CIMCKA MOJIOKUTETHHBIX IETHBIX
IIEJIBIX 9UCEJI JI0 N} OH MOJIYyYeH W3 BCTPOEHHOTO Tuma list.

sage: class Evens(list):
def  init  (self, n):
selfn = n
list. __init__ (self, range(2, n+1, 2))
def  repr  (self):
return "Even positive numbers up to n."

Meton __init__ BBI3BIBAETCS U HHUMMATU3ANUNA OOBEKTA DU €r0 CO3JAHUU; METOJ, __Tepr__ BBIBEJET
Bce 00beKThI. KOHCTPYKTOP CHUCKA BBI3BIBAETCS BO BTOPOH cTpodke meroga _ _init . Ob6bekT Kiacca
Evens cozmaercst B cieymomeM Bu/e:

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

e:

3aMerbre, YTO € BBIBOJUTCA € HOMOIIBIO METOJd  Iepr  , KOTOpbIi Obur 3aman Hamu. [dis mpocmorpa
CTIHMCKA YHCes NCHob3yiiTe dpyHkumio list:

sage: list(e)

[27 47 67 87 10]

Moo 06paTuThCs K aTpudyTy N W UCIOJIb30BATh € KAK CIIHCOK.
sage: e.n

10

sage: e[2]

6
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2.4 Baszosas ajiredbpa 1 BbIYUC/ICHUSA

Sage MOXKET OCYNIECTBIATh BBIYUCICHUS TAKUe, KaK IMOMCK PelleHuii ypaBsHenuil, qudepeHiiupoBanme, nH-
rerpupoBanue u npeobpazopanus Jlamiaca. Cm. Sage Constructions , rue comepKarcs npumMepbl.

2.4.1 Pemenne ypaBuenuit
Tounoe perenne ypaBHeHWT

Oyukius solve pemraer ypasaenus. s ee uCHoabp30BaHus CHAYAIa HYKHO OMPEIETUTH HEKOTOPbHIE Iepe-
MEeHHbIE; apryMenTamu Jyis solve OyayT ypaBHeHue (MM cucTeMa yPaBHEHWIi) U IepPEeMEHHbIE, /i KOTOPbIX
HY2KHO HAWTU pelieHue:

sage: x = var(’x’)
sage: solve(x”2 + 3*x + 2, x)
[x == -2, x == -1]

MozkHO pernars ypaBHEHUs /il OJITHOM [IEPEMEHHOU Yepes3 JApyrue:

sage: x, b, ¢ = var(’x b ¢’)
sage: solve([x"2 + b*x + ¢ == 0],x)
[x == -1/2%b - 1/2*sqrt(b"2 - 4*c), x == -1/2*b + 1/2*sqrt(b"2 - 4*c)]

Takke MOXKHO pelarTh ypaBHEHUS C HECKOJIbKUMU IE€PEMEHHBIMU:

sage: x, y = var(’x, y’)
sage: solve([x+y==6, x-y==4], x, y)
[lx ==5,y ==1]]

Cuenyromuii mpuMep MOKa3bIBAeT, KAK Sage pPelraer CucTeMy HeJlmHeHHbIX ypaBHerwii. [Lnsg nadana cucrema
pellaercs CUMBOJIbHO:

sage: var(’x y p q')

(x,y: p, Q)

sage: eql — p+q——9

sage: eq2 = q*y+p*x=—-6

ge: eqd = q*y " 2+pFx"2==24

sage: solve([eql,eq2,eq3,p——1],p,q,%,y)

[[p—— 1, a = 8 x —— -4/3*sart(10) - 2/3, y = 1/6*sart(2)*sart(5) - 2/3],
[p ==1, q == 8, x == 4/3%sqrt(10) - 2/3, y == -1/6%*sqrt(2)*sqrt(5) - 2/3]|

Sa;

s npubnuKeHHbIX 3HAYCHUI PEIeHns] MOXKHO KCIIOIH30BATh:

sage: solns — solve([eql,eq2,eq3,p——1],p,q,x,y, solution_dict—True)
sage: [[s[p]-n(30), s[q]-n(30), s[x].n(30), s[y]-n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]|

(Pynkuus n BbiBegeT npubIMzKEeHHOE 3HAYeHNE. APryMeHTOM Jyuis JaHHON (DYHKUUH fABJISAETCS KOJIUYECTBO
GUTOB TOYHOCTH )

Yucnennoe pelrenne ypaBHEHMT

Bo muOrmx ciyuasx yHKImsS Solve He COCOOHA HAWTH TOYHOE PEIeHne YpPAaBHEHWs. BMeCTO Hee MOXKHO
ncnoas3oBaTh GyHKImO find _root s HaxokaeHus ducaeHHOro penierns. Hamprumep, solve He Bo3BparaeT
HUAYEro CyIIEeCTBEHHOIO s CAEAYIOIIEero yPaBHEHHSI:
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sage: theta — var(’theta’)
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

C npyroit cropons! dyukius find root MoykeT MCIOIBL30BATHCS 71 PEIIEHUST BHIIIEYKA3aHHOTO MPUMEPA B
unrepsase 0 < ¢ < 7/2:

sage: phi = var('phi’)
sage: find_root(cos(phi)==sin(phi),0,pi/2)
0.785398163397448...

2.4.2 JuddepennupoBanue, UHTErpupoOBaHme u T.J.

Sage ymeer quddepeHnupoBars U uHTErpupoBaTh Muorue dpyukimu. Hanpumep, Jyis Toro, 4robbt mpoaud-
depennmporars sin(u) Mo mepeMeHHol u, Tpedyercs:

sage: u = var('u’)
sage: diff(sin(u), u)
cos(u)

s moscuera 4eTBepTOil MpOM3BOIHOM (DYyHKIMN sin(xQ) HaI0:

sage: diff(sin(x"2), x, 4)
16*x"4*sin(x"2) - 48*x"2*cos(x"2) - 12*sin(x"2)

Tl HAXOK/IeHUA YaCTHBIX IPOM3BOIHBIX, KAK, HAanpuMep, ais dynxnun 22+ 17y? 110 X 1 y cOOTBeTCTBeHHO:

sage: x, y = var('x,y’)
sage: f = x"2 + 17¥y"2
sage: f.diff(x)

2%x

sage: £.diff(y)

34*y

“ e A . 2 1 T
Tenepb HafiséM uHTErpasIbl: U OLpeAeneHHble, 1 Heonpenenenusie. Hanpumep, [ sin(z?) dr u fo o dx

sage: integral(x*sin(x"2), x)
-1/2%cos(x"2)

sage: integral(x/(x~2+1), x, 0, 1)
1/2*log(2)

JIist HaXOXKIEHUsT PA3JIOKEHMST Ha, MPOCThIE APOOH JIst zQ—l_l HYKHO CJIeJIATH CJIeYIONIee:

sage: f = 1/((1+x)*(x-1))
sage: f.partial _fraction(x)
1/2/(x-1)-1/2/(x + 1

2.4.3 Pemenne nuddepennuanbHbIX ypaBHEeHUH

Sage MOXKET UCIOIb30BAThCA s pemenns qudhepeHnnaababIX ypapaennii. JIyis pemenus ypapaenns x’ +
r — 1 =0 caenaem ciemyioiee:

sage: t = var(’t’)  # ompemeseHmMe MEPEeMEHHON t S/ CUMBOJIBHBIX BBIYHCICHWIH

sage: x = function(’x’;t) # ompenenernme GyHKIMN X 3aBUCATIEH OT t

sage: DE = diff(x, t) + x- 1
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sage: desolve(DE, [x,t])
(c + e t)*e~(-t)

Hust sroro ucnosbdyercs unrepdeiic Maxima [Max|, nosromy pesyibrar Moer ObiTb BbIBEIEH B BUJE,
OTJINYHOM OT OOBIYHOTO BHIBOMA Sage. B mammom ciaydae obiree perrienne A5t ganHoro aud depernuaibHoro
ypasuenus - z(t) = e !(e! + ¢).

Ipeobpazopanns Jlamnaca Takxke MOTYT ObITH BIYHCTeHBI. IIpeoGpaszosamme Jlammaca ama t2e! — sin(t)
BBIYUCIIAETCS CIIELYIOMUM 00Pa30M:

sage: s = var("s")

sage: t = var("t")

sage: f — t72%exp(t) - sin(t)
sage: f.laplace(t,s)
2/(s-1)"3-1/(s"2 + 1)

IIpusenem Gonee ciaoxkubiit mpumep. OTKIOHEHNWE OT TOJIOKEHNS PABHOBECHS [JIsi TAPBI IPYKWH, TPUKPETT-
JIEHHBIX K CTEHe CJIeBa,

oo\ AV/V/\ /e ataccal -\ N\ /\/\/\ - racea?)

npyxunal Py KUHA2
MOXKEeT OBITH TPEICTABJIEHO B BHe auddepeHInalbHbIX YPABHEHUN BTOPOTO MOPSIKA
mlx'{ + (kl + kg)fﬂl - ]CQIQ =0
mgxg + kg(l’g - IL‘l) = 0,

rjie m; - 3T0 Macca 0ObeKTa i, T; - ITO OTKJIOHEHUE OT [IOJIO2KEHUS PABHOBECUSL MACChL i, a k; - 310 KOHCTaHTa
JUIST IPYKUHBI i.

Ipumep: Ucnomnb3yiite Sage /jid BbIIEyKA3aHHOrO OpuMepa ¢ my = 2, mo = 1, k1 = 4, ko = 2, 21(0) = 3,
z1(0) =0, z2(0) = 3, x4(0) = 0.

Pewenue: Hano naiitu upeobpazosanue Jlasaca uepBoro ypasuenus (C yCjoBUEM T = X1, Y = Ta):
sage: del = maxima("2*diff(x(t),t, 2) + 6*x(t) - 2%y(t)")

sage: ldel = del.laplace("t","s"); 1del
2*(-7%at O diff(x(t),t,1),6=0)+s~2*laplace(x(t),t,5)-x(0)*s)-2*"1aplace(y(t),t,5)+6 *laplace(x(t),t,s)

JlaHHblil PE3yNIbTaT THAXKEIO YUTAEM, OJHAKO /I0/2KEH ObITh MOHAT KaK

—22'(0) + 252 % X (5) — 252(0) — 2Y(5) + 6X(s) =0

Haiinem npeobpazosanue Jlamiaca /it BTOPOro ypaBHEHUS:

sage: de2 = maxima("diff(y(t),t, 2) + 2¥y(t) - 2¥x(t)")
sage: lde2 = de2.laplace("t","s"); 1de2
-?%at(diff (y(t),t,1),t=0)+s"2*1aplace(y(t),t,s)+2*laplace(y(t),t,s)-2* laplace(x(t),t,s)-y (0)*s

Pesymbrar:

—Y'(0) + s?Y (s) + 2Y (s) — 2X(s) — sy(0) = 0.

Berasum nagasnbubie yeaosus pis x(0), 2/ (0), y(0) u y'(0), u pemum ypasenus:
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sage: var(’s X Y7)
(5, X, V)
sage: eqns = [(2¥872+46)*X-2*Y == 6%s, -2*X +(s72+2)*Y == 3%g]
sage: solve(eqns, X,Y)
[[X == 3*(s"3 + 3%s)/(s"4 + 5*s~2 + 4),
Y == 3*(s"3 + 5%s)/(s74 + 5*s"2 + 4)]]

Teneps mpousBeném obparHoe mpeobpa3oBanue Jlamaaca st HAXOXKIEHWS OTBETA:

sage: var(’s t’)

(s, t)

sage: inverse laplace((3*s”3 + 9%s)/(s74 + 5*s”2 + 4),s,t)
cos(2*t) + 2*cos(t)

sage: inverse laplace((3*s73 + 15%s)/(s74 + 5*s”2 + 4),s,t)
-cos(2*t) + 4*cos(t)

Urak, orser:

x1(t) = cos(2t) + 2cos(t), x2(t) = 4cos(t) — cos(2t).

I'paduk mrs orBeTa MO2KET OBITH TTOCTPOEH MTAPAMETPUIECKH, UCIOIb3Y T

sage: t = var(’t’)

sage: P = parametric_ plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),\
(t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show(P)

I'paduku MoryT GbITH TIOCTPOEHBI U JIJIST OTAEJHHBIX KOMIIOHEHTOR:

I

sage: t = var(’t’)

sage: p1 — plot(cos(2*t) + 2*cos(t), (t,0, 2¥pi), rgbcolor—hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2¥pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

s 6omee ucyepubiBatonieii nadopmarmu mo rpadukam cM. [locrpoenne rpadukos. Takxke cm. cekiuio 5.5
u3 [NagleEtA12004]| pus yruy6uaennoit undopmanuu 1o quddepeHnuaibHbIM yPABHEHUSIM.

2.4.4 Merox Ditnepa jjis pemtenust cucreM audepeHiuaibabiX ypaBHEHNN

B caenyiomem npumepe mokazan meron, Jditnepa Juis JudGepeHnnaibHblX yPABHEHUE IEPBOIO W BTOPOrO
mopsinkoB. CHavasIa BCIOMHUM, UTO JEJIAETCS [IJIsT yPABHEHWI MePBOT0 Mopsaka. Jlana 3a1a4ua ¢ Ha9aJIbHBIMU
YCJIOBUAMH B BHUJE

y' = flz,y), yla)=c
TpebyeTcs HAWTH MPUOIU3UTETbHOE 3HAUEHNE perneHus upu © = b u b > a.

3 oupenesenus npon3BoaHOM Cieayer, 9To

oy Y@+ h) —yx)
y(@)~ =,

rme h > 0 pmawo u sBisercs HebosibumM. dro u guddepennuanbuoe ypasaenue pawor f(x,y(x)) =
w. Teneps Hago pemuth s y(z + h):

ylo +h) = y(z) + hox fz,y(z)).
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Eciu nassarp hf(x,y(x)) “nompaodnsim saementom”’, y(x) “npexxkauMm 3HadenueMm y~ a y(x + h) “HOBbIM
) ) y
3HAYEHUEM Y, TOTIA JAHHOE MPUOJINKEHNE MOXKET ObITh BBIPAYKEHO B BUIE

Ynew =~ Yold + h f(xa yold)-

Ecin pa36urs wHTEpBAI MEXKIy a ¥ b Ha n gacTeil, 9To6bl h = Y=% Torma MOXKHO 3amucaTh HH(OPMAIIIIO

n ’
JJId TaHHOI'O MEeTO/1a B TEL6J'[I/IHy.

x y hf(z,y)
a c hf(a,c)
a+h c+ hf(a,c) | ..
a+2h

b=a+nh | 77?7

Ilennio ABISETCSA 3AMOIHUTH BCE MTyCTOTHI B TAOJIUIIE TIO OJHOMY PSIAY 3& Pa3 J0 MOMEHTA JOCTHKEHUS 3AMUCH
777, KOTOpasa U ABJIAETC NPUOIUKEHHBIM 3HAYeHreM Meroa Ditiepa misa y(b).

Pemenne cucrem anddepeHnabHbIX yPaBHEHHH TOX0Ke Ha PelleHne OObIIHBIX Aud hepeHnaabHbIX yPaB-
HEHUM.

Ipumep: Haitaure unciennoe npubnn3urensHoe 3HaUenne mist z(t) mpu ¢ = 1, ucmons3ys 4 1mara MeTona
Sitnepa, rae 2"’ +tz' + 2 =0, 2(0) =1, 2/(0) = 0.
Tpebyerca npuBectn auddepeHnuaIbHOe ypaBHEHNE 2I'0 TOPIIKa K cucTeMe ABYX AudepeHanbHbIX ypaB-

HEHWi TIEPBOTO NOPAIKa (MCTIONB3YS T = 2, Y = 2') U IPUMEHUTH MeTox Dilrepa:

sage: t,x,y — PolynomialRing(RealField(10),3,"txy").gens()
sage: f=y;g=-x-y*¢
sage: eulers_method 2x2(f,g, 0, 1, 0, 1/4, 1)

t x h*(t,x,y) y h*g(t,x,y)

0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081

1 0.65 -0.18 -0.74 0.022

Nrak, z(1) ~ 0.75.

Mozkuo mocTpouth rpaduk Jig Todek (z,y), 9TOObI NOMYIUTh NPUOIU3UTEIbHbIA BU KpuBoil. DyHKIMs
eulers _method 2x2 plot BemomauT manHyio 3a4a49y; st ITOrO HAJO OnpeaeauTh GyHKiwn f U g, aprymesT
KOTODPbIX MUMEET TPU KOOpAMHATHL: (t, X, y).

sage: f = lambda z: z[2] #1(txy) =y

sage: g = lambda z: -sin(z[1]) # g(t,x,y) = -sin(x)

sage: P — eulers_method 2x2 plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

B sror momenT P conepxur B cebe nsa rpaduka: P[0] - rpaduk x 1o t u P[1] - rpaduk y no t. O6a stu
rpaduka MOTyT ObITH BBIBEJAEHBI CJIEIYIONUM 00pa30M:

sage: show(P[0] + P[1])

2.4.5 CrnernuaJbHble DYHKIAN

HeckobpKO OPTOrOHAJIBHBIX MOJIMHOMOB W CHEIMATBHBIX (BDyHKIWMI ocyiecTBiensl ¢ momonsio PARI [GAP]
u Maxima [Max].
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sage: x = polygen(QQ, 'x’)

sage: chebyshev U(2x)

4*x~2 -1

sage: bessel I(1,1,"pari" 250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel I(1,1)

0.565159103992485

sage: bessel I(2,1.1,"maxima") # mocsenHne HECKOIBKO IUGP MOTYT GBITH HETOUHBIMU

0.167089499251049

Ha namabiit MoMenT Sage paccMaTpuBaer gaHHbE (YHKIMA TOJBKO I YUCJIEHHOrO npuMeHenwus. [lirs
CHMBOJIBHOI'O MCIIOJIb30BAHMS HYKHO HAIPAMYIO HCIIOIb30BaTh nHTEpdeiic Maxima, kKak onucano Huze:

sage: maxima.eval("f:bessel _y(v, w)")
"bessel _y(v,w)’

sage: maxima.eval("diff(f,w)")

"(bessel _y(v-1,w)-bessel _y(v+1,w))/2’

2.5 Ilocrpoenne rpadukon

Sage MOXKeT CTPOUTDH JBYMEPHBIE M TPEXMEPHbIE rpaduKu.

2.5.1 J/IBymepubie rpacuku

B aBymeprOM mpocTpaHcTBe Sage MOKeT OTPHUCOBBIBATH KPYIH, JTUHUKA ¥ MHOTOYTOJTHHUKY; Tpaduky (QyHK-
Uil B IEKAPTOBBIX KOOP/IMHATAX; TaKKe rpadpMKu B MOJIAPHBIX KOOPAMHATAX, KOHTYPHbBIE rpadUKd U U300-
pazkeHusi BEKTOpHBIX mmosieii. Hekoropwie mpumepst OyayT moka3anbl HuzKke. s 6ostee ncaeprnbBaOMei nH-
dopmarmu mo nmoctpoennto rpadukoB cMm. Pemrenne muddepennnanbubix ypapaennit u Maxima, a Takxke
nokymenTanuio Sage Constructions.

JlanHast KOMaH/a MOCTPOUT KEJITYI0 OKPYKHOCTh pajuyca 1 ¢ IMeHTpoM B HadaJe:

sage: circle((0,0), 1, rgbcolor=(1,1,0))

Tak2ke MOXKHO IIOCTPOUTH KPYT:

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)

MozkHO €O3/IaBATh OKPYKHOCTh U 33aBaTh €€ KaKOW-Iud0 mepeMenHo. Jlanubiii mpuMep He OyIeT CTPOUTh
OKPYKHOCTb:

sage: ¢ = circle((0,0), 1, rgbcolor—(1,1,0))
Yrobbl nocrpouts ee, uctosbsyiire c.show() miu show(c):
sage: c.show()

c.save(’filename.png’) coxpauut rpadux B baii.

Teneps 31U ‘OKpPyKHOCTH OOJIBINE MOXOXKHU HA IJIMIICHI, TAK KAK OCH MMEIOT PA3HBII MACIITad. ITO MOKHO
HCIPABUTDH CJEAYIOMAM 00pa30OM:

sage: c.show(aspect ratio—1)
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Komanua show(c, aspect ratio=1) sbiosnur 10 ke camoe. COXpaHUTb KAPTUHKY MOXKHO C LIOMOILBIO
c.save(’filename.png’, aspect ratio=1).

Crpoutsb rpaduku 0a30BbIX QPYHKITAI JETKO:

sage: plot(cos, (-5,5))

Kak T0o/1bKO MMs mepeMeHHOil Ompe/iesIeH0, MOXKHO CO3/IaTh IapaMerpudeckuii rpaduk:

sage: x = var(’x’)
sage: parametric_ plot((cos(x),sin(x) " 3),(x,0,2%pi),rgbcolor=hue(0.6))

Baxno ormeruTsh, 4TO OCu rpaduka OyayT mepeceKkaThCs JIUIIb B TOM CIydae, KOrQa HAYAJI0 KOODIUHAT
HaXOJIUTCs B I0JIe 3peHus IrpaduKa, ¥ 9TO K JOCTATOYHO DOJNBIINM 3HAYEHUSIM MOKHO IPUMEHHUTH HaydHOe
obo3HaveHue:

sage: plot(x~2,(x,300,500))

MokHO OOBEIUMHATH TTOCTPOEHUS, T0OABIIsIS UX APYT APYTY:

sage: x = var('x’)

sage: pl = parametric_ plot((cos(x),sin(x)),(x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 — parametric_plot((cos(x),sin(x)"2),(x,0,2%pi),rgbcolor=hue(0.4))
sage: p3 = parametric_ plot((cos(x),sin(x) " 3),(x,0,2%pi),rgbcolor=hue(0.6))
sage: show(pl+p2-+p3, axes—false)

Xopouwmii cnocob co3panus 3amosiHeHHbIX Guryp — cozganue cuucka rouek (L B ciemyroinem npumepe), a
3aTeM HCII0JIb30BaHUE KOMAaH/ bl polygon Jist nocTpoerust (purypol ¢ rpaHuiiaMmu, 00pa30BaAHHBIMU 33/ [AHHBIMU
roukamu. K mpumepy, cO31a1uM 3e/IeHbIi JeThTONI;

sage: L = [[-14-cos(pi*i/100)*(1+cos(pi*i/100)),\
2*sin(pi*i/100)*(1-cos(pi*i/100))] for i in range(200)]

sage: p = polygon(L, rgbcolor—(1/8,3/4,1/2))

sage: p

Haneuaraiire show(p, axes—false), urobbl He OKa3bIBATH OCeil Ha rpaduke.
MoxkHo 100aBUTH TEKCT Ha rpaduK:

sage: L = [[6*cos(pi*1/100)+5*cos((6/2)*pi*i/100),\
6*sin(pi*i/100)-5*sin((6,/2)*pi*i/100)] for i in range(200)]

sage: p — polygon(L, rgbcolor—(1/8,1/4,1/2))

sage: t = text("hypotrochoid", (5,4), rgbcolor—=(1,0,0))

sage: show(p-+t)

Vaurens MaTeMaTHKU 9aCTO PUCYIOT CJIEAYIONUil rpaduK Ha JOCKE: HE OJHY BETBb arcsin, a HECKOIbKO, T.e.
rpaduk Gyukiuu y = sin(x) i & Mexy —27 u 27, HepeBepPHY ThI 110 OTHOIIEHUIO K JIMHUU B 45 IPaiyCcoB.
Cuterytomast KOMaH a Sage MOCTPOUT BBIMIEYKA3AHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)

Tak kak dyHKIUg Tanrenca uMeer OONBIMUI WHTEPBAJ, YeM CHHYC, IPU KUCIOIH30BAHUU TOW YK€ TEXHUKHU
JIsL TIePEeBePThIBAHMUS TAHIEHCA TPeOyercsi N3MEHUTh MUHUMAJIbHOE W MAKCHMAJIbHOE 3HAYEHUsS KOODIAMHAT
JJ1d OCH X:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax—20)
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Sage TakKe MOXKET CTPOUTH I'PadUKU B MOJIAPHBIX KOOPJIUHATAX, KOHTYPHbBIE HOCTPOCHUS M M300PAKEHUST
BEKTOPHBIX TOJIei (115 cenuanbabx BuaoB dbyHukmii). Janee ciegyer npuMep KOHTYPHOTO 4epTeKa:

sage: f = lambda x,y: cos(x*y)
sage: contour _plot(f, (-4, 4), (-4, 4))

2.5.2 Tpexmepubie rpacduku

Sage Takke MOXKeT ObITh HCIOJH30BAH [ CO3/IAHUST TPEXMEPHBIX I'padukoB. dtu rpaduku CTPOATCHI €
MOMOIILIO Takera [Jmol|, KoTopsrit oz IepKUBAET MOBOPOT W MPUOIINIKEHNE KAPTHHKN C TTOMOIIHIO MBITITH.

Ucnomnbsyiite plotdd, arobbr mocTpouts rpaduk dyukimu dbopmbr f(x,y) = 2:

sage: x, y = var('x,y’)
sage: plot3d(x~2 + y~2, (x,-2,2), (v,-2,2))

Eie moxkno ucnosipzoBars parametric plot3d mis mocrpoenus rpadukoB nmapaMerpudecKux 1OBEPXHOCTE,
rje KaxKaplil U3 T, y, 2 onpeaenaercs (pyHKIuel OJHON UK JIBYX MEPEMEHHBIX (apaMeTphl; OOBIYHO U U V).
IIpeapinymmit rpaduk MokeT ObITH BHIPAYKEH MAPAMETPUYECKHU B CJIEIVIONIEM BUIE:

sage: u, v — var('u, v’)

sage: f x(u, v) = u

sage: f_y(u, v) = v

sage: f z(u, v) =u”2 + v72

sage: parametric_plot3d([f_x, f_y, f z|, (u, -2, 2), (v, -2, 2))

Tperuit crocod MOCTPOUTH TPEXMEPHYIO MOBEPXHOCTH B Sage - mcnoJib3oBanue implicit plot3d, koropsiit
cTponT KOHTYDHI TpadukoB dbyHKuui, Kak f(x,y,z) = 0. YTo6b MOCTPOUTH chepPY, BO3MOIB3YeMCsl KIACCH-
qeckoit (popMyIIoii:

sage: x, y, z — var(’x, y, z’)
sage: implicit_plot3d(x~2 + y~2 + 272 - 4, (x,-2, 2), (v,-2, 2), (2,-2, 2))

Huke nokazanbl HECKOIBKO IPUMEPOB:
Ckperennprii kosmak (GJU3KUHA POJACTBEHHUK IMUPOKO U3BECTHOTO Jncta Mébuyca):

sage: u, v = var('u,v’)

sage: fx — (1-+cos(v))*cos(u)

sage: fy = (1+cos(v))*sin(u)

sage: fz = -tanh((2/3)*(u-pi))*sin(v)

sage: parametric_plot3d(|tx, fy, fz], (u, 0, 2%pi), (v, 0, 2%pi),
frame—False, color="red")

Kpyuensrit Topon:

sage: u, v = var('u,v’)

sage: fx = (3+sin(v)-+cos(u))*cos(2*v)

sage: fy = (3-+sin(v)-+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2¥pi), (v, 0, 2*pi),
frame—False, color="red")

JlemHnckara:

sage: x, y, z — var('x,y,z’)

sage: f(x,y,2z) = 4*x"2* (x"2 +y 2 +z2°2+z)+y2F(y2+2z2-1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
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2.6 Pacnpocrpanénubie npodsembl ¢ hyHKIUIMY

Hexkoropsie acnektbl onpejenenus Gyakuuii (Hanpumep, s auddepeHnupoBanus Wik MOCTPOEHHs IPa-
dbuka) moryT GbiTh He sicibl. B 9T10M paszzese mbl o6paiiaeM BHUMAHUE HA HEKOTOPbIe HauboJiee pacipocrpa-
HEHHbBIE ITPOOJIEMBIL.

Jlajiee OKa3aHBI HECKOJIHLKO CIIOCOOOB OMPEIEIEHUs] TOTO, YTO MOYKHO HA3BATh “‘byHKIINEH:

1. Ompenesnnre dyuknuio Python, kak ommcano B pazjene @yukiun, OTCTYNbI U cuerdnkn. s takmx
GYHKIHH MOXKHO MMOCTPOUTD rpaduku, HO npoaudHepeHnpoBaTh WiKd IPONHTEIPUPOBATDL UX HEIb3S.

sage: def f(z): return z~2
sage: type(f)

<type ’function’>

sage: f(3)

9

sage: plot(f, 0, 2)

Obparure BHUMaHWE HA CHHTAKCUC B 1ocieaneil crpouke. plot(f(z), 0, 2) Bbigact omubky, Tak Kak z - 310
nepeMeHHas-00JIBAaHKa B omnpejenennu f, Koropas He ompejeneHa BHYTPH JaHHONW KOHCTpyKnuu. IIpocro
f(z) Bossparur ommubky. Crezxyiomee OyaerT paboTaTh B JAHHOM KOHTEKCTE, OJHAKO, B OOLIEM, BO3HUKHYT
HEKOTOPBIE 3aTPYHEHUsI, HO OHU MOTYT OBbIThH IPOUTHOPUPOBAHBI (CM. MyHKT 4).

sage: var(’z’) # ompezeneHue MEPEMEHHO 7 sl CHMBOJIBHBIX BBIMUC/ICHUN
V4

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

B srom ciayuae £(z) - 910 cUMBOJIbHOE BbIpaXKEHUE.

2. Onpenennm “BhI3BIBAEMOE CUMBOJIBLHOE BhIpaykenne”. OHO MOXKeT ObITh poanddEepeHITTPOBAHO, TTPONHTE-
TPHUPOBAHO, & TaKKe MOYKHO IMOCTPOUTDH €ro rpaduK.

sage: g(x) = x"2

sage: g # g orobpakaer X B X2
X |--> x"2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

x |--> 2%x

sage: Dg(3)

6

sage: type(g)
<type ’sage.symbolic.expression. Expression’>
sage: plot(g, 0, 2)

Eciiu g — 970 BBI3BIBAEMOE CUMBOJIBHOE BbIDAXKEHUE, g(X) — ITO CBA3AHHBII ¢ HUM OOBEKT, HO APYrOro BHUIA,
JI7IsI KOTOPOTO MOXKHO MTOCTPOUTH TPapUK U KOTOPBIH MOXKHO mudHepeHinupoBaTh 1 T..1.

sage: g(x)

x"2

sage: type(g(x))

<type ’sage.symbolic.expression. Expression’>
sage: g(x).derivative()

2¥x

sage: plot(g(x), 0, 2)
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3. Moxkuo ucnosp3oBarb yke olpezesneHuyio Gynkuuio Sage — ‘GyHrumio ucaucienus’. s nee moxer
OBITH TIOCTPOEH rpaduk, OHA MOXKET OBITH TPOANGHEPEHINPOBAHA, 1 MTPONHTEIPUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function _sin’>
sage: plot(sin, 0, 2)

sage: type(sin(x))

<type ’sage.symbolic.expression. Expression’>
sage: plot(sin(x), 0, 2)

Cawma 1o cebe dbyHKIHs sin He MOXKeT ObITH TPOaud (DEPEHIIMPOBAHA, TIO KPAiHEH Mepe, He MOXKET TPOU3BECTH
COS.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError: ...

Ucnonb3zoBanue f = sin(x) BMecTo sin paGoraer, HO Jiydine UCHOIb30Barh f(x) = sin(x) s TOro, 4ToObLI
ONPEJENTD BBI3bIBAEMOE CHMBOJIBHOE BBIPAKEHHE.

sage: S(x) — sin(x)
sage: S.derivative()
x |--> cos(x)

Jamee cienyioT HEKOTOpbIE 00IHe TPOBIEMBI ¢ 00bICHEHUEM
4. Ciryvaiinasi OEHKA.

sage: def h(x):
if x<2:
return 0
else:
return x-2

ITpobaema: plot(h(x), 0, 4) mocrpout kpusyio y = x — 2. Ilpuunna: B xomamnme plot(h(x), 0, 4) cunauana
orenuBaerca h(x), 9ro o3Hagaer moACTaBKy X B GyHKIHUIO h u onenky x<2.

sage: type(x<2)
<type ’sage.symbolic.expression. Expression’>

Pewenue: He ucnonbsyiire plot(h(x), 0, 4); ucuosb3yiire:

sage: plot(h, 0, 4)

5. OmmbouHOoe co3anne KOHCTAHTHI BMECTO (bYHKITHH.

sage: f = x
sage: g = f.derivative()
sage: g

1

Ipobaema: g(3), nampumep, Bo3sparut omubKy ¢ coodmenuem “ValueError: the number of arguments must
be less than or equal to 0.”

sage: type(f)
<type ’sage.symbolic.expression. Expression’>
sage: type(g)
<type ’sage.symbolic.expression. Expression’>
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g He gBisercd QYHKIHeH, 3T0 KOHCTAHTA, II09TOMY OHA HE MMeeT [IEPEMEHHBIX, M Bbl MOYXKETE BCTABJIATH YTO
yIOIHO B Hee.

Permrenne: ecth HECKOIBKO BO3MOXKHBIX HyTeﬁ.
b OHpe,ﬂ;eHI/ITb f m3HAYATBHO KaK CMMBOJILHOE BbIpazKeHue.

e: f(x) = x # Bmecto 'f = x’
sage: g = f.derivative()

sage: type(g)
<type ’sage.symbolic.expression. Expression’>

o JIubo Bmecre c f, onpemenennoii BoIle, ONPEJIeTUTh g KAK CAMBOJIBHOE BBIPAYKEHUE.

sage: f = x

sage: g(x) = f.derivative() # Bmecro 'g = f.derivative()’
sage: g

X |-->1

sage: g(3)

1

sage: type(g)

<type ’sage.symbolic.expression. Expression’>

e JIubo ¢ f u g, 3amanEBIMY, KAK TOKA3AHO BBIIIE, CO30ATh MEPEMEHHYIO, MO/, KOTOPYIO MOIACTABJISIOTCS

3HAYEHUS.
sage: f = x
: g = f.derivative()
g

sage: g(x=3)  # Bmecto 'g(3)’
1

Ecth erme onna ¢noco6, Kak OMpemesuTh pasandne Mexx Iy mponssogabivu f = x n f(x) = x

sage: f(x) = x
sage: g — f.derivative()

sage: g.variables() # mepemeHHbBIE, KOTOPBIE TPUCYTCTBYIOT B &
sage: g.arguments() # aprymenrtsl, KOTOPbIE MOIYT ObITD [IOJCTABJICHDL B &
(x)

sage: f = x
sage: h — f.derivative()
sage: h.variables()

0

sage: h.arguments()

0
Kak nokasbiBaeT JaHHbIH TpuMep, h He mpuHUMaeT aprymenTtos, modtomy h(3) Bepaer ommoOKy.
2.7 OcHoBHBIE KOJIBIIA

Ilpu oObsBIEHUE MATPHUI], BEKTOPOB WJIH TOJUHOMOB JIJIsi HUX WHOTJA TOJE3HO, a WHOLAA U HEOOXOIUMO
OIPEIETATh “KOMbIA”’, HA KOTOPBIX OHHU OIpeeeHbl. KomIbIo - 9T0 MaTeMaTrHdecKass KOHCTPYKITHsI, B KOTOPOii
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CyLIeCTBYIOT OIIp€/IeJIEeHHbIC IIOHATHUA CYMMbI U IIDOU3BEACHUA. Ecin BbI HHUKOI'/Ia O HUX HEe CJIbllIaJii, TO BaM,
BEPOATHO, JOCTATOYHO 3HATDH 00 3Tux YeThIpEX 9aCTO UCMOJIb3yEeMBbIX KOJIbIAX:

e nesble uncaa {...,—1,0,1,2,...}, naspiBaembie ZZ B Sage.

* pAIMOHAJIBHBIE YHUCIA — HAIPUMED, JAPOOU MJIM OTHOIIEHUs! TIeJIbIX Jucen —, Ha3biBaeMmbie QQ B Sage.
* BeIlleCTBEHHBIE YNCIIa, Ha3biBaeMmbie RR B Sage.

* KOMIIJIEKCHBIE dnciia, HaspiBaembie CC B Sage.

SHaHue pa3auauil MeXK/ly JAHHBIMU KOJBIIAMHU OYeHb BAYKHO, TAK KAK OJMH U TOT Ke MOJUHOM, OIpejie-
JICHHBIH B Pa3HBIX KOJbIAX, MOXKET BecTH cebd 1mo-pasnoMy. Hanpumep, nonunom 2 — 2 uMeer jBa KOpHH:
+4/2. Dru KOpHH He ABJISAIOTCH PAIMOHAIBHBIME YHCIAMH, IIO9TOMY €C/IH Bbl paboTaere ¢ HOJIHHOMAME C
paIMoOHAIBHBIMEU KO3 dunmenTamu, TO MOJUHOM He Oymer pasyararbcst Ha MHOKUTENN. C BEIECTBEHHBIMHU
ko3 durmentamu — Oyzner. [losTomy cTouT onpeseuTh KOJIBIO, 9TO0bI OBITH YBEPEHHBIM, UTO MOJLY 9€HHBIN
pesyabrat Oymer npaBuababiM. Crieayforiye 1Be KOMaHIbl 33/1a0T MHOXKECTBA TOJIMHOMOB C PAIMOHATBHBIMA
KO3 puImeHTaMu 1 BENEeCTBEHHBIMA KO3 PHUITMEHTAMI COOTBeTCTBeHHO. MHOoXKecTBa Ha3BaHbI ‘ratpoly” u
“realpoly”, HO 3TO HE CTOJIb BAaXKHO B JAHHOM KOHTEKCTE, OIHAKO CUMBOJIbHbIE coderaHus ~.<t>" um 7.<z>"
SBJISIOTCS HA3BAHUSIMU TIEPEMEHHbBIX, UCIIOJIb30BAHHBIX B IBYX CJIydJasiX.

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

®axropusupyem z2 — 2

sage: factor(t~2-2)

t72-2

sage: factor(z”2-2)

(z - 1.41421356237310) * (z + 1.41421356237310)

Cuwmpout I obo3navaeT KBaIpaTHbBI KOpeHb n3 —1; 1 — 3T0 TOo ke camoe, uTo 1. KoneurHo, 3T0 He pannoHaanLHOe
YHCJIO:

sage: 1 # KBajparHblli KOpeHb u3 -1
I

sage: i in QQ

False

Samerka: BoimeonucaHubii KOm MOXKET pabOTATh HE TaK, KaK 33IyMBIBAJIOCH, €CIU MEPEMEHHON i OBLIO
33/IaHO JIPyroe 3HavYeHne, HAIIPUMED, €CJM OHO ObIJIO WCIOJb30BAHO, KAaK CUYETYIUK JJs IUKIa. B Takom
cJlydae BBEIUTE

sage: reset(’1)

AJId TOTrO, 9TOOBI IIOJIYYUTHb U3HAYaJIbHOE KOMIIJIEKCHOE 3HAYECHUE i.

Ectb ogHa TOHKOCTH B 3aJJaHUH KOMIIJIEKCHBIX YHCEJT: KAK OMMCAHO BBITIE, CUMBOJ 1 MTPEICTABISIET KBAIPAT-
HBII KOpeHb U3 —1, HO 370 (hOPMAJIbHBINA WM CUMBOIUYHBIN KBaJApaTHbIH Kopedb u3 —1. Bozos CC(i) uau
CC.0 BepHET KOMILJIEKCHBIN KBaIPATHBI KOPEHb U3 —1.

sage: i = CC(i) # KOMILTIEKCHOE 9HCJIO C IJIaBaoneil 3amaToil

1 ==CC.0

sage: a, b = 4/3, 2/3

erz = a + b¥i
sage: z
1.33333333333333 + 0.666666666666667*1
sage: z.imag() # MHEMAs “TacTb

0.666666666666667
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sage: z.real() == a # aBTOMATHYECKOE IPUBE/ICHUE TUIIOB HEPE/ CPABHEHUEM
True

sage:a + b

2

sage: 2*b == a

True

sage: parent(2/3)

Rational Field

sage: parent(4/2)

Rational Field

sage: 2/3 + 0.1 7/ aBTOMATH4YeCKOe IIPUBEJEHNE TUIOB Iepe]] CI0XKEHUeM
0.766666666666667
sage: 0.1 + 2/3 # npuBeseHUe TUIIOB B Sage CUMMETPUIHO

0.766666666666667

Hasee ciemyior npuMepbl 6a30BbIX Kojier B Sage. Kak 0TMeYeHO BbIIe, KOJbIO PAIMOHAIBHBIX YHUCET 000-
suagaercd kak QQ, a rakxke kak RationalField() (mosie - 370 KOJIbII0, B KOTOPOM MPOM3BEIEHUE SABJISETCS
KOMMYTATHBHBIM ¥ B KOTOPOM KaXKJIbIii HEHYJIEBOH 3JIEMEHT UMEET OOPATHYIO BEJIMIMHY B 9TOM KOJbIE (pa-
[UOHAJbHBIE YUCIIA ABJISIOTCS TOJIEM, 8 HEeJble - HeT):

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ
True

Hecarnanoe gncyo 1.2 paccmarpuBaercsa Kak QQ: mecaTuaHbie 9uCiIa, KOTOPhIe TaKKe SABJISIOTCA PAIHOHAIb-
HBIMH, MOTYT GBITH “IpHBeIeHb” K PAIMOHAIBHBIM dicaaM. Ynucaa m i /2 He ABIAIOTCH PaIAOHAIBHBIMHA:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR
True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

,Z[J'IH HWCIIOJIb30BAHUS B BBICIIEl MaTeMaTUKe Sage TaK>Ke€ MOZKET BBIIIOJHATH OIl€epaluu C APYIrUMU KOJIbIa-
MH, KaK KOHEYHbIE II0JId, pP-aJu4IeCKue 4ucCjia, KOJIbIIO anre6panquKHx quceJsi, IOJUHOMHUAJIBHBIE KOJIbIla U
MAaTPpUYHBIE KOJIBIIA. ﬂanee TTOKa3aHbl HEKOTOPHIE N3 HUX:

sage: GF(3)
Finite Field of size 3
sage: GF(27,’a’) # ecsm mosie He MPOCTOE, HYKHO 33/1aTh UM T€HEPATOPA,

Finite Field in a of size 373

sage: Zp(d)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # amrebpanmaeckoe 3ambikaxue QQ
True
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2.8 Jluneitnast ajiredpa

Sage MOJEPKUBAET CTAHIAPTHBIE KOHCTPYKIUH W3 JTUHEHHONH airebpbl, KAK XapaKTePUCTHIECKHE MTOJIUHO-
Mbl, CTyleHYarbie (POpPMbI, CyMMbI SJIEMEHTOB [JIABHOHN MArOHAIM MATPULBL, PA3JIOKEHUSI.

Co3maBaTh U MEPEMHOKATH MATPHUIIHI JIETKO:

sage: A = Matrix([[1,2,3],]3,2,1],[1,1,1]])

sage: w — vector([1,1,-4])

sage: w*A

(0,0, 0)

sage: A*w

(-9, 1, -2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[1 1-4]

Permere MarpuvHbIX ypaBHEHUN TAKIKE BBIMOJIHIETCS O6€3 3aTPyAHEHMiT, NCI0b3yd MeTos solve right. Bei-
gucsenue A.solve right(Y) Boszsparur marpuuy (uiau Bekrop) X rakoii, uro AX =Y:

sage: Y = vector([0, -4, -1])
sage: X = A.solve right(Y)
sage: X

('27 1a 0)

sage: A * X # mposepka...

(Oa '47 '1)

\ MoxkeT ObITh UCIOJb30BaH BMecTo solve right; ucnonbsyiire A \ Y Bmecro A.solve right(Y).

sage: A\'Y
(-2, 1, 0)

Ecnu pernenus He cymecTByer, TO Sage BEPHET OIUOKY:

sage: A.solve right(w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

Ucnonssyiire A.solve_left(Y), urobor maittu X B XA = Y. Sage Moxker HaXOAUTH COOCTBEHHOE HYUCIO H
COOCTBEHHBIN BEKTOP:

sage: A = matrix([[0, 4], [-1, 0]])
sage: A.eigenvalues ()

[-2*1, 2*1]

sage: B = matrix([[1, 3], 3, 1]])
sage: B.eigenvectors_left()

(4, [

(1, 1)

]7 1)3 ('27 [

(1a '1)

1,

(Pesynbrar eigenvectors left - 310 cnucok Tpoek: (cobcTBeHHOE YUCI0, COOCTBEHHBIA BEKTOP, MHOrOoGpa-
sue).) CoberBennbie uucaa u Bekropa Jiis QQ mwiu RR rakxke mMoryr ObiTh BbIUUCIeHbI ¢ HOMOIILI0 Maxima
(cm. Maxima).
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Kak ykasano B pasuesne OCHOBHBIE KOJIbIIA, KOJIbLO, B KOTOPOM OLPE/IEJICHa MATPHUIA, BJIUAET Ha HEKOTOPLIE
ee cpoiicTBa. B ciremyromem nmpuMepe mepBblii apryMeHT KOMAHIbI matrix coobmaer Sage, 4ro0bl MaTpUIa,
paccMaTpUBAJIACh KaK MATPHILA HEJIbIX Yuces (caydail ¢ ZZ), kKak Marpuiia paiuoHaababix aucesn (QQ) uiu
Kak Marpurna BemectBeHHbIX dncen (RR):

sage: AZ — matrix(ZZ, [[2,0], [0,1]])
sage: AQ = matriX(QQ, [[270]7 [071”)
sage: AR = matrix(RR, [[2,0], [0,1]])
sage: AZ.echelon form()

2 0]

[01]

sage: AQ.echelon_form()

[10]

[01]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

2.8.1 MarpudHoe TPOCTPAHCTBO

Coznanum npocrpanctso Matsys3(Q), cocrosiiee u3 Marpuir 3 X 3 ¢ 3JeMeHTaMU U3 PAIMOHAJILHBIX YHUCEI:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(duist Toro, 4robbl cO31aTh IPOCTPAHCTBO U3 Marpull 3 Ha 4, ucnoub3yiire MatrixSpace(QQ,3,4). Ecsiu uucio
CTOJIOLOB HE YKa3aHO, L0 yMOJIYaHUIO OHO Oyuer pasho uuciay crpok (MatrixSpace(QQ,3) sKBuBasenTHO
MatrixSpace(QQ,3,3).) Marpu4noe mpocTpaHCcTBO uMeeT 0a3UC, KOTOPDIH COAEPKUTCA B Sage B BUJIE CIIUCKA:

sage: B = M.basis()
sage: len(B)

9

sage: B[1]

[010]

[00 0]

[000]

CozgaauM Marpuiy Kak 3emedt M.

sage: A — M(range(9)); A
[012]
[3 4 5]
(678

,Z[aﬂee IIOKa2KEM BbIYHCJIECHHME MATPHIL, OIIDE/IECJICHHbIX B KOHEYHDBIX I10JIAX!:

sage: M = MatrixSpace(GF(2),4,8)

sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
0,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,0])

sage: A

[11001111]

0100101 1]

[00101101]

00111110]

sage: rows — A.rows()

sage: A.columns()

28 [nasa 2. Typ no Sage



Sage Tutorial in Russian, Bermyck 5.0

[(1,0,0,0), (1,1, 0,0), (
(17 17 13 1)7 (13 07 17 1)3 (
sage: rows

[(1,1,0,0,1,1,1,1), (0,1
(0,0,1,0,1,1,0,1), (0, 0,

0,0,1,1), (0,0,0,
0) 1)7 (13 1) 17

,0,0,1,0,1,1
1,1,1,1,1,0

),
)]

)

),
)

Cosmaaum noanpocTpancTBo B Fao, 0XBaThiBaIoOINIee BbIIENEPEIUCICHHBIE CTPOKH.

sage: V = VectorSpace(GF(2),8)
sage: S = V.subspace(rows)
sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[10000100]

0100101 1]
[00101101]
0001001 1]

sage: A.echelon form()
[L0000100]

0100101 1]
[00101101]
0001001 1]

2.8.2 Paspexkennas juneiinas ajaredpa

Sage MOAIEPKUBACT PA3PEKEHHYTO JIUHEHHYTO ajrebpy.

sage: M = MatrixSpace(QQ, 100, sparse=True)
sage: A = M.random__element(density = 0.05)
sage: E — A.echelon form()

MyusibTuMoayibHBIA anropurM B Sage paboraer XOpOWIO Jijisi KBAaJAPATHBIX MATPUIL (HO HE TaK XOPOILIO JJist
HEKBA/IPATHBIX MATPHUIL):

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random__element(density = 0.05)

sage: E — A.echelon form()

sage: M = MatrixSpace(GF(2), 20, 40, sparse—True)
sage: A = M.random__element()

sage: E — A.echelon form()

3amerbre, uro B Python ucnosnb3oBatue 3ariaBHbIX OyKB UTPAET POJIb:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: _ classcall () got an unexpected keyword argument ’Sparse’

2.9 TlosmmHOoMBI

JlaHHbBI pa3men comepkuT uH(MOPMAIWIO O TOM, KaK CO3JaBaTh W MUCIOJJIH30BATH MOJUHOMBI B Sage.

2.9. Ilosaunombl 29



Sage Tutorial in Russian, Bermyck 5.0

2.9.1 IlonmuHOMBI OJHOI TIEpeMeHHOI

Ectp Tpu crrocoba, CO3JaHUA IMTOJTMHOMHAAJIBHBIX KOJICIT.

sage: R — PolynomialRing(QQ, 't’)
sage: R
Univariate Polynomial Ring in t over Rational Field

JlaHHBIH c0COO CO3/IACT MOJTMHOMHUATBLHOE KOIBI0 U YKAXKET Sage UCIOIb30BATh CTPOKY ‘t’ B KayecTBe HEU3-
BECTHOIO TIPY BbIBOJIE HA dKpaH. OIHAKO, ITO HE OMPEIEIAeT CUMBOJ t 7S UCIOJIH30BAHMS B Sage, Tak 9To
HEJIb34 TIPU MOMOIIE HEro BBecTH mosmuoM (Kak t2 + 1), npunajyexkamuii R.

Jpyroit crocob:

sage: S = QQ['t’]
sage: S =— R
True

DTOT crocod uMeeT Ty Ke MpodIeMy MO OTHOIIEHUTO K t.
Tpetuit ciocobd Gosee ymoOHbIM

sage: R.<t> = PolynomialRing(QQ)

i

sage: R.<t> = QQ['t']

WA JJAa2Ke

sage: R.<t> = QQ]

Dror crocob Bieder 3a coboit 0ObsIBJIEHHE MEPEMEHHON t KaK HEU3BECTHOIO B MOJUHOMUAJIBHOM KOJIBIE
TaK, 9TO €€ MOYKHO MCIIOJH30BATH TPHU CO3JAHWN 3JIEMEHTOB R, Kak omncano Huke. (3aMerbTe, 4TO TpeTuii
€11ocob MoXoXK Ha 06O3HAYEeHHe KOHCTPYKTOpa B Magma, 1, Kak B Magma, OH MOKET ObITh HCIOJIbL30BaH s
HIXPOKOro Habopa 00bEKTOB.)

sage: poly — (t+1) * (t+2); poly

t72 + 3%t + 2
sage: poly in R
True

Kaxoit 661 €110co6 HU HCHOIL30BAJIC I 3aJaHIs MTOJHHOMHUAILHOTO KOJILIA, MOYKHO BLIUJICHUTL HEU3BECT-
Hoe B Bume 0Y remeparopa:

sage: R = PolynomialRing(QQ, 't’)

sage: t = R.0
sage: t in R
True

IToxoxkas KOHCTPYKIINA UCTIOJIB3YETCA JJId KOMIIJIEKCHBIX YUCEJI: KOMIIJIEKCHBIE YNCJjIa MOTYT OBITH paccMoT-
PEHBI KaK I'€eHEPUPOBAHHBIEC N3 BEIMIECTBEHHBIX YHUCEJI C UCIIOJIB30BaHUEM CHMBOJIA 1, M3 3TOTO CJIeAyeT:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0-oit reneparop CC
1.00000000000000*1

L1l TOTMHOMHAATTBHBIX KOJTEIT MOYKHO TIOJIYYUTh U KOJIBIIO, M €T0 TeHepATOD, WJIN MIPOCTO TEHEPATOP BO BPEMS
CO3JIaHUAA KOJIbIIA!
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sage: R, t = QQ['t’].objgen()
sage: t - — QQ['t'].gen()
sage: R, t = objgen(QQ['t'])
sager t — gen(QQI')

Hakomerr, MOXKHO COBEPUIMTH HEKOTODbIe apudmerndeckue onpepaiuu B Qt].

sage: R, t = QQ['t’].objgen()

sage: f = 2%¢~7 + 3%t°2 - 15/19

sage: {72

4*¥6714 + 12%79 - 60/19%¢~7 + 9%¢~4 - 90/19%t~2 + 225/361

sage: cyclo = R.cyclotomic _polynomial(7); cyclo

t76 +Ft75 674+ t73 72+t 4+ 1

sage: g = 7 * cyclo * t75 * (75 + 10%t + 2)

sage: g

7716 + TF616 + 7714 + THC13 4+ 776712 + 91%¢711 + 91%6710 + 84%679
+ 84%t"8 4 84%t~T7 + 84*t76 + 14%t75

sage: F = factor(g); F

(7) ¥ 675 % (875 + 10%6 + 2) * (t76 + t°5 + t"4 + t°3 + t°2 + t + 1)

sage: F.unit()

7

sage: list(F)

[(t, 5), (675 + 10%6 + 2, 1), (t°6 + t°5 + t"4 + t"3 + t"2 + t + 1, 1)]

Jlenenvie IByX MOJUHOMOB CO3JACT JIEMEHT B IPOOHOM TOJIE, UTO OYIeT CIEJaHO Sage aBTOMATHYECKH.

sage: x = QQ['x’].0

sage: f=x"3 + 1;g=x"2-17

sage: h = f/g; h

(x"3+4+1)/(x"2-17)

sage: h.parent()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Ucnonbayst psapt JIopaHa, MOKHO MOCYNTATEH PA3JIOXKeHNe B psif B ApobHOM mose QQ[x]:

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/(1-x) + O(x~10)
1+x+x"2+x"3+x"44+x"5+x"6+x"7+x"8+x"9+ O(x"10)

Ecau nassarn TIEPEMEHHYIO MMO-ZAPYTOMY, MOXKHO TIOJIY9IUTH APYTO€ OJHOMEPHOE MOJUHOMHUAJIBHOE KOJIBIO.

sage: R.<x> — PolynomialRing(QQ)
sage: S.<y> = PolynomialRing(QQ)
sage: x ==y

False

sage: R ==

False

sage: R(y)

X

sage: R(y~2 - 17)

x"~2 - 17

Kombio ompenensercs mepemennoit. O6parute BHUMAHNE, YTO CO3IAHUE €IE OJHOTO KOJIBIA C TePEeMEeHHON
X He BEPHET JAPYTOro KOJbIA.

sage: R — PolynomialRing(QQ, "x")
sage: T = PolynomialRing(QQ, "x")
sage: R == T

2.9. Ilosaunombl 31



Sage Tutorial in Russian, Bermyck 5.0

True

sage: Ris T

True

sage: R.O == T.0
True

Sage MOMIEPKUBACT KOJIbIIA CTENEHHBIX PAI0B U psasioB Jlopana s jo6oro 6a3ucHOro Kobla. B cieayro-
meM npumepe coznaaum daement u3 Fr7[[T]] u nogenum, arober co3nars smement u3 Fr((T)).

sage: R.<T> = PowerSeriesRing(GF(7)); R

Power Series Ring in T over Finite Field of size 7
sage: f =T + 3%T°2 + T"3 + O(T"4)

sage: {73

T3 + 2*¥T"4 + 2*¥T"5 + O(T"6)

sage: 1/f

T -1+4+T+0(T"2)

sage: parent(1/f)

Laurent Series Ring in T over Finite Field of size 7

Takzke MOXKHO CO3/1aBaTh KOJIbIA CTEIEHHBIX Psi/IOB, UCIOIb3Ys IBONHbBIE CKOOKH:

sage: GF(T)[['T]]
Power Series Ring in T over Finite Field of size 7

2.9.2 IlomnHOMBI HECKOJIBKHUX ITePEMEeHHBIX

,ZLHH pa,GOTbI C IIOJIMHOMaMHU C HECKOJIbKUMHU II€EPEMEHHbIMH, CHaYaJIa HaJ10 O0BSBUATH MOJUHOMHUAIHLHOE KOJIBITIO
U IepeMeHHbIe.

sage: R = PolynomialRing(GF(5),3,"2") # 31ech 3 - 910 4uc/10 LlepeMenbix
sage: R
Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5

Tax ke, KaK u [JI OMHOMEPHBIX MOJUHOMOB, CYIIECTBYET HECKOJBKO My Tei:

sage: GF(5)['20, z1, 22’

Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5
sage: R.<20,21,22> = GF(5)[]; R

Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5

YT0o0bI HMEHA ITEPEMEHHBIX COCTOSIN U3 OYKB, HAIO UCIOIb30BATH CJIEIYTOIIEe:

sage: PolynomialRing(GF(5), x, v, 2’)
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

Hewmmnoro apudmernkn:

sage: z = GF(5)['20, z1, z2’].gens()

sage: z

(20, z1, z2)

sage: (z[0]+z[1]+z[2]) "2

72072 + 2¥70*z1 + z1°2 + 2*%20%22 + 2*z1%22 + 2272

MoxkHO HCIIOMb30BaTh HOIEE MATEMATHIECKOE 000O3HAYEHHE, YTOOBI ITIOCTPOUTH MOJHHOMHUAIHHOE KOJIBIIO.

sage: R = GF(5)['x,y,2']
sage: x,y,z — R.gens()

sage: QQ|'x]
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Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y’].gens()

x,y)

sage: QQ['x’].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

MHoroMepHbIe TIOJTMHOMBI BHEIDEHBI B Sage ¢ ncnoJib3oBanneM ciaoapeit Python. Sage ncrmonssyer Singular
[Si] mors Berancaenwit HOJI n 6a3uca 'péGHepa mueasios.

sage: R, (x, y) = PolynomialRing(RationalField(), x, y’).objgens()
sage: f = (x73 + 2%y~ 2%x) "2

sage: g = x" 2%y "2

sage: f.ged(g)

x"2
Cosnanum unean (f,g), renepupoBanubiii u3 f u f ymuoxkenuem (f,g) na R.

sage: I = (f, g)*R; I

Ideal (x"6 + 4*x"4*y~2 + 4*x~2¥y~4, x~2¥%y~2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner basis(); B

[x~6, x~2%y~2]

sage: x"21in I

False

Kcraru, 6a3uc ['pébuepa sBjsieTcs HE CHIUCKOM, & HEU3MEHSIEMON [MOCJIEJ0BATEIbHOCTBIO. DTO O3HAYAET, 9TO
y HEro eCTb YHUBEPCYM, POJUTENb W YTO OH HE MOXKET ObITh M3MEHEH (d4TO XOPOIIO, MOCKOIbKY U3MEHEHNE
6a3uca HapyIUIO Obl ApyTUe ornepanuu, ucnojb3yormue 6asuc ['pébuepa).

sage: B.parent()

Category of sequences in Multivariate Polynomial Ring in x, y over Rational
Field

sage: B.universe()

Multivariate Polynomial Ring in x, y over Rational Field

sage: B[1] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hexkoropas komMmMmyTaTuBHaS anredpa JIOCTYIHA B Sage U BHEApPEHA ¢ moMoIpio Singular. K npumepy, MoxHO
[IOCYUTATH IIPUMAPHOE PA3JIOXKEHUE U IPOCThIE COOTBETCTBYIOIIME /it 1:

sage: Lprimary decomposition()

[Ideal (x~2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y~2, x~6) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: Lassociated _primes()

[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field|

2.10 Koneunnie rpytibl, AGeseBbl rpyIbI

Sage HOIJIEPKUBAET BHIYUCIIEHHs C PYIIAME EPECTAHOBOK, KOHEYHBIMU KJIACCHYECKUMU IpyImnaMu (Kak,
nanpumep, SU(n,q)), KOHEYHBIMU MATPUYHBIMU Ipynnamu (¢ COOCTBEHHBIMH I€HEPATOPAMHU) U I'PYIINAMU
Abens (naxe ¢ beckoneunbimu). Muoroe u3 3roro ocyuiecrsisercs nocpeicrsom unrepdeiica k GAP.

Hampumep, 94T00bI MOCTPOUTH TPYIIY TMEPECTAHOBOK, HAIO 331aTh CIHCOK TeHEPATOPOB:
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sage: G = PermutationGroup([’(1,2,3)(4,5)’, ’(3,4)])

sage: G

Permutation Group with generators [(3,4), (1,2,3)(4,5)]

sage: G.order()

120

sage: G.is_abelian()

False

sage: G.derived _series() # random output

[Permutation Group with generators [(1,2,3)(4,5), (3,4)],
Permutation Group with generators [(1,5)(3,4), (1,5)(2,4), (1,3,5)]]
sage: G.center()

Subgroup of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]) generated by [()]
sage: G.random__element() # random output

(1,5,3)(2,4)

sage: print latex(G)

\langle (3,4), (1,2,3)(4,5) \rangle

Takzke MOKHO TOY9IUTH CHUMBOJIbHYTO Tabauiy B ¢popmare LaTeX:

sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]])
sage: latex(G.character _table())
\left(\begin{array}{rrrr}

1&1&1&1\\

1& 1 & -\zeta {3} -1& \zeta_ {3} \\

1& 1 & \zeta {3} & -\zeta_ {3} - 1\\
3&-1&0&0

\end{array}\right)

Sage TakKe BKJIIOYAET B Ce0sl KJIACCHUIECKUE W MATPUYIHBIE IPYIIIHI [jIsi KOHEYHBIX OJIEH:

sage: MS — MatrixSpace(GF(7), 2)
sage: gens — [MS([[l:0]7['171]]):MS([[171]:[071”)]
sage: G = MatrixGroup(gens)
sage: G.conjugacy class_representatives()
[
[1 0]
[0 1],
[0 1]
[6 1],

[6 0]
[0 6]
I
sage: G = Sp(4,GF(7))
sage: G._gap_init_ ()
Sp(4, 7)°
sage: G
Symplectic Group of rank 2 over Finite Field of size 7
sage: G.random_element() # random output
[65551]
[026 3]
[5010]
[4634]
sage: G.order()
276595200

Tax>ke MOXKHO TPOU3BOAUTH BBIYUCJIECHUA C TPYyHIIIaMN Abensa (KOHequIMI/I n 6eCKOHe‘IHLIMI/I)Z
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sage: F = AbelianGroup(5, [5,5,7,8,9], names—’abcde’)
sage: (a, b, ¢, d, e) = F.gens()

sage: d * bF*2 * %3

b~2*c~3*d

sage: F — AbelianGroup(3,[2]*3); F

Multiplicative Abelian Group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian Group isomorphic to C2 x C3
sage: AbelianGroup(5)

Multiplicative Abelian Group isomorphic to ZxZxZ xZ x Z
sage: AbelianGroup(5).order()

+Infinity

2.11 Teopuga uncen

Sage umeer OOIMUPHYIO (DYHKIIMOHAILHOCTD B [JIAHE TEOPHH Yucesl. Hampumep, MOXKHO MTPOU3BOIUTH apud-
merudeckue onepauuu B Z/NZ:

sage: R — IntegerModRing(97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational _reconstruction()
2/3

sage: b = R(47)

sage: b~20052005

50

sage: b.modulus()

97

sage: b.is_square()

True

Sage comepKuT cTaHIapTHbe byHKIUA Teopuu ducesi. Hampumep,

sage: ged(515,2005)

5

sage: factor(2005)

5 * 401

sage: ¢ = factorial(25); ¢
15511210043330985984000000

sage: [valuation(c,p) for p in prime range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next prime(2005)

2011

sage: previous_ prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2*28
1,2, 4,7, 14, 28]

56

56

Orauyno!
Dyukius sigma(n,k) B Sage cymmupyer k-e crenenu genuresieii n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6
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56
1050

Jasee mokakeM aJropuTM IBKINIA, ¢-DYHKINIO Jiljepa n KUTAHCKYI0 TeopeMy 00 OCTaTKax:

sage: d,u,v = xged(12,15
sage: d == u*12 + v¥*15
True

sage: n = 2005

sage: inverse _mod(3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors(n)

[5, 401]

sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi

1600
sage: euler phi(n)
1600

sage: prime_to_m_part(n, 5)

401

Vacuum Koe-aro st 3n + 1.

sage: n = 2005

)

sage: for i in range(1000):

n — 3*odd_part(n) + 1

if odd_part(n)—=1:

print i
break
38

Kuraiickas Teopema 06 ocTaTkax:

sage: x — crt(2, 1, 3, 5);
11

sage: x % 3 # x mod 3
2

sage: x % 5 # x mod 5
1

sage: [binomial(13,m) for m in range(14)]

[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]
[1,1,0,0,1,1,0,0,1,1,0,0, 1,1

sage: [kronecker(m,13) for m in range(1,13)]
[1,-1,1,1,-1,-1,-1,-1, 1, 1, -1, 1]

sage: n = 10000; sum(|moebius(m) for m in range(1,n)])

-23
sage: list(partitions(4))

[(1,1,1,1), (1,1,2),(2,2), (1, 3), (4,)]

2.11.1 p-aamdeckme 4dmucJIa

X

1

Tlome p-agudeckux gucesn peajn3oBaHo B Sage. OOparure BHUMaHWE: KaK TOJIBKO IMOJIE P-aTUYECKUX UUCETT

CO3aHO, €r0 TOYHOCTh HE MOXKET OBbITH M3MEHEHA.

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

36
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sage: a = K(211/17); a

4 4 4*11 + 1172 + 7%11°3 + 9*11°5 + 5*11°6 + 4*11°7 + 8*11°8 + 7*11°9
+9%11710 + 3*11°11 + 10*11°12 + 11713 4 5%11°14 + 6*¥11~15 + 2*11°16
4+ 3¥11°17 + 11718 + 7¥11°19 + O(11°20)

sage: b — K(3211/11°2); b

10%11°-2 + 5*11°-1 + 4 + 2*11 + O(11°18)

Boabimoe koanaecTBo MeTOI0B BCTpoeHo i kiaacca NumberField.

sage: R.<<x> = PolynomialRing(QQ)

sage: K = NumberField(x"3 + x~2 - 2*%x + 8, ’a’)
sage: K.integral basis()

[1, 1/2*%a~2 + 1/2%a, a"~2]

sage: K.galois _group(type="pari")
Galois group PARI group [6, -1, 2, "S3"| of degree 3 of the Number Field
in a with defining polynomial x~3 + x~2 - 2¥x + 8

sage: K.polynomial quotient ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
x"3 +x"2-2%x+ 8

sage: K.units()

[3*a~2 + 13*a + 13|

sage: K.discriminant()

-503

sage: K.class_group()

Class group of order 1 of Number Field in a with
defining polynomial x~3 + x"2 - 2*x + 8

sage: K.class_number()

1

2.12 Hemnoro BwICIIeit MaTeMaTuKn

2.12.1 Anrebpamveckas reoMeTpus

Sage mo3BosIsieT CO3MABATH JIIOOBIE ajredpandeckne MHOrOOOpa3ws, HO MHOTIA (PYHKIIMOHAJIBHOCTD OrPAHU-
9uBaeTCs KOmbaMu Q Win KOHEedHBIMU moasamu. Hampumep, Haligem oObeIuHEHNEe ABYX IJIOCKUX KPHUBBIX,
a 3aT€M BBIYJIEHHM KPHBBbIE€ KaK HECOKPATHMbIE COCTaBJIAIOIIINE 06'be,HI/IHeHI/IH.

sage: x, y = AffineSpace(2, QQ, 'xy’).gens()
sage: C2 = Curve(x™2 + y~2 - 1)
sage: C3 = Curve(x~3 +y~3-1)
sage: D = C2 + C3
sage: D
Affine Curve over Rational Field defined by
x5+ x"3%y 2 + x"2¥y"3 + y5-x"3-y"3-x"2-y"2+1
sage: D.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

x"2+y"2-1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3+y"3-1

]

Takke MOKHO HAWTHU BCE TOYKHU IIEPECEIEHUS /IBYX KPUBBIX.
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sage: V. = C2.intersection(C3)
sage: V.irreducible components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

y - 17
X7

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y
x -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x+y+2

2¥y~2 + 4*y + 3

]

Takum obpaszom Touku (1,0) u (0,1) Haxomgarcs Ha 00eUX KPUBBIX, & KOOPAUHATHL 110 OCU Y YAOBJIETBOPSIIOT
bynkuu 2y? + 4y + 3 = 0.

Sage MOXKeT BBIYUCIUTH TOPOUJAIBHBIN UI€AJ HEMJIOCKOW KPUBON TPETHETO MOPSIIKA:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)

sage: I — ideal(b~2-a*c, ¢~ 2-b*d, a*d-b*c)

sage: F = Lgroebner fan(); F

Groebner fan of the ideal:

Ideal (b2 - a*c, ¢~2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced _groebner bases ()

[[-c~2 + b*d, -b*c + a*d, -b"2 + a*c],

[c"2 - b*d, -b*c + a*d, -b"2 + a*c],

[c™2 - b*d, b¥*c - a*d, -b~2 + a*c, -b"3 + a”2*d|,
[c"2 - b*d, b*c - a*d, b~3 - a~2*d, -b"2 + a*(],
[c"2 - b*d, b*c - a*d, b~2 - a*(],

[-c~2 + b*d, b2 - a*c, -b*c + a*d],

[-c~2 + b*d, b*c - a*d, b~2 - a*c, -¢~3 + a*d"2],
[c"3 - a*d"2, -¢"2 + b*d, b*c - a*d, b"2 - a*||
sage: F.polyhedralfan()

Polyhedral fan in 4 dimensions of dimension 4

2.12.2 DumunTudecKne KpuBbie

O YHKIMOHAILHOCTE JJUIMTITHYECKUX KPUBBIX BKIIIOYAET B ce0s1 OOMBINYIO YacTh dyHKmuonaasruoctn PARI,
npoctyn K uHbopMauu B oHytain Tabiumiax Cremona (910 TpeGyeT JOMOJHUTEIbHBIA NakeT 6a3 JaHHbBIX),
dyHKIMOHATLHOCTE mwrank, aaroputm SEA, BbluuciieHne BCeX W30TEHHUIT, MHOrO HOBOTO Koma /st Q u
HEKOTOPYIO (BYHKIMOHAIBHOCTH MPOrpaMMHOr0 obecredenusi Denis Simon.

Komanga EllipticCurve pisi co3manusi 3JIMOTUYECKAX KPUBBIX UMEET MHOIO (POpM:

* EllipticCurve([a1, a2, a3, a4, ag]): BO3BpaTUT 3JLTUNITHYECKYIO KPUBYIO

y2 +ai1xy + azy = x3 + a2x2 —+ a4x + ag,

* EllipticCurve([ay, ag]): To e, uTo u BhIMIE, HO a1 = az = az = 0.

« EllipticCurve(label): Bepuer sinunrudeckyo KpuByio u3 6a3bl ganubix Cremona ¢ 3aJaHHbIM SPJIBIKOM
Cremona. fpibik - 370 cTpoka, Hanpumep, "11a" or "37b2".

¢ EllipticCurve(j): BepHer siumnruyeckyo KpuByo ¢ HHBAPUAHTON J.
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* EllipticCurve(R, [a1, aq, as, a4, ag]): Cozuacr 3umurniecKyio KpuByio u3 Koubua R ¢ 3aganubivu a;
‘MM, KaK OBLJIO yKa3aHO BHIIIIE.

Ucnonp3oBanmne KaK/10T0 KOHCTPYKTOPA:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y~2 + y = x”3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,0])
Elliptic Curve defined by y~2 + y = x"3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y°2 = x"3 4+ x + 2 over Rational Field

sage: EllipticCurve(’37a’)
Elliptic Curve defined by y~2 + y = x”3 - x over Rational Field

sage: EllipticCurve _from_j(1)
Elliptic Curve defined by y~2 + x*y = x~3 + 36*x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])

Elliptic Curve defined by y~2 + y = x3 + 4*x over Finite Field of size 5

TTapa (0,0) - 370 TOYKa Ha IUNTHYECKOH KpuBoil F, 3ananHoii dbyHKuueit y? +y =23 — x. Ina cozganusa
9T0i ToukM B Sage Hanedaraiite E([0,0]). Sage MoxkeT 700aBUTh TOYKH HA TaKYyIO JIHNTHIECKYIO KPUBYIO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: B

Elliptic Curve defined by y~2 + y = x”3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1:0:1)

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : -18784454671297/4302115807744 : 1)
sage: E.conductor()

37

DIANITHYECKIE KPUBBIE I KOMILIEKCHBIX YUCEJT 3aJal0TCA MapaMeTrpaMiu WHBAPUAHTHI j. Sage BBIYUCTHT
WHBAPUAHTY j:

sage: E = EllipticCurve([0,0,0,-4,2]); E

Elliptic Curve defined by y~2 = x~3 - 4*x + 2 over Rational Field
sage: E.conductor()

2368

sage: E.j_invariant()

110592/37

Ecan mbI co3maanM KpuByIo C TOM »Ke MHBApUAHTON j, Kak a1 F, ona mHe momkHa ObITH n3omopdHuoit F. B
CJIeJIYIOIIEM IIPUMEPE KPUBbIE HE U30MOPMHbBI, TAK KAK MX KOH/IYKTOPbL PA3JIAYHBI.

sage: F = EllipticCurve_from j(110592/37)
sage: F.conductor()
37

Opnako xkpydenne F' Ha 2 macT n30MOPQHYIO KPUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y~2 = x"3 - 4*x + 2 over Rational Field
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sage: G.conductor()
2368

sage: G.j_invariant()
110592 /37

MozkHo mocuuTaTh Ko3bUIHEeHTH a, pana L mim MomyasapHOii GOPMBI Y oo G,q", TPUKPEILIeHHOH K
11, n PAI LY JTAP P n=0 adnq ", IPHUKD
SIUTUIITHYECKON KpuBoii. lannoe Buramcienue ucnosb3dyer oudbimoreky PARI:

sage: E = EllipticCurve(]0,0,1,-1,0])

sage: print E.anlist(30)

0, 1,-2,-3,2,-2,6,-1, 0,6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3,10, 2,0,-1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

BafiMeT UL CeKYHIy 78 MOACIeTa BCEX Gy, Aag n < 10°:

sage: %time v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DIUIANITHYECKHE KPUBBIE MOI'YT ObITH MOCTPOEHBI € MOMOIIBIO UX sApabikoB Cremona.

sage: E = EllipticCurve("37b2")

sage: E

Elliptic Curve defined by y~2 + y = x~3 + x~2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve("389a")

sage: B

Elliptic Curve defined by y~2 + y = x~3 + x"2 - 2*x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve("5077a")

sage: E.rank()

3

Taxxke ects gocTym K Oaze manubix Cremona.

sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)

{’al’: [[0, O, 1, -1, 0], 1, 1], "b1": [[O, 1, 1, -23, -50], 0, 3|}
sage: db.allcurves(37)

{,al,: [[07 Oa 13 '17 0]: 17 1]7

'b1’: [[0, 1, 1, -23, -50], 0, 3],

'b2’: [[0, 1, 1, -1873, -31833], 0, 1],

b3 ([0, 1, 1, -3, 1], 0, 3]}

O06beKTbI, BO3BpaIleHHbIe U3 0a3bl JaHHbIX, He npuaaiekar Tuiy EllipticCurve. 9o semenTbr 6a3bl j1aH-
HBIX, nMerorue nmapy noJieii. CymecTByer majas Bepcus 6a3nl Janabx Cremona, KOTopas €CTh M0 yMOJTIaHUI0
B Sage U COMEPKUT OrPAHMIEHHYIO WH(MOPMAIIUIO O JIIUITHIECKUX KPUBLIX ¢ KOHaykTopoMm < 10000. Takxke
CYIIECTBYET JIONOJHUTETbHASA OOJbINas BEPCHs, KOTOPas COAEPKUT MCUEPIBIBAIOILYI0 HHMOPMAIUIO O BCEX
KpuBbIX ¢ KOHIAyKTOpoM 10 120000 (Oxrabpb 2005). Eme omun nonosnuurensusiii naker (2GB) s Sage
COJIEP?KUT COTHU MUJIJIMOHOB SJUTHIITHIECKUX KPUBBIX B Oa3e JaHHbIX Stein-Watkins.

2.12.3 CumBoanl dupuxiie

Cumpoa Tupuxite - 3To pacimpenne romomMopbusma (Z/NZ)* — R* nns koabna R Kk Z — R.
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sage: G = DirichletGroup(12)

sage: G.list()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |--> -1]
sage: G.gens()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)

4

COBIL&B rpyniry, Hy>KHO CO31aTh 3JIEMEHT N C €ro TOMOIIBIO MOCYNUTATh.

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6
sage: chi.values()

[0, 1, zetab - 1, 0, -zeta6, -zeta6 + 1, 0, 0, 1, 0, zetab, -zetab, 0, -1,
0, 0, zetab - 1, zetab, 0, -zetab + 1, -1]

sage: chi.conductor()

7

sage: chi.modulus()

21

sage: chi.order()

6

sage: chi(19)

-zetab + 1

sage: chi(40)

-zetab + 1

Takzke BO3MOXKHO mocuurTarh neiicrsue rpynnbl Lanya Gal(Q(¢{y)/Q) Ha 311 cuMBOJIBL.

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6 + 1]

sage: go = G.galois_ orbits()
sage: [len(orbit) for orbit in go|
[17 27 2, 17 17 2’ 27 1]

sage: G.decomposition()

[

Group of Dirichlet characters of modulus 3 over Cyclotomic Field of order
6 and degree 2,

Group of Dirichlet characters of modulus 7 over Cyclotomic Field of order
6 and degree 2

]

Hasiee Hano nocrpoutsb rpyiity cuMBoJioB Jupuxie no momyio 20, Ho co 3nadenusimu ¢ Q(4):

sage: K.<i> — NumberField(x"2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters of modulus 20 over Number Field in i with defining polynomial x~2 + 1

Tenepb TOCYUTaEM HECKOJHBKO MHBAPUAHT G:
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sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |--> i)

sage: G.unit_ gens()
[11, 17]

sage: G.zeta()

i

sage: G.zeta_order()
4

B sannom npumepe, cumBoJibl Jupuxiie cO3a0TCst CO 3HAYCHUSIME B 9UCIOBOM MOJIE, SIBHO 3a/A€TCs BBIOOD
KOpHsT 00beauuenus TperbuM aprymenTom DirichletGroup.

sage: x = polygen(QQ, 'x’)

sage: K = NumberField(x"4 + 1, ’a’); a = K.0

sage: b = K.gen(); a == Db

True

sage: K

Number Field in a with defining polynomial x~4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters of modulus 5 over Number Field in a with
defining polynomial x°4 4 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a”2
sage: [(chi~1)(2) for i in range(4)]

[1, a~2, -1, -a~2]

3aecs NumberField(x~4 + 1, ’a’) roBoput Sage ucosib30BaTh CUMBOJ “a” Jjisl IeYaTH TOro, YeM sBJIAETCS

K (uucsioBoe 1osie ¢ OupesessonmM IOJIMHOMOM xt + 1). HazBanue “a” He 00bsABJIEHO HA JAHHBIH MOMEHT.

Korna a = K.0 (skBuBasienrno a — K.gen()) Oyner oueneno, cuMBoJi “a”’ IpejcTaBiideT KOPEHb IIOJIUHOMA
)

zt + 1.

2.12.4 Momynspubsie pOpMbI

Sage MOXKeT BBINOTHATH BHIYUCJIEHNUsI, CBA3AHHbBIE C MOIY/ISAPHBIMA (POPMaMM, BKIIOYAsi M3MEPEHMUsI, BBIUUC-
JIEHWE MOJIYJISIPHBIX CHMBOJIOB, OIEPATOPOB [ €KKe u Pa3ioxKeHus.

Cy1ecrByeTr HECKOIbKO JIOCTYITHbBIX (DyHKIMH /115t BIYUCJICHIS U3MEPEHIH IPOCTPAHCTB MO/LYJISIPHBIX (DOPM.
Hampuwmep,

sage: dimension cusp_forms(Gamma0(11),2)
1

sage: dimension _cusp_forms(Gamma0(1),12)
1

sage: dimension _cusp_forms(Gammal(389),2)
6112

Jlatee TOKa3aHbI BHIYUCIEHNS OIEPATOPOB [ €KKe B MPOCTPAHCTBE MOIYIAPHBIX CHMBOJIOB YPOBHSA 1 U Beca
12.

sage: M = ModularSymbols(1,12)

sage: M.basis()

([X~8*Y~2,(0,0)], [X~9*Y,(0,0)], [X~10,(0,0)])

sage: t2 = M.T(2)

sage: t2

Hecke operator T 2 on Modular Symbols space of dimension 3 for Gamma_0(1)
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of weight 12 with sign 0 over Rational Field
sage: t2.matrix()

[-24 0 0]
[ 0 -24 0
[4860 0 2049]

sage: f = t2.charpoly(’'x’); f
x"3-2001*x~2 - 97776%x - 1180224
sage: factor(f)

(x - 2049) * (x + 24)~2

sage: M.T(11).charpoly(’x’).factor()
(x - 285311670612) * (x - 534612)~2

TaksKe MOYKHO co37qaBaTh pocTpancTBo 1yist Lo(N) u Ty (N).

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign 0 and over Rational Field

Borancanm HEKOTOPbIEC XapPaKTEPUCTUICCKHUE ITOJIMHOMBI U G-Pa3JIOKCHHA.

sage: M = ModularSymbols(Gammal(11),2)

sage: M.T(2).charpoly(’x’)

x"11 - 8%x710 + 20*x~9 + 10*x"8 - 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4

+ 70*x73 - 515*x"2 + 1804*x - 1452

sage: M.T(2).charpoly(’x’).factor()

(x-3) % (x+2)"2* (x4 -7T*x"3 + 19%x"2 - 23%*x + 11)
*(x74 - 2%x73 4 4%x72 + 2%x + 11)

sage: S = M.cuspidal _submodule()

sage: S.T(2).matrix()

2 0]

10-2]

sage: S.q_expansion _basis(10)

[
]

q-2%q~2-q°3 + 2%q™4 + q°5 + 2¥q"6 - 2*q"7 - 2%q"~9 + O(q"10)

Tak2ke BO3MOXKHBI BBIMHUCJIEHUS IIPOCTPAHCTB MO/IYJIAPHBIX CUMBOJIOB C OyKBaMu.

sage: G = DirichletGroup(13)

sage: e = G.0°2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly(’x’).factor()

(x - 2*zetab - 1) * (x - zetab - 2) * (x + zeta6 + 1)°2

sage: S — M.cuspidal _submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly(’x’).factor()

(x + zetab + 1)°2

sage: S.q_expansion _basis(10)

[

q + (-zetab - 1)*q~2 + (2%*zetab - 2)*q"3 + zetab*q~4 + (-2*zetab + 1)*q"5
+ (-2*%zetab + 4)*q~6 + (2*zetab - 1)*q"8 - zetab6*q~9 + O(q~10)

]
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IIpumep Toro, Kaxk Sage MOMKET BbIYMCJIATH JEHCTBUS ONEparopoB LeKKe HA IPOCTPAHCTBO MOJYJISIPHBIX
dopm.

sage: T = ModularForms(Gamma((11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup Gamma0(11) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group()

Congruence Subgroup Gamma((11)

sage: T.dimension()

2

sage: T.cuspidal _subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gamma((11) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup Gamma0(11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight()

2

sage: M.basis()

((1,0), (1,8), (1,9))

sage: M.sign()

0

Homycrum, T), — 310 06bruHBEIH onepaTop [exke (p mpocroe). Kax omeparopst I'ekxe Th, T3, T BeayT cebs B
[IPOCTPAHCTBE MOJYISPHBIX CHMBOJIOB?

sage: M.T(2).matrix()
[3 0-1]
[0-2 0]
[0 0-2]
sage: M.T(3).matrix()
[4 0-1]
[0-1 0]
[0 0-1]
sage: M.T(5).matrix()
[6 0-1]
[0 1 0]
[0 0 1]
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VnTepakTupHas 0007109Ka,

Tlourm Beerma B 3TOM PYKOBOACTBE MBI MPEAMOJATaeM, 9TO WHTEPIPETATOp Sage GbLI 3amyIeH KOMaHIOM
sage. OHa 3aIMyCTUT CIEMUAIBHYIO Bepcrio Koncom IPython m mMmopTupyer MHOKeCTBO (DYHKIMI 1 KJIACCOB,
TaK 9TO OHHM TOTOBBI JJISi WCIOJL30BAHUSA B KOMAHIHOW CTPOKE. Bojee ToHKas HACTPOHKA TPOM3BOIWTCS
penakruposanuem daitiia $SAGE_ROOT /ipythonre. IIpu 3anycke Sage Bbl yBuure BBIBOJ, IOXOXKHH Ha
CJIeAYIOLINA:

| SAGE Version 3.1.1, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |

sage:

Yrobsr BeiiTH 13 Sage, Haxkmute Ctrl-D nin BBeauTe quit miam exit.

sage: quit

Exiting SAGE (CPU time 0m0.00s, Wall time 0m0.89s)

Wall time — s1o mpormieninee Bpemsi. 910 3nadeHue BepHO, noromy Kak B “CPU time” ne Bxomur Bpewsi,
ucrnoas3oBanHoe cyomporeccamu spoge GAP wam Singular.

(ITocrapaiitech He ybuBarh npouecc Sage komanmioii kill -9 u3 repmunana, noromy 49to Sage MOXKET He
yOuUTh JOUEepHHUE MPOIECChl, Takne Kak Maple, nuin MoKeT He OYNCTHTDH BpEeMeHHbIE (ailibl U3 TUPEKTOPUN

$HOME/ .sage/tmp.)

3.1 Bama ceccus Sage

Ceccust — 3TO IOCJ/IEIOBATEILHOCTD BBOJIOB M BBIBOJIOB HAaYMHAs C 3aIlyCKa IIPOrPaMMBbI U 3aKaHYUBAs BbI-
XOZOM U3 Hee. Sage 3aHOCUT BCIO MCTOPHIO BBOJAOB B log-daiir, ucnonb3ys IPython. Eciau Bbr ucnosnb3yere
UHTEPAKTUBHYIO 060710uKy (He BeG-unTepdeiic Notebook), To Bb Moxkere BBecTu %hist, uToObI BbIBECTH
CIIHCOK BCEX BBEIEHHBIX KOMAaHI. Bbl MOxkeTe BBeCTH 7 B KOMAHIHOW CTPOKE Sage, YTOOBI MOJYIUTH OOJIb-
e madopmanuu o IPython, manpumep, “IPython npemocrasisier npoHyMepOBaHHBIE KOMAH/IHBIE CTPOKM...
C KelIMpOBaHWEM BBOJA U BbIBOJA. Bce BBeIEHHbBIE JAHHBIE COXPAHSIOTCS M MOIYT ObITH MCIIOJIB30BAHbBI KaK
nepeMeHHble ([IOMUMO OOBIMHOIO BbI30BA € HOMOILBLIO cTPesiok). Cieayionue riobajibHble IePEMEHHbIE [IPU-
cyrcrByIoT Beerga (ne nepesauucpiBaiire ux!)”™:
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_: previous input (interactive shell and notebook)
__:next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

IIpumep:

sage: factor(100)

1-2°2%5°2

sage: kronecker symbol(3,5)

2=

sage: %hist # PaboTaer TOIRKO B MHTEPAKTUBHON 000J049Ke, HO He B Sage notebook.
1: factor(100)

2: kronecker _symbol(3,5)

3: %hist

sage: _oh
_4={1:2"2%5"2,2:-1}
sage: _il

_ 5 =factor(ZZ(100))\n’
sage: eval(_11)
6=22%5"2
sage: %hist
: factor(100)
: kronecker _symbol(3,5)
: %hist
: _oh
il
s eval(_il)
: %hist

Mbi He BKJIIOYAEM HOMEDPA CTPOK B 9TOM y4€OHOM HOCOOHMH U B JAPYroi JOKYMEHTAIUU Sage.

Brr Takxke mozkere XPaHUTHh CIIHCOK BBEIECHHBIX KOMaH]J CECCUU B BHAE MaKpOCa JJId CECCHH.

sage: E = EllipticCurve([1,2,3,4,5])

sage: M = ModularSymbols(37)

sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols(37)

3: %hist

sage: Y%macro em 1-2

Macro ‘em‘ created. To execute, type its name (without quotes).

sage: B
Elliptic Curve defined by y~2 + x*y + 3*y = x™3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E =5

sage: M = None
sage: em
Executing Macro...
sage: E

Elliptic Curve defined by y~2 + x*y + 3*y = x~3 + 2*x"2 + 4*x + 5 over
Rational Field

Ilpu ucnonp3oBanuy WHTEPAKTUBHON 00009k Sage, obas UNIX-komanma MOXKeT ObITh 3allyIieHa ¢ mo-
Moipio upedukca !. Haupumep

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex
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BO3BPAIIAET COAEPKAHNE TEKYIIEH JUPEKTOPHUH.

Tepemennas PATH coxepxur mupekropuio bin (Gunapubie daiiabl) B caMOM Hadaje, Tak 9TO €CJIU Bbl

3aIyckaere gp, gap, singular, maxima, u T.[1. BBl TIOJIy4aeTe BEPCUHU, BKJIOYEHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: Isingular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \  October 2005
FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 KypnajinpoBaHue BBOJIa U BBIBOJIA,

ZKypuanupoBanue ceccuu Sage 3TO HE TO XKe camoe, 4To coxpHanenue ceccuu (cm. Coxpanenue u 3arpyska
HOJIHBIX ceccuii Ayt 3roro). s xKypHanupoBanus BBoaa (U, ONIMOHAJILHO, BHIBOJA), UCIIOIbB3YHTE KOMAHLY
logstart. Beemure logstart? mis nmoapobuocreii. Bbl MoxkeTe UCIOIB30BATH ITY KOMAHJLY JIJisl XKy PHATHPOBA-
HUST BCErO, YTO BbI BBOIWTE, BCETO BBIBOMA, M JAYKE MOXKETE BOCIPOMW3BECTH BBEIEHHBIE TAHHBIE B OymLyIIeit

ceccuu (mpocTo 3arpy3us log-daiin).

was@form:~$ sage

| SAGE Version 3.0.2, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |

sage: logstart setup

Activating auto-logging. Current session state plus future input saved.
Filename : setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]).minimal _model()
sage: F = QQ"3

sage: x.y — QQI'x,y’|-gens()

sage: G = E.gens()

sage:

Exiting SAGE (CPU time 0m0.61s, Wall time 0m50.39s).
was@form:~$ sage

| SAGE Version 3.0.2, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |

sage: load "setup"

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y~2 + x*y = x"3-x"2 + 4*x + 3 over Rational

3.2. ZKypHasimpoBaHue BBOJIA U BbIBOIA
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Field
sage: x*y
x*y

sage: G
[(2:3:1)]

Ecan Bo1 ncnonbayere Sage B konsole — repmunase cpenst KDE 8 GNU/Linux — Toria Bl MOJKeTe COXPAHUTh
ceccuio caeayrommuM o0pa3oM: mocye 3amycka Sage B konsole, Beibepute “settings”, morom “history...”, morom
“set unlimited”. Korma BBl TOTOBBI coxpanuTh ceccuio, Boibepure “‘edit” m “save history as..” u BBemuTe
ums aitna aas coxpanenus. [Tocsie 5T0ro BbI MOKeTe BOCIOJIb30BATHCS JIIOOBIM TEKCTOBBIM PEIAKTOPOM,
HAIpUMeEp Xemacs, JJjis 9reHus gaiira.

3.3 BcraBka urHOpHpYyeT NpHUTJIAIICHNAE

JlomycTuM, BBl YMTAETE CECCUIO Sage mim Bhraucjaenus Python, u xorure ckommposars ux B Sage. Ho ectn
onHa mpobJieMa; 3HaKu > > > uan sage:. Ha camoMm jfiejte BbI MOYKETe KOMMPOBATH W BCTABJIATH IIPUMEPHI, KOTO-
pbIe BKJIIOYAIOT 3TU 3HAKW. JIpryuMu cioBaMu, Sage UTHOPUPYET CUMBOJIBL > > > WU Sage: Mepe.l OTIPABKO
komang B Python. Hampumep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710
1024

3.4 KoManipl m3Mepennss BpeMeHn

Ecam BB BBemeTe Komanmy %time B HawaIe CTPOKM BBOA, TO BPEMSs, 3aTPAYeHHOE HA BHITTOJHEHUE OTIEPAIH,
OyZeT BBIBEIEHO Ha dKpaH. Hampumep, BBl MOXKETE M3MEPUTH BPEMsl BBITOJHEHNS OMEPAINY BO3BEICHUS B
CTeneHb HeCKOJIbKUMU myTamu. [lokazanus Huzke Oy/IyT OTANYATHCS OT BAINX; OHA MOTYT OTJIMYAThCS JaXKe
B pa3ubix Bepcusx Sage. Yucreiit Python:

sage: Y%time a = int(1938) " int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

1o oznauaer yro 0.66 cexynu ObL10 3arpadeHo B cymme, a “Wall time”, (upoweuee Bpems), Toxe 0.66
cexkyH 1. Ecan Bam KOMIBIOTEp CHJIBHO 3arpyzkeH apyrumu mporeccamu, To “Wall time” moxker cuibHO OT-
JITYATHCsT OT MPOIECCOPHOTO BPEMEHH.

Jlamee MbI TOCYUTAEM BpeMsi BO3BEJIEHUS B CTEIEHb C UCIOJIB30BAHUEM BCTPOEHHOTO B Sage MeI0YnuCIeHHOTO
Tuna JaHHblx, peasusosannoro (B Cython) ¢ ucnosbzoBanuem Gubnuoreku GMP:

sage: %time a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

Ucnonb3ys uarepdeiic PARI u3 6ubnuorexku C:

sage: %time a — pari(1938)~ pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05
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GMP Beuer cebst Jydiue, HO TOJIBKO HEMHOIO (KaK M OxKUIAJIOCH, BeJb Bepcusd PARI, Berpoennasi B Sage,
ucnonbdyer GMP s paboThI C HEIBIMYA YUCIAMHY).

Brr Tak:ke mozkere 3aMEPUTH BPEMA BBIIIOTHECHUA 0JI0Ka KOMaH/I, C IOMOIIIBIO cpu’cime, KaK IIOKa3aHO HUZKeE:

sage: t = cputime()

sage: a = int(1938) " int(99484)

sage: b — 1938799484

sage: ¢ = pari(1938) ~pari(99484)

sage: cputime(t) # random output
0.64

sage: cputime?

Return the time in CPU second since SAGE started, or with optional
argument t, return the time since time t.
INPUT:
t — (optional) float, time in CPU seconds
OUTPUT:
float -- time in CPU seconds

Kowmanmga walltime Bemer cebst Tak ke, Kak cputime, HO OHA U3MEPSIET HACTOSIIEE BPEMSI.

Mpsr Tak2Ke MO2KEM BO3BECTH YHCJIO B CTEIEHb, UCIOJb3Ys CHCTEMbI KOMIBIOTEPHOH aareOpbl, BKIIIOYEHHBIE
B Sage. B kaxk/1oM ciydae MbI 3aIlyCKaeM IPOCTYI0 KOMAHJIy B CHCTEME YTOObI 3AIlyCTUTH CEPBEP Jisl ITOMH
uporpammbl. Camoe Tounoe - Bpems 310 Wall time. Ograko, ecsiu cyniecrByer CyIecTBeHHAS PA3HUALIA MEXK LY
3TuM 3HadenueMm u npoieccopubiM Bpemerem (CPU time), To, BO3MOXKHO, €CTh CMBICJ IPOBEPUTH CHCTEMY
Ha, HaJIM9ue Mpo0JIeM TPOU3BOAUTETHHOCTH.

sage: time 1938799484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g — gp('1938799484)
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima(()
0
sage: time g = maxima(’1938°99484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash(0)
0
sage: time g — kash(’1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica(0)
0
sage: time g — mathematica('1938°99484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple(’1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0)
0
sage: time g = gap.eval('1938799484;;)
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CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

Bamernre, uro GAP u Maxima gB/IMIOTCS CAMBIMHM MEJJIEHHBIME B 9TOM TecTe (TecT ObLI IpPOBEIEH Ha
mamute sage.math.washington.edu). Tak kak onu paboraror ¢ agpyrum unTepdhEicoM, HAJICTPOCHHBIM HAJL
HUMH, CyIUTh 00 aOCOTIOTHON MPOM3BOAUTEHHOCTH STUX CUCTEM HE CTOWT.

3.5 OmubKy M UCKIIOUYECHNA

Korga 4ro-ro uuer ne rtak, 06b4HO MOXKHO yBujerb uckirodenue Python (Python “exception”). Python
JTaske TIOMBITACTCS TIPEINOIOKATh, 9TO BHI3BAJIO OMUOKY. JacTo BB MOXKETE BUIETh WMs WCKIIOYEHWs, Ha-
npumep, NameError nim ValueError (cm. Python Reference Manual [Py| nist mosHOro crnincka nekaovennii).
Hampuwmep,

sage: 3_ 2

File "<console>" line 1
Z7Z(3)_2

SyntaxError: invalid syntax

sage: EllipticCurve([0,infinity])

Traceback (most recent call last):
TypeError: Unable to coerce Infinity (<class ’sage...Infinity’>) to Rational

MuaTepak THBHBIN OTJIQI9UK MOYKET OBITH TOJIE3HBIM IS TIOHUMas TOTO, 9TO MOMLI0 He Tak. OTIa anK Mox-
HO BKJIIOYATDH MJIM BBIKJIIOYaTh KoMauaoi %pdb (10 ymosdanuto on Bbikitouden). Ilpuriamnienne KomasaHOi
crpoku ipdb> mosiBisercs Ha dKpaHe, ey CIy9UI0Ch UCKJIIOYEHNEe U OTJIaa9uK ObL1 BKJtodeH. 13 orias-
YMKA BBl MOYKETE BBIBECTU HA SKPAH COCTOSTHUE JIIO0ON JIOKAJIHHOM TePEeMEHHON M IBUTaThCS BBEPX W BHU3
no creky (execution stack). Hanpuwmep,

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([1,infinity])

<type ’exceptions. TypeError’ > Traceback (most recent call last)

ipdb>

st ostydeHust CIMCKa KOMaH/| OTJIa9iKa BBeUTe T B KOMAHIHON crpoke ipdb>:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1  pdef quit tbreak
a bt  condition disable help list pdoc r u

alias ¢ cont down ignore n  pinfo return unalias
args cl continue enable j next pp S up
b clear d exit jump p q step w

whatis where

Miscellaneous help topics:
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Undocumented commands:

retval rv

Haxkmure Ctrl-D wnu BBemure quit 9To6bl BEPHYTHCA B Sage.

3.6 ObparHbIil IIOMCK U aBTOJ/IONOJHEHUE

Crauasa co31a UM TPeXMepHOe BeKTOpHOoe mpocrpancTso V = Q3 cieayrommm o6pasom:

V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

sage:

MozkHO MCTOBE30BATH COKpallleHHOe obo3HaYeHME:
sage: V.= QQ"3

Beeaure nagano komanpl, norom Haxkmure Ctrl-p (uiam npocTo HaxkmuTe CTPEJIKY BBEPX HA KJIABUATYDE)
4TOOBI BEPHYTBCHA K JIOOOH M3 CTPOK, KOTOPbIE Bbl BBOIMJIM, HAYMHAIOMIEHCS C TAKUX YK€ CHMBOJIOB. ITO
paboraer JarXke ecu Bbl MOJIHOCTH BBIIUIM U3 Sage W IEePEe3allyCTUIN ero mo32ke. MOKHO HCIO0Jb30BATH U
00paTHBIH MONCK TO UCTOpUK KOMaH, ¢ momorbio Ctrl-r. Bee stu Bo3mMokHOCTH NCTONB3YIOT akeT readline
KOTODBIi JocTyreH oyt Ha Beex pasHoBuanocrsx GNU/Linux.

MO2KHO € JIETKOCTBIO BBIBECTH CIIHCOK BCEX (QyHKIMH Anst V', HConb3ys aBToAOnOMHeHre. [IpocTo BBEIUTE
V., norom naxwmure [TAB] na cBoeil kinaBuarype:

sage: V.[tab key]
V. VectorSpace generic__base_field

V.ambient _space
V.base_field
V.base_ring
V.basis
V.coordinates

V.zero_vector

Ecusiu BbI BBEZIETE IIEPBBIE HECKOJIBKO CUMBOJIOB KOMaH/Ibl, a nmoroM Haxkmére [TAB], Bbl nonyuure dbyHnxuu,
KOTOpbIe HAYUHAIOTCA C 9TUX CUMBOJIOB.

sage: V.i[tab key]

V.s_ambient V.s_dense V.is_full = V.is_sparse

Ecan Bam wHTEpecHO, UTO IenaeT Kakas-HuOyab (pyHkmus, Hampumep coordinates, seegure V.coordinates?
) b) b)

JUIs Oy YenHns crupaBku uu V.coordinates?? 1yis mosydeHus ucxoqHoro kojaa (00bACHAeTCA B CIEAYIOMEM

paszese).

3.7 Berpoennas cpaBOUHas CUCTEMa,

Sage 00/1a/1aeT BCTPOEHHOI CIIPABOYHON cucTeMoii. BBeuTe Ha3Banue byHKINA CO 3HAKOM ! JJIsA TOCTYIA K
JOKYMEHTAIMH TI0 3TOi (DyHKITHH.

3.6. O6parHblil IOUCK ¥ aABTOJONOJIHEHUE ol
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sage: V=QQ"3
sage: V.coordinates?
Type: instancemethod

Base Class: <type ’instancemethod’>
String Form:  <bound method FreeModule ambient field.coordinates of Vector
space of dimension 3 over Rational Field>
Namespace: Interactive
File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py
Definition: ~ V.coordinates(self, v)
Docstring:
Write v in terms of the basis for self.

Returns a list ¢ such that if B is the basis for self, then
sumc_iB_i=wv.
If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); M0,M1=M.gens()
sage: W = M.submodule([M0 + M1, MO - 2*M1])
sage: W.coordinates(2*M0-M1)
[2a '1]

Kak mokaszano BbIie, BBIBOJ MOKA3bIBAET TUI 00bEKTA, (ail, B KOTOPOM OH ONPEESIEH W IMOJIE3HOE OITh-
canre (hyHKIMHU C MpuMepaMu, KOTOPble MOXKHO BCTABUTH B Ballly TeKyuryio ceccuio. [louru Bce mpumepnt
[IO/IBEPTAIOTCS PEryJIsiPHOI aBTOMATUYECKON IIPOBEPKE HA IpeMer PaboTOCIOCOOHOCTH U Hamdus Tpedye-
MOT'O TIOBEJIEHUSI.

Jlpyrast BO3MOYKHOCTH XOPOIIIO OTPAXKAET JIyX OTKPBITOrO MPOrpaMMHOr0 obecreuenus: eciu f 370 dyHKIms
Python’a, To {77 BeIiBeaeT mcxoMHbIH KO/, KOTOPHIH onpenenser f. Hampuwmep,

sage: V.= QQ"3
sage: V.coordinates??
Type: instancemethod

Source:

def coordinates(self, v):
nnn

Write $v$ in terms of the basis for self.
.l|. l.| n
return self.coordinate vector(v).list()

Orcioma MBI 3HaEM, 9TO Bce, UTO AenaeT GbyHKIwms coordinates, 3To Bb3oB ¢yuKnun coordinate vector u
IpeBpAIaeT pe3yabTar B cnucok. Uro nemaer dyukius coordinate vector?

sage: V=QQ"3
sage: V.coordinate vector??

def coordinate _vector(self, v):

return self.ambient vector_space()(v)

Oynukius coordinate vector y/ep:KMBaeT BBeJIEHHBIE 3HAYMEHWS BO BHEIIHEM ITPOCTPAHCTBE, UTO MTO3BOJISI-
eT JOOUTBhCA TAKOro »Ke 3P @eKTa, KaK MpPH BLIYUCICHHH BEKTOPa KOIMDPHUIIMEHTOB MEPEMEHHOH v ¢ TOU-
ku 3penus V. IIpocrpanctso V yske puemmee, Tak Kak ono ssigerca Q3. Cymecrsyer taxsxke yHKIus

52 Inasa 3. MurepakruBnas 060/1049Ka



Sage Tutorial in Russian, Bermyck 5.0

coordinate vector jisi mompoCTPaHCTB, U OHA Bejger cels mo-uaHoMy. Mbl cO3auM MOAIPOCTPAHCTBO U 1IO-
CMOTPUM:

sage: V= QQ"3; W = V.span_of basis([V.0, V.1])
sage: W.coordinate vector??

def coordinate _vector(self, v):
nnn

nnn

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user matrix()
return T.linear combination of rows(w)

(Ecam BbI cuuTaere, 4ro cylnecTByoomas peaausaims Heddgdexkrusaa, moxaiyiicra, 3aperucrpupyirech u
LOMOIUTE OUTHMU3UPOBATH JIMHEHHYIO ajirebpy.)

Bor rakike moxkere BBecTH help(umsi komansr) wiw help(kiace) Jyist MOJIyYeHNsT CIPABKU O KJIaccaX WIIH
GYHKIMAX B CTHIIE Man-CTPAHHUII.

sage: help(VectorSpace)
Help on class VectorSpace ...

class VectorSpace(_ builtin __ .object)
| Create a Vector Space.

|
| To create an ambient space over a field with given dimension
| using the calling syntax ...

Korma BbI BBOAMTE ( JjIsd BBIXOJA W3 CIIPABOYHONW CHUCTEMBI, BAIA CECCHS HAXOIUTCH B TOM K€ COCTO-
AHuU, 4T0 M 10 3rtoro. CmpaBkKa He 3axJyiaMJIsieT Balll 3KpaH, B oriaudwe oT ¢opmbl function name?,
KOTOpasi MHOTJA MOXKET OCTaBJIdATh wuHoOpManuio B Bameil ceccun. OCoOOEHHO MOJIE3HO WCIOIB30BATH
help(module name). Hanpumep, Bekropubie npocrpancrsa onucanbl B sage.modules.free_module, nosromy
seeaure help(sage.modules.free module) ais nokymenranuu 060 Becem mouyse. Korja Bbl npocmarpusae-
Te JTOKYMEHTAIMIO B CIIPABOYHO CHCTEME, BbI MOYKETe OCYIIECTBJISTH TONCK C TOMOIIBI0 / W B OGPATHOM
TIOPSIKE C MOMOIIBIO 7.

3.8 CoxpaHeHue u 3arpy3Ka, OT/IeJIbHBIX 00bEKTOB

JlomycTuM BbI BBIYUC/IMIM MATPUILy WA XYXKe: CJIOXKHOE MPOCTPAHCTBO MOJYJISIPHBIX CHMBOJIOB, W XOTHUTE
COXPaHUTL €ero mjisg paborsl B OyaymeMm. Kak sto caenars? EcTb HECKOIBKO CIIOCOOOB, KOTOPBIMH KOMIIBIO-
TEepPHBIE AJTeOPbl MOIL3YIOTCs JIJisd COXPAHeHUs] OO'bEKTOB.

1. Coxpannth urpy: IlommepuBaercsi COXpaHeHne W 3arpy3Ka TOJIbKO TOJHBIX ceccuit (Harmpumep, GAP,
Magma).

2. YuudunmpoBaHHbI BBO//BbIBOA: BbIBOZ 00bEKTOB HA IKPaH B TAKOM BHIE, B KOTOPOM OHU MOIYT

Obrrh cumranst nosxe. (GP/PARI).
3. Eval: Jlerkuii coco6 3amycka 000ro Koma B unTeprnperarope (Hanpumep, Singular, PARI).

Tax xak Sage moctpoen Ha Python’e, ou ncnosnbp3yer nHOM MOAXOM; KaXK bl 00HEKT MOXKET ObITH TTPEBPAIIEH
B CTPOKY, U3 KOTOPO# B MOCJEACTBAU MOKHO BOCCTAHOBUATH 00beKT. Crocod cxoxk co crnocoboM yHubuKaImmn
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BBOJA 1 BbIBOJA, Kak B PARI, HO B ciyuae ¢ Sage HeT HEOOXOAMMOCTH BbIBOIUTH OOBEKT HA IKPAH B CAMOMN
Heynobuoit hopme. Takke, MOAIEPKKA COXPAHEHN U 3arpy3Ku (B GOJIBIIUHCTBE CIy4aeB) MOJHOCTHIO aBTO-
MaTHWYHA, He TPEOyeT IOMOTHUTEIHHOIO MPOrPAMMUPOBAHES; 9TO MPOCTO BO3MOXKHOCTH Python’a, koropast
ObLIA BKJIOYEHA B S3bIK C CAMOIO HAYATA.

Touru s1060it 00bEKT X MOKET ObITh COXPAHEH B C2KAroil (popMe Ha JUCK IIPU [OMOLIM KOMaHAbl ‘'save(X,
filename)” (nam Bo MHOTHX criydasix ‘’x.save(filename)’). as 3arpysku oobekta BBeaute load(filename)’.

sage: A = MatrixSpace(QQ,3)(range(9)) "2
sage: A

[15 18 21]

[42 54 66]

[ 69 90 111]

sage: save(A, "A”)

Teneps BoiiiauTe M3 Sage u nepesamycrute. Teneph BBl MOXkeTe moayduth A” obpaTHo:

sage: A = load("A’)
sage: A

[15 18 21]

[ 42 54 66]

[ 69 90 111]

To ke camoe MOXKHO JeaTh U ¢ 0OJiee CIOKHBIMA OOBEKTAMK, HAIIPUMED JITHITHIECKUMA KPUBBIMHU. Bes
undopmanus 06 obbekre (KOTOpasi HAXOAUTCH B Kellle) coxpaHsiercs Bmecre ¢ obbexkrom. Hanpumep,

sage: E = EllipticCurve('11a’)

sage: v = E.anlist(100000) # TpebyeT HEKOTOPOTO BPEMEHH. ..
sage: save(E, 'E’)

: quit

Sage

Coxpanennas Bepcus E 3anmmaer 153 kmobuTa, Tak Kak B HeM cojepxkarcsa mepsbie 100000 as,.

~/tmp$ 1s -1 E.sobj
-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj

~/tmp$ sage |[...]
sage: E = load('E’)
sage: v = E.anlist(100000) # MomeHTaTBHO!

(B Python, coxpanenue u 3arpyska ocymectsiserca moayiem cPickle. O6bekT Sage X MOXKeT OBITH COXpaHeH
¢ nomorwio cPickle.dumps(x, 2). O6parnre BHnManue Ha 2!)

Sage He MOKET COXPAHSITH U 3arPyKaTh OOBEKTHI, CO3aHHBIE B JPYTUX CHCTEMaX KOMIBIOTEPHON aarebpsl,
rakux kak GAP, Singular, Maxima u nip. OHu 3arpy»KaroTcsi B COCTOSTHUH, KOTOpOe moMedeHo kak “invalid”.
Xorsi, B GAP mMHOrue o6bekrbl BbIBOAATCS B OpME, U3 KOTOPOI MX HOTOM MOXKHO BOCCTAHOBUTDH, HO MHOI'HE
He BBIBOAATCS B Takoi (popme, TOITOMY WX BOCCTAHOBJIEHNE W3 TAKOTO BH/Ia HAPOUHO 3AIPEIEHO.

sage: a = gap(2)

sage: a.save(’a’)

sage: load(’a’)

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

O6bexrbl GP/PARI MoryT 6bITh COXpaHEHBI 1 3arPy2KEHbI, TAK KAK MX BUJI IIPU BBIBOJIE HA SKPAH J0CTATOYEH
JITsT BOCCTAHOBJIEHUST 00HEKTa.
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sage: a — gp(2)
sage: a.save(’a’)
sage: load(’a’)

2

CoxpaneHHbIe OObEKTHI MOI'YT ObITH 3arPy2KEHbI 1I032Ke HA KOMIIBIOTEPAX € JIPYIOfl apXUTEKTYPOil Wiu ore-
PAITMOHHOM CHCTEMOIl, HATPUMED, Bbl MOXKETE COXPAHUTH OTPOMHYIO MaTpuily B 32-6utHoit OS X u 3arpy3uth
ee B 64-6mtHyro GNU/Linux, npusectn K crymnendaroii ¢opme u nepemecTuth o6parHo. TakKe BO MHOTHX
CITy9asix Bbl MOXKETE 3arPyKaTh OOBEKTHI B BEPCUU Sage, OTINYHbIE OT BEPCUH, HA KOTOPO OHU OBLINA COXPa-
Henbl. Bee arpubyrbl 06beKTa COXpaHMIOTCH BMECTe ¢ KJIacCoM (HO He BKJIIOYasi MCXOAHBIA KOJ), KOTODPBIIl
onuceiBaer o0bekT. Eciau kirace b6osee He cymmecTByer B HOBOW Bepcuu Sage, TOraa OObeKT HE MOXKET ObITh
3arpysKeH B 9Ty HOBYIO Bepcuio. Ho eciii BBI 3arpy3ure ee Ha BEPCHUIO HUYKE, MOJYIUTE CIOBAPh 00HEKTOB (C
nomotpio X.  dict ) u coxpaHuTe CI0Baph, TO CMOXKETE 3arPy3UTh €r0 B HOBYIO BEPCHIO.

3.8.1 CoxpaHenne B BHJie TEKCTA

Bor Takke Mmoxkere coxpanaTh 00bekThl B Buae Habopa ASCII cuMBoI0B B IpocToil TeKCTOBBIH (hailia mpocThiM
orkpbiTUeM (ailia U COXPaHEHUEeM CTPOKHU, KOTOPasi BbIpazkaer (OnuchbiBaer) 00beKT (Bbl MOXKETe 3allUChIBATD
HECKOJIHbKO 00bekToB). He 3abyapTe 3akpbITh (daitn mocie 106aBIeHusT TaHHBIX.

sage: R.<x,y> = PolynomialRing(QQ,2)
e f = (xty)"7

se: 0 — open('file.txt’,’w’)

sage: o.write(str(f))

sage: o.close()

3.9 Coxpanenune u 3arpy3Ka, MOJHBIX CECCH

Sage obisiasaer 09eHb THOKMME BO3MOXKHOCTSIMU COXPAHEHUs U 3arPy3KH HOJHBIX CECCHA.

Komanma save _session(sessionname) coxpaHseT Bce MEPEMEHHBIE, KOTOPBIE BbI 3a/IaJId B TEKYIIeH CeCCUU B
BUJIe CJIOBaps B 3aJaHHOM sessionname. (B peakom ciydae, Korja o0beKT HE MOAIEPKUBAET COXPAHEHUS,
OH IpocTO He GyJeT BKJIIOUEH B cjIoBapb.) B pesysbrare Gymer coznan daiii ¢ pacuupenueM .Sobj u moxer
OBITH 3arpyzkKeH Kak Jiio0oit apyroit oobekT. Korma Bbl 3arpyzkaere coxpaHeHHbIE OOBLEKTBI B CECCHIO, BbI
[OJIy 9aeTe CJI0BAPh, KJIIOYAMHU KOTOPOrO SIBJSIOTCS MMEHA [IEPEMEHHBIX, a 3HAYEHUSIMU — OObEKThI.

Bo1 Mmoxkere ucnonb3oBaTh KoMauHIy load session(sessionname), 4To0bl 3arpy3uTh MEPEMEHHBIE, ONIUCAHHBIE
B sessionname, B TEKYIIYIO CECCHIO. 3aMEThTE, YTO ITO HE YIAJISIET MEPEMEHHBIE, 33JaHHBIE B 9TOW CECCHUH.
Bwmecro aroro, npe ceccnn 00beIMHATOTCS.

Jlis Hagasa 3aImycTuM Sage U 33/1a/iuM HECKOJIbKO IePEMEHHbIX.

sage: E = EllipticCurve('11a’)

: M = ModularSymbols(37)

sage: a = 389

sage: t = M.T(2003).matrix(); t.charpoly().factor()
4= (x-2004) * (x - 12)°2 % (x + 54)°2

sage

Jlastee, COXpaHUM HAIITy CECCHUIO, ITO BKJIIOYUT B ceOS COXpAHEHME BCEX 3aAHHBIX BBIIIE TEPEMEHHBIX B (DAt
Tlorom mbI poBepuM uupopManuio o daiire. Ero pazmep — 3 kumobaiira.

sage: save _session(’misc’)
Saving a
Saving M
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Saving t

Saving E

sage: quit

was@form:~ /tmp$ Is -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

Haxkower, Mbr nepezamycruM Sage, 3aJaduM JONOJTHUTETHHYIO TEPEMEHHYIO U 3arpy3UM COXPAHEHHYIO CEC-
CHIO.

sage: b = 19

sage: load__session('misc’)
Loading a

Loading M

Loading E

Loading t

Kaxmas coxpanennas mepemMeHHas CHOBA sABJsieTcs nepemennoit. Kpome toro, nepemennas b ne 6puia mepe-
3aINCcaHa.

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0
and dimension 5 over Rational Field

sage: B

Elliptic Curve defined by y"2 + y = x~3 - x~2 - 10*x - 20 over Rational
Field

sage: b

19

sage: a

389

3.10 Nurepdeiic Notebook

Sage notebook 3amyckaercs ¢ TOMOIIBIO CJIEIYIONIEH KOMaHIbI

sage: notebook()

BBEJIEHHON B KOMauHO# crpoke. Oua 3amycrur Sage notebook u orkpoer ero B Gpaysepe 110 yMOJIYAHHIO.
Daitnbl cocrognus cepsepa xpausarca 8 SHOME/ .sage/sage\ _notebook.

Jpyrue mapaMeTpsl BKIIOYAIOT B CeOst:

sage: notebook("directory")

9TOT MapamMerp MO3BOJIAET 3amycTuTh cepsep Notebook, ncmonb3ys daitibl B 3a1aHHON AUPEKTOPUH, BMECTO
ucnoab3oBanus aupekropuu 1o ymosdanuio SHOME/ .sage/sage notebook. 9ro moxer okazarbcs 1oses-

HbBIM, €CJIM Bbl XOTHTE MMETb KOJIEKIHIO PAOOYUX JIMCTOB, CBA3AHHBIX C KOHKPETHBIM IIPOEKTOM, WUJIA €CJIU
BBI XOTHTE 3AIyCKATh HECKOJIBKO OTIENbHBIX cepBepoB Notebook B ogHO Bpemsi.

Korma Ber  3amyckaere Notebook, Bmagase om co3maer ciexayiomue Gailjbl B IUPEKTOPUHU
$HOME/ .sage/sage notebook:

nb.sobj (the notebook SAGE object file)
objects/ (a directory containing SAGE objects)
worksheets/ (a directory containing SAGE worksheets).

Tlocne cosmanus stux ¢aitnos, Notebook 3amyckaer Beb-cepsep.
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Notebook — 910 KoJUIeKIMs yuYeTHbIX 3almceil 1o/b30BaTe/ el (AKKayHTOB), KAXK/Ibli U3 KOTOPbIX MOXKET
UMeTh JII000e KOJIUYIecTBO pabounx mcToB. Kormga BeI co3/1aeTe HOBbIH pabounii iucT, nHMOPMAITHs, KOTOPAst
OIWCHIBAET €ro, COXpaHsercs B gupektopnu worksheets/username/number. B kaxk/10ii Takoii JupekTopuu
HaXOIUTCs MPOCTOi TeKCcToBbIi (aitn worksheet.txt; ecim 9To-TO cayduurces: ¢ BammMu pabOINMU JTUCTAMH,
WU ¢ Sage, WU Y9TO-HUOYb €Ile MOWIeT He TaK, TO TeKCTOBbIN (Daili, KOTOPBIH JIEPKO YUTAETCS, TOMOXKET
BOCCTAHOBUTDL Balll JIACT IIOJIHOCTHIO.

B Sage BeguTe notebook? mitst mostyuenus noapobHoit mHMOpMauy 0 TOM, Kak 3amycTuTh cepep Notebook.

Crenyromas quarpaMma WLIIOCTpUpyeT apxutekTypy Sage Notebook:

firefox/safari |
javascript |

program |

|

| sage | SAGE process 1

| web | ----mmmmee- > SAGE process 2 (Python processes)
| server | pexpect SAGE process 3
| .
|

st nosyvenus: cupasku o komanze Sage, cmd, B notebook Beenure, cmd? u naxxmure <esc> (e <shift-
enter>).

s moIydenHusi CIpaBKy O TrOpsiuuX KJiaBuinax wHTEpdeiica notebook maxkmure ceoiiky Help.
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Tnasa 4

VnTepdeiichl

KpaeyroababiM KaMHEM Sage sIBJISETCS TOAIEPYKKA BBIYUCIEHUN C MUCMIOJIH30BAHUEM OOBHEKTOB M3 PA3HBIX
CHCTEM KOMBITIOTEPHOM aJIredphl, KOTOPbIE HAXOAATCS ‘IO, OHON KPBIMIeil” u UCIoIb3yIoT 00t maTepdeiic
¥ 9UCTBIA S3BIK MPOrPAaMMHUPOBAHMS.

Metozet console u interact uarepdeiica menaor pazubie Benu. Hanpumep, ucnonb3ys GAP kak npumep:

1. gap.console(): Orkpoisaer kouconb GAP u mepenaer ynpasienne GAP’y. 3gecs Sage BbicTymaer B
pousin ynoGHO# KOMaHIHOI cTpoKH, Hamomobue obosoukn Bash B GNU /Linux.

2. gap.interact(): Dro ymobHbIi criocod B3auMmozeiicTBusg ¢ 3anymenubiv unrepdeiicom GAP, “3anonnen-
HbIM” 00bekTamMu Sage. Bol Mmoxkere umnoprupoBars 06bekTbl Sage B ceccuto GAP (naxke u3 unrepak-
TuBHOro uurepdeiica), u up.

4.1 GP/PARI

PARI 310 KOMIaKTHAs, OY€Hb MMPOJyMaHHAsl W XOPOIIO ONTUMU3UPOBaHHAsA mporpamma wa C, cocpemoro-
deHHasd Ha Teopun uuces. CylmecrByer ABa pas3ziesibHbIX uHTepdeiica, KOTOPbEe Bbl MOXKETE UCIOIb30BATH B
Sage:

* gp - gp - unTepuperarop “G o P ARI” | u
e pari - pari - C-6ubsmoreka PARI.

Haunpuwmep, ciegyoinme JiBe CTPOYKU BbIIOJHAIOT OJHY U Ty »Ke onepanuio. OHU BbINISAAT UAEHTUYHO, HO
BBIBOJI, HA CaMOM JieJIe OTJINYaeTCd, a 38 KYJIUCAMU IIPOUCXOIAT COBCEM PAa3HbIEC BEIIU.

sage: gp("znprimroot(10007)’)
Mod(5, 10007)

sage: pari(’znprimroot(10007)’)
Mod(5, 10007)

B mepBom cinydyae ornenpHas komwusi uHTepnperaropa GP  3amyckaercs Kak cepBep, #  CTPOKa
"znprimroot(10007)’ orupasisiercs B Hero, Bbraucisiercs ¢ nomoinsio GP, u pesyibrar 3anucbiBaercs B nepe-
mennyio B GP (koropas 3anumaer npocrpancrso B namsaru upouecca GP u ne 6yuer ocsoboxaena). [Tocse
9TOTO 3HAYEHHe TTEPEMEHHO} BBIBOJAMTCS HA 3KpaH. Bo BTOpOM ciiydae oT/ieahbHAas MporpaMMa He 3aImycKa-
ercd, u crpoka 'znprimroot(10007)’ seraucigerca koukpernoit dbyukiueit C-6ubauoreku PARI. Pesysbrar
coxpansiercst B heap-nmamaru Python’a, koropast ocBoOoXKgaeTcst mocje TOro, Kak IepeMeHHas IepecTaeT
HCIIOJIB30BATHCs. Y OOBEKTOB PA3HBIN THIIL:
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sage: type(gp(’znprimroot(10007)’))
<class ’sage.interfaces.gp.GpElement’>
sage: type(pari(’znprimroot(10007)’))
<type ’sage.libs.pari.gen.gen’>

Tak kakoii ke cnocob UCHOaB30BATh? DTO 3aBUCUT OT TOTO, UTO BbI jeinaere. Marepdeiic GP moxer genars
Bce, 4ro Moxer jesarhb nporpamma GP/PARI, 3anyckaemas u3 KOMaHAHON CTPOKU, IOTOMY KaK OH 3allyCKAeT
3Ty mporpaMmy. Bl MoxKeTe 3arpy3uth ciokuyio mporpammy PARI u 3anyctuts ee. C apyroii ¢TOpOHBI,
unrepdeiic PARI (uepes C-6ubnuoreky) umeer HaMHOTO G0OJIbINE Orpanudenuii. Bo-mepBbix, He Bce QyHKIUHI
B Heil peajmn30BaHbl. BO-BTOPHIX, MHOTO KO/a, HAIIPUMED, YHUCIEHHOE WHTErpUpOBaHue, HE Oymer paborarh
qgepes3 unrepdeiic PARI. Unarepitec PARI moxker 6biTh HAMHOTO GbICTpee U moHsATHEE, YeM cpaBHeruio ¢ GP.

(Ecom y unrepdeiica GP 3akoHuuTCs 1AMSTH 1IPU BbIYUCJIEHUM JAHHON CTPOKU, OH ABTOMATUYECKU U 6€3 11pe-
JIyTIPEKIEHUS YIOBUT PAa3Mep CTEKA U MOMPODYeT BhIUMCIeHUE ere pa3. 1lo9ToMy BaIlu BEIUYUCIEHUS BCETIA
OyIyT MPOU3BEJAEHBI KOPPEKTHO, €CJIU BhI MIPABUIBHO PACUUTAETE PA3ZMEP HEOOXOAUMON maMsaTu. ITOT ym00-
HBII TPIOK HE BXOAWT B apceHas mpocroro natepnperaropa GP. Ornocurensuo untepdeiica C-oubinorekn
PARI: on cpady kommpyer KaxKjbiii co3manubii o0bekT u3 creka PARI, mostoMy crek HUKOrIa HE PACTET.
O 1HaKO, KaXK/Iblil OObEKT HE JIOJIZKEH TPeBbIaTh pa3mepa B 100 merabaiit, win crek Oyaer mepernosHeH mpu
cozmanun 00bekTa. JIOMOHATEIHLHOE KOMUPOBAHNE HEMHOTO BIUSET Ha, OOIIYIO TPOU3BOIUTEIHHOCTD. )

Sage ucnonszyer C-6ubanoreky PARI, urobbl momiepKuBarh (DYHKIMOHAIBHOCTD, CXOXKYIO ¢ HHTEPIIPETa-
ropoM GP/PARI, HO BKJI0Yasi pa3jindHble CJIOXKHbIE ONEPAIAN M0 paboTe ¢ HaMATHIO W S3BIK MPOrPAMMU-
poBamus Python.

Cuauasa, co3gaaum criucok PARI u3 comcka Python.

sage: v = pari([1,2,3,4,5])

sage: v

[1, 2, 3, 4, 5]

sage: type(v)

<type ’sage.libs.pari.gen.gen’>

Kaxnprit oobexkT PARI aBisierca obbekrom tuna py _pari.gen. Tun PARI Mmoxker ObITh TIOTy9€H € TIOMOIIBHIO
dyHKIIMA-IeHA type.

sage: v.type()
't VEC

B PARI, 4T0o6bl €O37aTh JUIMITHYECKYIO KpUBYIO, HykKHO BBecTH ellinit([1,2,3,4,5]). B Sage crocob cxox,
To6KO ellinit — 310 Merom, KOTOpbiit MOXKeT ObITH BbI3BaH i Jaio6oro oobekTa PARI, Hanmpumep Haima

t\_VEC v.

sage: e = v.ellinit()

sage: e.type()

't VEC’

sage: pari(e)[:13]

[1,2, 3,4, 5,9, 11, 29, 35, -183, -3429, -10351, 6128487/10351|

Teneps, Korga y HAC €CTh OOBEKT IJTUNTHYECKAS KPUBAA, Mbl MOYKEM BBIUHUCIATH YTO-HUOYIb.

sage: e.elltors()

L, 1, 11

sage: e.ellglobalred()

[10351, [1, -1, 0, -1], 1]

sage: f = e.ellchangecurve([1,-1,0,-1])
sage: f[:5]

[1, -1, 0, 4, 3]
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4.2 GAP

Sage nmocrasisierca ¢ GAP 4.4.10 ans Beraucsenuit B 00JaCTH TUCKPETHOW MATEMATHKU, B OCOOEHHOCTH, B

TEeopuu IpyIlL.

Bor nmpumep dyukuun IdGroup w3 GAP, koropasi ucnosb3yer 6a3y JaHHBIX HEOOJBITUX TPYIIN, KOTOPAst

JOJIZKHQ OBITH YCTaHOBJIEHA OTAE/IBHO, KaK IMOKA3aHO HUZKE.

sage: G = gap('Group((1,2,3)(4,5), (3,4))")

sage: G

Group( [ (1,2,3)(4,5), (3.4) |)

sage: G.Center()

Group( () )

sage: G.IdGroup() # requires optional database gap package
[ 120, 34 |

sage: G.Order()

120

MbI MOKEM IIPOBECTH T€ K€ BbIYUCIeHUs B Sage 6e3 mpsiMoro BbizoBa unrepdeiica GAP ciemyromum obpa-

30M:

sage: G = PermutationGroup([[(1,2,3),(4,5)],[(3,4)]])
sage: G.center()

Subgroup of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]) generated by [()]

sage: G.group _id() # requires optional database gap package
[120, 34]

sage: n — G.order(); n

120

(Jua dynkumonana GAP cienyer ycraHoBUTH JBa JIONOJHUTENIbHBIX akera Sage. Beeaure sage -optional
LISl CIIMCKA U BblOepure 1aker Buja gap\ packages-x.y.z, norom sBeejure sage -i gap\ packages-x.y.z. Cue-
naiire To xe mus database\ gap-x.y.z. Hekoropbsie He-GPL makerst GAP MoryT GbITh YCTAHOBJIEHBI CKa-
guBanueM nx c cafita GAP [GAPkg|, n pacnakoskoii nx B mupekropuio $SAGE ROOT /local/lib/gap-

4.4.10/pkg.)

4.3 Singular

Singular npemocraBiser MACCUBHYIO U MPOyMaHHYI0 6ubsmorexy st 6asuca I'péOHepa, HAXOXKIeHUs HAM-
OOJIBIIIErO ODIIEro JIEeJIUTENs TIOJUHOMOB, 0a3¥Mca MPOCTPAHCTB TIOCKWX KpWBbIX Pumana-Poxa u daxro-
PU3AIMY, HAPSAY € APYruMu BemaMmu. Mbl mokaskem npumep (HPaKTOPU3AINUN TOJIUHOMOB € HECKOJbKUMUI

nepeMeHHbIMU, UCIOJIb3ys uarepdeiic Singular B Sage (me BBOmUTE ...):

sage: R1 — singular.ring(0, ’(x,y)’, 'dp’)

sage: R1

// characteristic : 0

// number of vars : 2

// block 1 : ordering dp

// :names Xy

// block 2 : ordering C

sage: f = singular('9%y "8 - 9*x"2%y~7 - 18*x"3*y "6 - 18*x"5¥y"6 + \
9*x"6*y "4 + 18*x"T*y"~5 + 36*x"8*y~4 + 9*x~10%*y~4 - 18*x~11*y"2 -
9*x~12%y~3 - 18*x~13*y~2 + 9*x~16’)

Tenepb Korga Mbl onpe/enuin f, Mbl BBIBOJUM HA SKPAH U (PaKTOPU3yeM.

4.2. GAP
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sage: f
9%x"16-18%x~13*y ~2-9*x " 12*y~ 34+-9*x~10%*y"4-18*x " 11*y " 2+36*x ~8*y ~4+18*x " T*y~5-18*x " 5*y~6+9*x " 6*y ~4-18*x " 3*y "~ 6-9*x "
sage: f.parent()
Singular
sage: F — f.factorize(); F
[1]:
[
_[2]=x"6-2%x"3*y " 2-x" 2%y~ 3+y "4
_[B]=x"5+y"2
[2]:
1,1,2
sage: F[1]]2]
X"6-2%x" 3%y~ 2-x" 2%y~ 3+y "4

Kak u na npumepe GAP B GAP, Mbl MokeM coBepiiuTh JaHHYIO (hakTopusanuio 6e3 mpsaMoro yKa3aHus
unrepdeiica Sage (0xHAKO 3a Kyjucamu Sage Bce paBHO ucuoJibdyercs unrepdeiic Singular). He ssonute ...

sage: x, y = QQ['x, y’].gens()

sage: f = 9%y"8 - 9*x" 2%y~ 7 - 18*x"3%*y"6 - 18*x"5*y "6 + 9*x~6*y~4\
+ 18*x~T7*y"5 + 36%x" 8%y "4 + 9*x~10%y "4 - 18%x"11¥y~2 - 9*x"12%y "3\
- 18*x~13%y~2 + 9*x"16

sage: factor(f)

(9) ¥ (-x"5 + y~2)"2 * (x76 - 2%x"3¥y "2 - x"2¥y"3 + y~4)

4.4 Maxima

Maxima BkioueHa B Sage, Tak ke Kak peasusauus Jlucna. [Taker gnuplot (koropsiii Maxima ucnosb3yer
1O YMOJYAHHUIO JJIsi TIOCTPOEHUs rpadUKOB) PaCIpOCTPAHACTCA KAK JOMOJHUTEIbHLIH maker Sage. Kpome
OCTALHBIX Berelt, Maxima mo3BoJisieT MpOu3BOANTH CUMBOINYECKUe Manumyaanun. Maxima MoxKeT mHTe-
rpupoBarh u AuddepeHnupoBaTh (MHYHKIMH CHMBOJIUYECKH, PEIaTh OOBIKHOBEHHBbIE auddepeHinaabHbe
ypaBHenus 1ro mopsifika, OOBINYI0 YaCTh JIHHEHHBIX OOBIKHOBEHHBIX AudDepeHnnaaibHbIX YPABHEHUN 210
[IOP$A/IKA, WCIIOIH30BATH IPeoOpa3oBanus Jlangaca Kak MeTO/ /15 PEIeHNs JIMHEHHBIX OOBIKHOBEHHBIX Aud-
depeHnmaabHbIX ypaBHeHU JI000r0 nopsinka. Maxima rmakxke ‘3naet” 0 OOJBIIOM HAOOPE CHEINAIbLHBIX
dyHKIMI, TMEeT BO3MOXKHOCTb CTPOUTH rpaduKu mMpu MOMOIIM gnuplot, UMeeT MEeTOIbI PEIIeHNsT i MAHWITY-
Jsnuu Marpunamu (K npumepy, meron Laycca, HaxoxeHne COOCTBEHHBIX 3HAUEHUI U BEKTOPOB), & TaK¥Ke
YMEET PeliaTh MOJTHHOMBI.

Mb1 npowsocrpupyem pabory Sage/Maxima ¢ nmoMoIibi0 Marpuibl, 3Ha4eHus i, j KOTOPOii sBJsOTCcs /7,
ang i, g =1,...,4.

sage: f = maxima.eval(’ij _entry[i,j] := 1/j")

sage: A — maxima(’genmatrix(ij entry,4,4)’); A
matrix([1,1/2,1/3,1/4][2,1,2/3,1/2][3,3/2,1,3/4],[4,2,4/3,1]
sage: A.determinant()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/4],/0,0,0,0],0,0,0,0],[0,0,0,0])
sage: A.eigenvalues()

10,4](3,1]

sage: A.eigenvectors()
[[[074]7[371”7[[[170)07'417[071705'2]7[07071)'4/3”7[[1727374]]]]

Bor apyroit npumep:
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sage: A = maxima("matrix ([1, 0, 0], [1, -1, 0], [1, 3, -2])")

sage: eigA = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eigA

[[[-2,-1,1,[1,1,1],[[10,0,1]],[[0,1,3]},[[1,1/2,5/6]]]]

sage: vl = V(sage_eval(repr(eigA[1][0][0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval(repr(eigA[1][1][0]))); lambda2 = eigA[0][0][1]
sage: v3 — V(sage_eval(repr(eigA[1][2][0]))); lambda3 — eigA[0][0][2]

sage: M = MatrixSpace(QQ,3,3)
sage: AA = M([[1=070]7[17 - 1:0]7[1:3a - 2]])
sage: bl = vl.base ring()

sage: AA*vl —= bl(lambdal)*vl
True

sage: b2 = v2.base _ring()

sage: AA*v2 —= b2(lambda2)*v2
True

sage: b3 = v3.base_ring()

sage: AA*v3 —= b3(lambda3)*v3
True

Hakomerr, MbI OKazkeM, Kak CTpouTh rpaduku cpencrsamu openmath. Muorme npuMepsr siBISIOTCS MOJIU-
GUIUPOBAHHBIMHA IPUMEPAMH U3 PYKOBOACTBA K Maxima.

2-mepubie rpadbukyu HeCKOIbKUX (DYHKIMIA (HE BBOIUTE ...):

sage: maxima.plot2d(’[cos(7*x),cos(23%x) " 4,sin(13%x) " 3]",’[x,0,1]",\
’[plot_format,openmath]’) # not tested

“ZKupoii” TpexmepHblii rpaduK, KOTOPBI BbI MOXKETE BPAIIATh MbIIIKON (HE BBOIUTE ...):

sage: maxima.plot3d ("2 (-u~2 + v~2)", "[u, -3, 3|", "[v, -2, 2|",\
’[plot _format, openmath]’) # not tested

sage: maxima.plot3d("atan(-x"2 + y~3/4)", "[x, -4, 4]", "[y, -4, 4]",\
"[grid, 50, 50]",’[plot_ format, openmath]’) # not tested

Caenyromuit rpaduk — 310 3Hamenuras Jlenra Mébuyca (e BBomuTe ...):

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)),\
}Y*Sill(x/2)]”7 ”[X, _4’ 4]”7 ”[},7 _4’ 4]”7\
’[plot _format, openmath]’) # not tested

Caenyromuit rpaduk — 310 3namenuras Byrouika Kieiina (ne BBogure ...):

sage: maxima("expr _1: 5%*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)\
.. -10.0"
5*cos(x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)-
sage: maxima("expr 2: -5%*sin(x)*(cos(x/2)*c ( 7) bln(X/ )*sin(2*y)+ 3.0)")
-5*sin(x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)
sage: maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2%*y))")
5*(cos(x/2)*sin(2*y)-sin(x/2)*cos(y))
sage: maxima.plot3d ("[expr 1, expr 2, expr 3|", "[x, -%pi, %pi|",\

"ly, -%pi, %pi|", "[’grid, 40, 40]",\

’[plot _format, openmath]’) # not tested

10
0s
c
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Tnasa D

[ [porpammupoBanue

5.1 3arpyska u mpukperenne gaitaos Sage

Cutetytoree MOKa3bIBAET, KAK IOANPYKATH IPOrPAMMBL B Sage, 3allUCaHHbie B OTAebHb (aiur. Co3maiire
daitsn example.sage co ciemyomuM COAEPKAHIUEM:

print "Hello World"
print 273

Bor MokeTe npounTaTh M BBITOJIHUTH example.sage ¢ moMorpio komarae! load.

sage: load "example.sage"
Hello World
8

Bur Takxke moxkere mpuKpenuTh (aiia Sage K 3amyeHHON CecCuu B TIOMOINBI0 KOMAHIbI attach:

sage: attach "example.sage"
Hello World
8

Teneps ecsiu Bbl u3Menure ¢aiin example.sage u BBezere mycryio crpoky B Sage (T.e. Haxkmure return), To
cojiepzkuMoe example.sage Oyzer aBTOMATUYECKH EPErPYKEHO B Sage.

B uacrrocTH, attach aBrOMaTuuecku neperpyzkaer (paiiyi, KAk TOJIHKO OH W3MEHEH, 9TO OYeHb yI00HO TpHu
MOMCKe OIMuOOK B KOJE, TOrAa Kak load 3arpyxaer daiis Juiib eIuHONK b

Korna example.sage 3arpyxkaercs B Sage, on mepepogutcs B Python, a 3arem BBINONHSETCS € TOMOIIBIO
unTepnperaropa Python. 3arparb Ha JaHHYO Onepanuoo MUHHMAJIBHBI, B OCHOBHOM, 3TO BKJIIOYAeT B Ce-
6s1 nepeBos, nesbix KoucranT B Integer(), apobubix koncranr B RealNumber(), 3ameny ~ na ** u, nanpu-
mep, R.2 wa R.gen(2)}. TlepeBenennas Bepcusi example.sage GyneT comep:KaThes B TOM ¥Ke THPEKTOPUH, YTO
example.sage, oz HazBanueM example.sage.py. Jdanubrii daiia Oymer comepxKarh CAeayOmnii KOI:

print "Hello World"
print Integer(2)**Integer(3)

~

*

Ienbie KOHTCTAHTHI TiepeBeaeHbl U~ 3ameneno Ha **. (B Python ~ ozmauaer “mckmouaromee UJIN” u *

O3HAYaeT “BO3BEJICHNE B CTEIEHB.)

Januble onepaiyu BbIIOJHSIOTCA B sage/misc/interpreter.py.)
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Bbi uMeeTe BO3MOXKHOCTH BCTABJISTH MHOIOCTPOYHbBIN KO/ ¢ OTCTYIaM# B Sage /0 TeX 0P, IOKa eCTh HOBbIE
CTPOKH JIJIs HOBBIX 0JIOKOB (3T0 Heoba3arenbuo mjs daiios). OgHako, JydinuM cnoco0OM [jisi BCTABKU
TAKOIO KOJIA ABJISETCs coxpaHeHue B (ailj u ucmosb3oBanue attach, Kak OMuCaHO BBIIIE.

5.2 Cosanne KOMIUJINPOBAHHOTO KOJIA,

CropocTh — BazKHAast COCTABJIAIONIAS B MATEMATHIECKUX BbluucIeHusx. Xors Python sBisercs BBICOKOYypPOB-
HEBBIM $3bIKOM IIPOIPAMMUPOBAHKS, HEKOTOPbIE BBIYUCJIEHHUS MOI'YT ObIThH BBIIOJHEHbL HA HECKOJIBKO HOPSI-
kOB 6bicTpee B Python mpu ucnoan30BaHuM CTATUYECKUX TUTIOB JAHHBIX TTPU KOMIUIUpOBanuu. Hekorophie
KOMTIOHEHTHI Sage ObLau ObI CIUITKOM MeJIeHHbIME, Oyab OH HamucaH mnejukoMm Ha Python. /Iixs sToro Sage
HOJJIEPKUBAET KOMIUIMpoBanHyio “Bepcuio” Python, koropas naseisaerca Cython ([Cyt] u [Pyr]). Cython
oJHOBpeMeHHO TTox0XK 1 Ha Python, u wa C. BoasmmacrBo koucrpykimit Python, Bkitodas npegcrasienve
CIUCKOB, YCJIOBHBIE BbIDAXKEHUsI, KOJI, HAIOI00Me +=, pa3peIIeHbl; Bbl TAKKE MOXKETE UMIOPTUPOBATH KO/,
HAMUCAHHLIN B Apyrux momynsx Python. Kpome Toro, Bel MOxkeTe OOBABIATH MPOU3BOJILHBIE TIEPEMEHHBIE
C u mampsamyro obpamarbes Kk oubauorekam C. Komeunsrit kom Oyzer ckoumBeprupoBadn B C u obpaboran
rommusisTopom C.

Hust roro, urobbl co3garh KOMIMIMPYeMbIil Kox B Sage, obbssure dailn ¢ pacmupenuem .Spyx (Bmecro
.sage). Eciu Bbl paboraere ¢ unrepdeiicoM KOMMaHIHON CIDOKM, Bbl MOXKETE LPUKPEIIATh U 3arDy2Karb
KOMITUJINPYEMBIH KOJ TOYHO TaK ¥Ke, KaK W MHTEPIPeTUPYeMblil (Ha JAHHBIA MOMEHT, IPUKPEIJICHUE U 3a-
rpy3ka koza Ha Cython ue momuepxusaerca B unrepdeiice Notebook). Camo KOMIUIMPOBAHUE TPOUCXOIUT
‘za Kymucamn’, He TPeOyst KaKUX-THO0 AefiCTBHII ¢ Balmiei cTopoHbl. IIpocMoTpeTs mpuMep KOMIIAPOBAH-
HOro ucnoHeHus (GyHKIuu (HakTopuas, KOTopoe Hampamyio ucnonbdyer dubmmoreku GMP na C, moxHO
B $SAGE_ROOT /examples/programming/sagex /factorial.spyx. st Toro, 4robst onpoboBarh 310 CaMmomy,
nepeiinnre B $SAGE_ROOT /examples/programming/sagex/ ¢ momomnipio c¢d, a 3aTeM BBIMTOJIHUET CIEIYIO-
1ee:

sage: load "factorial.spyx"
otk ok ok R sk KRR R kR SRk Rk kR Rk R R K

Recompiling factorial.spyx
stk s SRR R R KR SR KR Sk R S K s KR R R KRR KR ok

sage: factorial(50)
30414093201713378043612608166064768844377641568960512000000000000L,
sage: time n = factorial(10000)

CPU times: user 0.03 s, sys: 0.00 s, total: 0.03 s

Wall time: 0.03

B nannom npumepe L B konue o3nausaer Python long integer (cm. IIpe-napcep: Paziuuauga mex iy Sage u
Python).

SamerbTe, 94TO Sage mepekommuaupyet factorial.spyx B ToMm ciiyuae, eciiu BbI BBINHIETE U MMEPE3AMTYCTUTE Sage.
Kommunuposannas 6ubinoreka obumx 06bekTos comepxurcsat 8 SHOME/ .sage/temp /hostname /pid/spyx.
Otu daitnsr GyayT yaaseHbl IPU BBIXOAE U3 Sage.

IIpe-uapcuposka He npumensiercs K spyx daisiam. Hanpumep 1/3 upesparurca B 0 B spyx daiiie BMmecro pa-
roHasbHoro uncna 1/3. domycernwm, foo - aro dyukims B Gubanoreke Sage. st Toro, 4Tobb HCMOIB30BAThH
ee u3 spyx-daiina, nmnoprupyiite sage.all u mpumenure sage.all.foo.

import sage.all
def foo(n):
return sage.all.factorial(n)
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5.2.1 Hocrtyn K ¢dpyukmuam C u3 BHenrHux (aition

Hocryn x dyakumam C n3 BremEnx *.c ¢aiinos ocymecreasercsa nosoabHo npocto. Cosmaiite daiinn test.c
u test.SpyxX B OHON JUPEKTOPUH CO CHAEAYIOUIUM COJEePKAHUEM:

Kon na aspike C: test.c

int add_one(int n) {
return n + 1;

}

Koun na sa3pike Cython: test.spyx:

cdef extern from "test.c":
int add_one(int n)

def test(n):
return add_one(n)

Brimosinure:

sage: attach "test.spyx"
Compiling (...)/test.spyx...
sage: test(10)

11

B Tom ciyuae, ecniu moHamobuTcs AOMOSHUTEIbHAS OubOInoTEKa f00 171 TOrO, 9TOOBI CKOMITHIMPOBATEH KO
una C, monyuenusiit u3 daitna Cython, nobassre clib foo B ucrounnk Cython koma. Azanorudno, 1OMOTHN-
resnbHbiil C aitn bar Moxer ObITh 100aBAeH B KOMIIMJISAIMIO ¢ 00bsByenneM cfile bar.

5.3 Camocrositesnbibie ckpunThl Python /Sage

JIaHHBIH CAMOCTOSTETbHBIN CKPUIIT Sage PACKIAIBIBACT HA MHOKUTETU MEJIbIe YUCIA, TOTUHOMBL U T.1.:

#!/usr/bin/env sage -python

import sys
from sage.all import *

if len(sys.argv) = 2:
print "Usage: %s <n>"%sys.argv|0]
print "Outputs the prime factorization of n."
sys.exit(1)

print factor(sage_eval(sys.argv[1]))

st Toro, uTo6s! ucnoas3oBarh 1o ckpunt, SAGE  ROOT gomxen 66t B PATH. Ecniu Bbimeoncanubrit
cKpunT Ha3biBaeTcd factor, cieayromiee OKa3bIBAET, KAK €0 BBIMOJIHUTD:

bash § ./factor 2006

2 %17 *59

bash § ./factor "32%*x"5-1"

(2%x - 1) * (16%x"4 + 8*x"3 + 4*x"2 + 2*x + 1)
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5.4 Tunnl 7aHHBIX

Kaxknprit o6bekr B Sage umeer onpejesentbiit un. Python Briiogaer B cebs 6OIBINON CIEKTP BCTPOESHHBIX
THIIOB TOTJIA, Kak Oubimoreku Sage 100aBisioT ere 6osbiie. Berpoennsie tuiibl Janubix Python skirogaror
B ce0s1 CHMBOJILHBIE CTPOKH, CITMCKH, KOPTEXKH, IEJIbIe W IPOOHBIE UMCIa:

sage: s = "sage"; type(s)
<type ’str’>
sage: s = ’sage’; type(s) # Bbl MOXKETe MCIO/Ib30BATh JBOMHbIE MU OJMHAPHbBIE KABBITKI

<type ’str’>

sage: s — [1,2,3,4]; type(s)
<type ’list’>

sage: s = (1,2,3,4); type(s)
<type ’tuple’>

sage: s = int(2006); type(s)
<type ’int’>

sage: s = float(2006); type(s)
<type 'float’>

B cBoro ouepeans Sage mobaBiisieT MHOTO JIPYTUX THUIOB JAHHBIX, HAIPUMED, BEKTOPHOE TIOJIE:

sage: V = VectorSpace(QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type(V)

<class 'sage.modules.free_module.FreeModule ambient field with_ category’>

Tonbko onpenesienubie GyHKIMU MOTYT ObITH mpuMeHeHbI K V. B Ipyrux maremMarndeckux MPOrpaMMax
dbyukuuu Boi3biBaIKUCH 661 B “dynkunonanbaom” uge: foo(V,...). B Sage oupeuesnennbie dbyHkimu npukperi-
Jienbl K Tuily (mim Kiaaccy) V i BbI3bIBAIOTCH C LOMOLUBIO 0O'bEKTHO-OPUEHTUPOBAHHOIO CUHTAKCUCA, KAK B
Java unmu C++, manpumep, V.foo(...). 10 crocobeTByeT TOMY, 9TO MMEHHASA 00JIACTH BUIAAMOCTHU HE 3aXJIaM-
JISIeTCST TeCATKAMUY ThICAY (DYHKIWI, U O3HAYAET, 9TO MHOTHE (DYHKIMK C PA3HBIM COIEPKAHUEM MOTYT OBITH
HaspaHbl “f00” 6€3 MpOBEpPKU TUIIOB apryMeHTOB. Takxke, eciu Bbl ucmonb3yere nMs GpyHKIUKA IOBTOPHO,
51a PYHKIMUA Bee paBHO nocTyiHa (HanpumMep, eciu Bbl Bbi3biBaeTE 4TO-TO HaOL0OUE Zeta, a 3aTeM XOTUTe
BbluucauTh 3uadenue Gyukuuu Riemann-Zeta upu 0.5, Bol moxere nanedarars s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()

-1.46035450880959

B HEKOTOPBIX YACTO BCTPEUAIOIIUXCS CIIY9asix, OObITHOE (DYHKITMOHAIHHOE 0003HATEHNE TAKIKE CIIOCOOCTBYET
y,ZLO6CTBy "3-3a TOTrO, YTO MaTEMATHUYICCKUE BbIPpAZKECHUA MOTYT BBIIVIAJETH 3allyTAHHO MPU HMCAOJJIB30BaHUU
00 BEKTHO-OPUEHTHPOBAHHOIO Ob03HadeHnsa. Hampumep:

sage: n = 2; n.sqrt()
sqrt(2)
sage: sqrt(2)
sqrt(2)
sage: V = VectorSpace(QQ,2)
sage: V.basis()
[
(1, 0),
(0,1)

J
sage: basis(V)
|
(
(

I

1, 0),
0,1)
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sage: M = MatrixSpace(GF(7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A

12

3 4]

sage: A.charpoly(’x’)

x"2 4+ 2¥x + 5

sage: charpoly(A, 'x’)

x"2 4+ 2¥x + 5

st Toro, 4To6kl epeIncaInTh Bee wieHb-byHKInm 1t A, Hamedaraiite A., a 3areM HaXKMHUTE KHOTKY [tab]
ua Bameit knaBuarype, kak onucano B pazzaenae OOpaTHbIil MONCK W ABTO/IOTIOTHEHNE

5.5 Cnuckm, KOPTEXKU U MOCJIE0BATEIHLHOCTI

Tun 1aHHBIX COUCOK MOXKET XPAHUTH B cebe ajieMeHThl pa3Hbix Tunos jgannbix. Kak B C, C++ u 1.1, HO B
OTJIMYue OT APYruX ajaredpamvecKux CUCTEM, JIEMEHTHL CIMCKA HAYnHAIOTCH ¢ uHAekca 0:

sage: v = [2, 3, 5, 'x’, SymmetricGroup(3)]; v

[2, 3, 5, 'x’, Symmetric group of order 3! as a permutation group|
sage: type(v)

<type ’list’>

sage: v[0]

2

sage: v[2]

5

Tlpw uHIEKCMpPOBAHWY CIHCKA, TPUMEHEHNE WHIEKCOB, HE SIBJISIOMINXCS IeabiM uncyiom Python, cpaboraer
HOPMAaJIbHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n — 2 # menoe ameno Sage

sage: v(n] # paoraer IpaBUILHO

3

sage: v[int(n)] # roxe paboraer npaBuIbHO

3

DyuKIys range CO3JaeT CIUCOK IEJbIX YUCesl, UCIoab3yeMbix Python(ue Sage):

sage: range(1, 15)
[1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14]

D10 yu00HO, KOIJA JJjisd CO3/aHusl CIIMCKOB UCIOJIb3YETCs B, CIUACKA:

sage: L = [factor(n) for n in range(1, 15)]

sage: print L

[1,2,3,2°2,5,2%3,7,2°3,3°2,2%5,11,2°2 * 3,13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class ’sage.structure.factorization _integer.IntegerFactorization’>
sage: [factor(n) for n in range(1, 15) if is_odd(n)]

[1, 3,5, 7, 372,11, 13]

Huist Gosbiero nonumanus cuuckos cm. [PyT].
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Pacuwiensienune cuuckos - 910 ovenb yuo6ubiit uncrpyment. Jouycrum L - 10 cuucok, rorga L[m:m| sepuer
TOJI-CITUCOK L, MOJIyueHHbIN, HAUMHAS C dJIeMEHTA Ha MO3WIUU M W 3aKAHYMBAs SJEMEHTOM Ha TTO3WIINU
(n — 1), KaK MOKA3aHO HUKE.

sage: L = [factor(n) for n in range(1, 20)]
sage: L[4:9]

5,2 *3,7,2°3,3°2

sage: print L[:4]

1,23, 2°2]

sage: L[14:4]

|

sage: L[14:]

[3*5,274,17,2 * 372, 19|

KOpTe)KI/I HUMEIT CXOACTBO CO CIIMCKAMH, OJHAKO OHH HEU3MEHAECMbI C MOMEHTa CO3JaHHA.

sage: v = (1,2,34); v

(1’ 27 37 4)

sage: type(v)

<type ’tuple’>

sage: v[1] =5

Traceback (most recent call last):

TypeError: tuple’ object does not support item assignment

TlocnenoBaTenbHOCTH - 3TO TUI JAHHBIX, CXOXKWU 1O CBONWCTBAM €O cucKoM. IlocienoBaTeIbHOCTH KaK THUTT
JTaHHBIX He BCTpoeHbl B Python B oryimume ot crnuckoB u koprexeii. [Io ymosmdanuio, mocie10BaTeIbHOCTD
SBJISIETCS MU3MEHSEMOM, OJIHAKO WCIOJb3ys Meron set immutable u3 kmacca Sequence, ona Moxker ObITH
c/leJlaHa HEM3MEHsIeMO, Kak MOKA3aHO B CJeyoIeM npuMepe. Bee 3jieMenThl OCIe10BATETbHOCTH UMEIOT
00IIIEro pouTesisi, IMEHYEMOI'O YHUBEPCYMOM IOCJIEI0BATEILOCTH.

sage: v = Sequence([1,2,3,4/5])

sage: v

[17 2’ 37 4/5]

sage: type(v)

<class ’sage.structure.sequence.Sequence _generic’>
sage: type(v[1])

<type ’sage.rings.rational.Rational’ >

sage: v.universe()

Rational Field

sage: v.is_immutable()

False
sage: v.set__immutable()
sage: v[0] = 3

Traceback (most recent call last):
ValueError: object is immutable; please change a copy instead.

HOCHe,Z[OBaTeHbHOCTI/I MOTyT OBITH HCIIOJIBE30BAHBI BE31€, rae MOTyT OBITH KCIIOJIE30BAHBI CIIUCKH:

sage: v — Sequence([1,2,3,4/5])
sage: isinstance(v, list)

True

sage: list(v)

[17 2’ 3) 4/5]

sage: type(list(v))

<type ’list’>

Bazuc AJIAd BEKTOPHOI'O II0JId ABJIAETCA Heu3MeHsaeMOn IIoc/Ie 10BaTE/IbHOCTbIO, TaK KaK OY€Hb BazKHO HE

70 T'nasa 5. IlporpammupoBanue



Sage Tutorial in Russian, Bermyck 5.0

U3MEHATH UX. DTO MOKA3AHO B CJIEAYIONIEM [IPUMEDE:

sage: V.= QQ"3; B = V.basis(); B

[
(1’ 07 0)7
(0,1, 0),
(0,0, 1)
]

sage: type(B)

<class ’sage.structure.sequence.Sequence _generic’>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

5.6 CrnoBapn

CrnoBaps (TakKe IMEHYEMBIH ACCOIMATABHBIM MACCHBOM) - 3TO COMIOCTABJIEHUE ‘X3IMUPYEMBbIX' 00BEKTOB (KaK
CTPOKM, YMCJIa M KOPTEXKM M3 HUX; cM. gokymenrtamuio Python: http://docs.python.org/tut/node7.html u
http://docs.python.org/lib /typesmapping.html) mpon3BoabHBIM 0GbEKTaM.

sage: d = {1:5, 'sage:17, ZZ:GF(7)}
sage: type(d)

<type ’dict’ >

sage: d.keys()

[1, ’sage’, Integer Ring]
sage: d[’sage’]

17

sage: d|ZZ]

Finite Field of size 7
sage: d[1]

5

Tperwnii KII0Y MOKA3LIBAET, 9TO WHIEKCHI CJIOBAPST MOTY OBITH CJIOKHBIMHU, KAK, HATIPUMED, KOJIBIO IEJIBIX
quCcest.

MozxHO NpEBPATUTH BHIMEONUCAHHBINA CJIOBAPb B CIUCOK C TEM K€ COIEPKUMBIM:

sage: d.items()
[(1, 5), (’sage’, 17), (Integer Ring, Finite Field of size 7)]

YHacTo ncnoab3yeMoit TpakTUKO#N ABJIAETCSA MPON3BEIEHNE UTEPAIUil TIO TapaM B CJOBape:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.iteritems()]
[8, 27, 64]

Kak moka3bIBaeT MoCaeIHni TpUMep, CJI0BAPh HE YIOPSIOYEH.

5.7 Muoxkecrna

B Python ecrb BCTpOeHHBIM THII MHOXKECTBO. [JIABHBIM IPEUMYIIECTBOM 3TOTO THUIA SBISETCA OBICTPBIi
[IPOCMOTD, MPOBEPKA TOI'O, MPUHAJJIEKUT JIU JIEMEHT MHOXKECTBY, & TAKXKe OObIYHbBIE ONEPAIUMA U3 TEOPUU
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MHO2KeCTB.

sage: X = set([1,19,7a]); Y = set([1,1,1, 2/3])
sage: X

set([a’, 1, 19])

sage: Y

set([1, 2/3])

sage: 'a’ in X

True

sage: 'a’in Y

False

sage: X.intersection(Y)

set([1])

B Sage rak»ke umeercs CBOM TUIl JAHHBIX MHOXKECTBO, KOTOPBIH (B HEKOTOPBIX CJIy4asX) OCYIIECTBJIEH C UC-
IIOJIb30BAHUEM BCTPOEHHOTO THITa MHOXKeCcTBO Python, Ho BKIodaer B cebs PyHKIHMOHATIBHOCTD, CBA3aHHY IO
¢ Sage. Coznaiite MuOX)eCTBO Sage ¢ momorpbio Set(...). Hanpuwmep,

sage: X = Set([1,19,’a’]); Y = Set([1,1,1, 2/3])
sage: X

{’a’, 1, 19}

sage: Y

{1, 2/3}

sage: X.intersection(Y)

{1}

sage: print latex(Y)

\left\ {1, \frac{2}{3}\right\ }
sage: Set(ZZ)

Set of elements of Integer Ring

5.8 Mreparopsl

Hrepatops! - 3T0 CpaBHUTEIHLHO HemaBHee mobanienne B Python, KoTopoe siB/isieTcst O4eHb MOJIE3HBIM B MaTe-
MaTHYeCKUX MPUIOKeHnsaX. HeCKOJbKO MPUMEPOB UCTOIb30BAHNS UTEPATOPOB TPUBEIEHBI HUKE; MOAPOOHEe
cM. [PyT]. 3aech co3maercst nrepaTop Jjist KBAJIPATOB HEOTPHIATEIBHBIX Yrces 10 10000000.

sage: v = (n"2 for n in xrange(10000000))
sage: v.next()

0

sage: v.next()

1

sage: v.next()

4

Crenyomuii mpuMep - CO3MaHHEe WTEPATOPOB W3 MPOCTHIX 4Yucesl BuAa 4p + 1 ¢ mpoCTBIM p W TMPOCMOTP
HECKOJIbKWUX MEPBBIX 3HAYEHUIA:

sage: w = (4*p + 1 for p in Primes() if is_prime(4*p-+1))

sage: w # random output ma ciemyiomeii crpoke 0xb0853d6c MoxkeT GBITH IPYTUM MIECTHAIIATHPUIHBIM TUCTOM
<generator object at 0xb0853d6c>

sage: w.next()

13

sage: w.next()

29

sage: w.next()

53

72 T'nasa 5. IlporpammupoBanue



Sage Tutorial in Russian, Bermyck 5.0

()HpeﬂeﬂeHHbKiKOﬂbHa,KaK 1 KOHEYHbIE I10J1d U 1ieJIble 1uCjla, UMEIOT UTEPATOPDbI:

sage: [x for x in GF(7)]

[0, 1,2, 3,4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: W.next()

(0, 0)

sage: W.next()

(0, 1)

sage: W.next()

(Oa'l)

5.9 [ukmbl, pyHKIUH, YIIPABISIONUNE KOHCTPYKIIME 1 CPABHEHUS

Mpsr1 yke BUIEIN HECKOJIBKO MPUMEPOB ¢ ucmnoib3oBanuem mukjaos for. B Python muksa for nmeer tabyaupo-
BAHHYIO CTPYKTYPY:

for i in range(5):
print(i)

W N = O

3amerbre gBOeroune Ha KoHIle Bhipaxkenus(“do” wim “od”, kak GAP uau Maple, He ucnosb3yiorcs), a or-
CTYIbI epej “resjioM” 1MKIIa, B 4aCTHOCTH, nepe print(i). D1u orcrynsl BaxHbl. B Sage orcrynbl craBsTcst

ABTOMATHUYIECKHU IIPU HAXKATHUHU enter mocye ”.”, KaK MOKA3aHO HUKE.

sage: for i in range(5):
print(i) # maxkmmre Enter nBax bt

B W N = O

CumBon = mcnosb3yercs s npucBanBanus. CUMBOI —= HCIOJIB3YETCS [JIs TPOBEPKHA PABEHCTBA!

sage: for i in range(15):
if ged(i,15) ==
print(i)

= o N =

8

11
13
14

HmeiiTe B Buay, Kak Taby/sius onpenenser crpykKrypy 6J10koB ajs oneparopos if, for u while:

sage: def legendre(a,p):
is_sqr_modp—-1
for i in range(p):
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ifa%p=-12%p:
is_sqr_modp—1
return is_sqr_modp

sage: legendre(2,7)
1

sage: legendre(3,7)
-1

Komneuno, 310 we addexkTuBHas peanusanus cumBosa Jlexanapa! JIaHHBI TpuUMep CIIYKUT JIMITH WJLTIO-
cTparpell pa3HbIX acleKToB nmporpaMmuposanns B Python/Sage. @ynkius {kronecker}, Bcrpoennas B Sage,
MOJICIUTHIBAET CUMBOJ JIexkauapa 3¢dpdeKTuBHO ¢ ucnoab3oBanueM 6udimorek C, B 9aCTHOCTH, € UCIOIB30-

panueMm PARI.

CpaBuenns ==, !:, <=, >=, >, < MeXJy 4YUCJIaMUA aBTOMATHUYECKU MEPEBOIAT oba ujieHa B OIUHAKOBDIM
THUIL:

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 <3/1

True

True

IIpakTrdeckn 06bIe ABA OOBEKTA MOTYT OBITH CPABHEHBI.

sage: 2 < CC(3.1,1)

True

sage: 5 < VectorSpace(QQ,3) # random output
True

Wcnonw3yiiTe mepemennbie bool 71 CHMBOJIBHBIX HEPABEHCTE:

sage: x < x + 1

x<x+1
sage: bool(x < x + 1)
True

IIpu cpaBHeHUN OOBEKTOB PA3HOTO THUIMA B OOJBIIMHCTBE CIYYaEB Sage MOMBITAETCS HANTH KAHOHWYECKOE
npuBeseHne 060oux K obmemy poautenio. [Ipu ycmexe, cpaBHEHNE BBITIOIHIETCS MEXKY MTPUBEIEHHBIMEA 00b-
€KTaMU; eCJIA HET, TO O0BEKTHI OYAyT pACIEHEHBI KaK HEPaBHbIE. /11 MPOBEPKU PABEHCTBA JIBYX MEPEMEHHBIX
ucrnonb3yire is. Hampuwmep:

sage: 11is 2/2
False

sage: 1is 1
False

sage: 1 == 2/2
True

B caeaytomux aByx cTpokax mepBoe HepaBeHCTBO jaer False, Tak Kak HET KAHOHHYECKOro mopdusma Q —
F5, mostoMy He CyIiecTByeT KaHOHUYIECKOro cpaBHeHus Mexnay 1 B Fs mw 1 € Q. Oxgnako, cymecrByer
KaHoHm4eckoe npusegenne Z — Fs, mosromy BTOpOe Bhipaxkenue gaer True. 3ameTbre, MOPSI0K HE MMEET
3HAYEHUS.

sage: GF(5)(1) — QQ(1); QQ(1) —— GF(5)(1)
False

False

sage: GF(5)(1) == ZZ(1); ZZ(1) —— GF(5)(1)
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True
True

sage: ZZ(1) ——= QQ(1)

True

BHUMAHMUE: Cpasuenne B Sage mpoBoauTcs Oojiee KEcTko, ueM B Magma, koropas obbsapiser 1 € Fy
paBubM 1 € Q.

sage: magma('GF(5)!1 eq Rationals()!1’) # optional magma required
true

5.10 IIpodunmuponanue

Asrop pasgena: Martin Albrecht (malb@informatik.uni-bremen.de)
“IIpekieBpeMeHHAsT ONTUMHU3AINA - 3TO KOpeHb Bcero 3ma.” - Honamasm KayT

YacTo oYeHb TMOJIE3HO MPOBEPATH KO Ha CJAOBIe MECTa, MOHWMATh, KAKWe YACTH OTHUMAIOT HAMOOJILIIee
BpeMs HA BBIYUCJIEHWST; TAKUM 00Pa30M MOXKHO y3HATh, KAKWE YACTH KOJa HAJA0 ONTUMU3NpOBaTh. Python u
Sage mnpenocTaBsieT HECKOJIBKO BO3MOXKHOCTEH Jjisi MpoduIMpoBanus (Tak Ha3bIBAETCsl 9TOT MPOILECC).

Campblit Jierkuil My Th - 3T0 UCHOJb30BaHUE KOMaH bl prun. OHa BO3BpaIaeT Kparkyo uH(MOPMAIUIO O TOM,
KaKoOe BpeMsd OTHHUMAaeT Kaxkaasd pyukuus. Jlanee ciegyer mpumMep yMHOXKEHHUS MATPUI] U3 KOHEYHBIX I1OJIeil:

sage: kia = GF(2%*8, 'a’).objgen()
sage: A = Matrix(k,10,10,[k.random_ element() for _ in range(10%10)])

sage: %prun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem )

1000 0.120 0.000 0.370 0.000 finite_field _element.py:392(__mul )
1903 0.120 0.000 0.200 0.000 finite field element.py:47(__init )
1900 0.090 0.000 0.220 0.000 finite field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite field_element.py:380(__add_ )
1 0.070 0.070 1.100 1.100 matrix.py:864( _mul )

2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

B mammom mpuMmepe ncalls - 3T0 KomdecTBO BBI30OBOB, tottime - 3To obmiee Bpemsi, 3aTpadeHHOe Ha, OIpee-
JIeHHYI0 (DYHKIMIO (32 MCKIIIOYEHHEM BPEMEHH BbI30BOB cyO-(dyHKIwmii), percall - aro ornoiienue tottime k
ncalls. cumtime - 310 of0Iiee Bpems, MOTpadeHHOE B 9TOH U BCeX cyO-pyHKIusax, percall - 310 orHOUIIEHKE
cumtime K YHCIIy TPUMUTHUBHBIX BBI30BOB, filename:lineno(function) npegocrasiser uudopMamuio 0 Kax 1oit
dbyuarnuu. Yem Bbiite DyHKIHS HAXOIATCSI B 9TOM CIUCKE, T€M OOJIbIE BPEMEHN OHA OTHHMAET.

prun? mOKaxkKeT JeTajd O TOM, KaK HCIOJIb30BATh KOMAaHIy HIPOMUIMPOBAHUSA K IIOHUMATL PE3yJbTaTr ee
KCII0JIb30BaHUSI.

TIpodunupyromas uadoOpManys MOXKET OBITH BIUCAHA B OOBEKT s 00JIee moapOOHOTO U3y IeHNUS:

sage: %prun -r A*A

sage: stats —
sage: stats?
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Bamerka: Boy stats = prun -r A\*A orobpa3ur cuHTaKCUYeCKyIO OMOKY, TaK KaK Prun - 310 KOMaH/IA
obonouku [Python, a He obbranas GyHKIHS.

s rpadugeckoro orobparkenusi mpoduaupyioieii nadopmanun, Ber moxkere wucmosp3oBars hotshot -
HebOoUIbIION CKpuIT, Ha3BaHHbIH hotshot2cachetree u nporpammy kcachegrind (rosibko B Unix). Tor xe npu-
Mep ¢ ucmoab3oBanueMm hotshot:

sage: ka = GF(2%*8, 'a’).objgen()

sage: A = Matrix(k,10,10,[k.random_ element() for _ in range(10%10)])
sage: import hotshot

sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents—1)

sage: prof.run("A*A")
<hotshot.Profile instance at 0x414cllec>
sage: prof.close()

Pesynbrar Oymer nomerien B daitan pythongrind.prof B Tekyrmeit paboueit nupekropuu. [Ijis Busyasm3anun
sTa nadopMaIms MOKeT ObITh TIepeBeeHa B (popmar cachegrind.
B cucremnoii o6on04ke BBeguTe

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

Buixonnoit daiir cachegrind.out.42 Teneps MoOXKeT ObITH TPOAHAIU3UPOBAH € TOMOIIBIO kcachegrind. 3amers-
Te, uT0 obo3Hadenne cachegrind.out.XX m0/12KHO OBITH COOIOIEHO.

76 T'nasa 5. IlporpammupoBanue



Tnasa 0O

Vcnonb3oBanne SageTeX

Berpoennsrii B Sage naker SageTeX mo3Bosisier BHEAPATH PE3YIbTATHI BEIYUCIeHNI B foKyMeHT Tuma LaTeX.
st Toro, ¥ToObI NCIOIB30BATh JAHHBIH MAaKeT, TTOHAI00UTCs “‘yCTaHOBUTL €ro B JOKaJdbHyio cuctemy TeX
(mox, “ycranoBkoit” noppasymesaercs Konupoanue onHoro daitna). Cm. Yeranoska, a Takzke paszen “Make
SageTeX known to TeX” Pykosozcrsa 110 ycranoske Sage (JaHHAs CChLIKA BEIET K JIOKAJIbHOMY PA3MEIIEeHUIO

KOIIUY PYKOBOJICTBA 1O yCTAHOBKE).

B sTom ypoke mokasan HebosbIoil mpumep ucnoab3oBanusa SageTeX. Ilonmnas mOKyMeHTAIWsS HAXOIATCS
B SAGE_ROOT/local/share/texmf/tex/generic/sagetex, rme SAGE_ROOT - 310 aupeKTOpusi, B KOTOPOi
yCTaHOBJEH Sage. JTa Mmanka COAEPKUT JTOKYMEHTAIuO, (aiiin ¢ mpuMepoM u mose3ubie cKpunTbl Python.

Hust nagana paborsl ¢ SageTeX caepyiite ykazanusaM 10 ycTaHoBKe (B YCTAHOBKA) M BCTaBbTE CJIEYIOIIUs
TekcT B (pailn Ha3BaHHbBINA, CKaxkeM, st _example.tex:

[Ipenynpexaerune: Hukecieayomnmit TEKCT MOXKET COMEPKATH HECKOJIBKO COODIIEHUit 00 omubKax, CBsi-
3aHHBIX C HEU3BECTHBIMHA YIIPaBJAAIONIUMHA ITIOCJIEJ0BATEIbHOCTAMMA, €CJIH BI)I HUCIIOJIb3yeTe NHTEPAKTUBHYIO
moMotib. OTKpO#fTe CTATHYECKYIO BEPCUIO, 9TOObI YBUIETH TPABUJIbHBINA TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document }
Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
$\sage{number of partitions(1269)}$ integer partitions of $1269$.
You don’t need to compute the number yourself, or even cut and paste
it from somewhere.
Here’s some Sage code:
\begin{sageblock}

f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

frac{\mathrm{d}~{2}}{\mathrm{d}x~{2}} \sage{f(x)} =
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sage{diff(f, x, 2)(x)}.
\l
Here’s a plot of $f$ from $-1$ to $1$:
\sageplot{plot(f, -1, 1)}
\end{document}
Bamycrure LaTeX misi st _example.tex. 3amersre, uro LaTeX Oyer kajnoBaTbest Ha HEKOTOPbIE BEIIH, KaK-
TO:

Package sagetex Warning: Graphics file sage-plots-for-st_example.tex/plot-0.eps on page 1 does
not exist. Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on
st_example.sage, and then run LaTeX on st__example.tex again.

Cpenn daiinos, crenepupoBanHbIx mocie 3amycka LaTeX, ects aiis st__example.sage, aBIIOMNACA CKPHII-
tom Sage. CoobIteHne, MOKa3aHHOE BBIIIE, TMPEIAraao 3alyCTuTh st__example.sage, MOITOMY CTOUT TaK U
caenarhb. 3arem Oyzrer npenoxeno 3amycturh LaTeX s st _example.tex eme pas; mepes srum Oyzaer co-
3naH daiin st__example.sout. dror dailan comepKuT pe3yibTarbl BblYUuciIeHuil B Sage B opmare, y100HOM
mns LaTeX. Hosas mamka, comepxkariast EPS-daiin ¢ rpadukom, Takxke OymgeT CO3JaHa aBTOMATHYECKH.
Bamycture LaTeX erre pas: Bce, 9T0 OBLIO BRIMKUCIEHO B Sage, Temeph BKIYEHO B Barm moKyMmeHT.

Tlepeuncaum marn:
e 3amycture LaTeX nms .tex ¢aitna;
* 3amycTuTe Sage MJisi CTeHEPUPOBAHHOTO .sage (daiia;
» 3amyctute LaTeX erme pa3.

IIyskT ¢ 3amyckoM Sage MOMKHO IIPOMYCTUTD, €CIH HUKAKAE M3MEHEHWs He ObLIN MPUMEHEHBI K KOMAHIAM
Sage B HOKyMeHTe.

SageTeX mpemaraeT MHOTO BO3MOXKHOCTEH, 1 Tak Kak Sage u LaTeX saBISIOTCS MOIHBIMY HHCTPYMEHTAMH,
to crout n3yunth SAGE ROOT/local /share/texmf/tex/generic/sagetex.
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[ locsiecsioBue

7.1

[Touemy Python?

7.1.1 IIpemmymectsa Python

OcHoBHOI1 s13bIK peanmu3anun Sage — 310 Python (cm. [Py]), omHako Koz, KOTODBIi H02KeH 06pabaThBaThCs
OBICTPO, HAIIMCAH HA KOMIUIUPyeMoM si3bike. ¥ Python ects psm npenmyiecTs:

Coxpanenue 06beKTOB MUPOKO ucnoib3dyercs B Python. B Python npucyrcrsyer nommepxkka coxpa-
Henus (MOYTH) JIOOBIX O0HEKTOB HA JUCK WM B 0a3y JTaHHBIX.

SameuarebHAsA MOMIEPKKA JOKYMEHTAINH (DYHKIMI ¥ MAKETOB B MCXOJHOM KOJI€, BKJIIOYAsS aBTOMA-
TUYECKUH JTOCTYT K JOKYMEHTAIMY U ABTOMATUIE€CKOE TECTUPOBAHNE BCeX nMpuMepoB. [Ipumepsr mpose-
PAIOTCH ABTOMATHYECKH HA PEryJisiPHO OCHOBE M WX IMPABUJIbHAS PADOTOCHOCOOHOCTH rapaHTUPOBAHA.

Vupasienne naMatsio: Python nmeer nponyManHbIi 1 CTAOUIBHBIN MEHEIXKED MAMSATH U COOPIIUK MY-
COpa, KOTOPBIE NCITPABHO PADOTAIOT C IMIUKIUIECKIMU CCHIJIKAMU ¥ MTO3BOJISIIOT UCIOJIB30BATH JIOKATHHBIE
nmepeMeHHbie B daiiiax.

Python mmeer MHOXeCTBO MaKeTOB, JOCTYIHBIX yKe Ceidac, KOTOPbIE MOT'YT OBITH MHTEPECHBI MOJIb-
30BaTessIM Sage: YMCIAEHHbI aHaiu3 u JuHelinag asurebpa, 2D u 3D Busyanuszanus, cerb (mis pac-
NpPEeIETIeHHBIX BLIYACICHUN W CEpBEPOB, HAPUMED C MOMOINGLIO twisted), mommep:kka 6a3 JaHHLIX U

T.]I.

IToprupyemocts: Python ¢ serkoctbio Kommuaupyercss Ha OOJBIMMHCTBE MIAT(HOPM B CIUTAHHBIE MU-
HYTBL.

Pabora ¢ uckmodenusivu: Python comepkur c0oKHBIH 1 MPOIyMaHHBIN MeXaHU3M PabOTBI C HCKJIIO-
YEeHUSIMU, OJIAr0IAPs YeMy MPOrpaMMbl MPOJOIKAIOT paboTaTh JaxKe MpU BO3HUKHOBEHUHU OMIMOOK B
BBI3BIBAEMOM HUMH KOJIE.

Ornamunk: Python Brimodaer B cebst OTIAIINK, TaK 9TO KOTJA IporpaMMa He paboraer mo Kakou-To
[PUYKHE, [0Jb30BATEIb MOXKET HOJIYYUTh JOCTYI K UCTOPUU CTEKA, MPOBEPUTH COCTOSHUE HEOOXO/IuU-
MBbIX ITEPEMEHHBIX, IepeMellaThCA 1O CTEKY.

IIpodunuposmniuk: cymecrByer npoduanpoBmuk Python, KoTopsrii 3amyckaer KOm U CO3aeT OTYET IO
KOJIMYECTBY BBI30BOB W BpEMEHU PADOTHI KAXKI0M (DYyHKIWHA.

f3pik: BmecTo Toro, 9Tobbl mucaTh HOBBIN sA3BIK I MATEMATHKH, KAK 3TO ObLIO caeraHo ajisa Magma,
Maple, Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u T.1., Mbl uCHOJIb3yEM s3bIK
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Python, koropsblil sBiisiercs HOIMYISPHBIM S3bIKOM IIPOIPAMMUPOBAHUSA; OH AKTHBHO DA3BUBAETCH U
ONTHMU3MPYETCS COTHSIMH ONBITHBIX CIEIMAINCTOB IO TIPOrpaMMHOMyY obecriedernuio (cM. [PyDev]).

7.1.2 TIpe-mapcep: Paznuans mexay Sage m Python

B mekoTOphIX MaTemMaTwueckKux acmekrax Python moxer BBecTu B 3abiyiKjeHHE, TOITOMY Sage BeJeT cedst
HEMHOTO JPYTHM 00pPa30M.

» O6o3navenne Bo3BeIeHNs B cTenenb: ** Bmecto ~. B Python, ~ o3navaer “nckmountenbro nan (xor)”,

a He BO3BeJIeHUE B cTeneHb, Tak B Python:

278
10

372
1

3**2
9

Ucnonb3oBanne ~ MOXKeT MOKA3ATHCS CTPAHHBIM; 3TO HE TaK BAXKHO [IJIs MATEMATUICCKUX UCCIIEI0BA~
HU, TOTOMY KaK “UCKIIOYUTEbHO WK UCIOJIb3YeTCs JOBOJIBHO peako. s yaobersa, Sage UCHomb-
3yeT Tpe-mapcep s MPOBEPKH KOJa TEepe] TeM, KaK OH meperaercsa B Python, u cumson ~ (eciu on

He HAXOIUTCS B CTPOKE) 3aMeHsieT Ha **:
sage: 278

256

sage: 372

9

sage: "3°2"

73/\27

o Jlenenue nenbix yuces: Boipaxkenue 2/3 8 Python o3nauaer ue ro, yero oxkuznaer maremaruk. B Python,
€CJIM Il 1 N - IIeJible 9YucCjia, TO m/n TaK2Ke I1ej0e 91ucjio, eCjaun 6I)ITI) TO4YHEE, TO 1ej1ad 1aCTb OT ACJICHUA
m wa n. Cremosarensro 2/3=0. B coobimecrse Python obcy:kmaercs BapuaHT W3MeHeHWsI OrepaTopa
TaK, 9TOOBI 2/3 BO3BpAIIAJIO YHCIIO ¢ MiaBaoIei Toukoit 0.6666..., a 2//3 Bo3spammaiio 0.

B unrepuperarope Sage Mbl ucnosib3yeMm obo3nadenue Integer( ) u Jesienue ucnonb3yeM Kak KOHCTPYK-
TOP JAJIs panuoHAJbHBIX ducesn. Hampumep:

sage: 2/3

2/3

sage: (2/3).parent()
Rational Field
sage: 2//3

0

sage: int(2)/int(3)
0

¢ Boabmme nenpie uncia: Python nMeer BCTpoeHHYIO MOAAEPIKKY METBIX IHCENT TPOU3BOIBHON TOTHOCTH
B ponosaenue K C-int’am. Ouu HaMHOrO MeieHHee, 4eM 10, 9410 npejocrapiaser GMP, a rakxke umeror
CBOIiCTBO: CMMBOJI L B KOHIE, UTOOBI OTJIMYATH UX OT MEPEMEHHBIX THUIA int (X 9TO He U3MEHUTCS B
Gimzkaiimem Oymymiem). Sage MCIOJNb3YeT IeIble YUC/Ia MPOU3BOJILHOM TouHOCTH ¢ moMompio GMP
C-OubmoTexkn, 1 OHU BBIBOIAATCS Ha dKpaH 0e3 L.

Bwmecro usmenenus unrepnperaropa Python (kak mocrynuim HEKOTOPbIE JIFOAU /it BHY TPDEHHUX [IPOEKTOB),
MbI ucoab3dyem Python kak ecrb, u npumensiem npe-napcep s IPython tak 4ro0b! moBereHre KOMaH/IHOM
crpoku [Python cooTBeTCTBOBAIO OKUIAHUSAM MATEMATUKOB. DTO O3HAYAET, YTO JIIOOOH CyIIEeCTBYONINT KO
na Python moxker Obirh ucmosb3oBan B Sage. OnHaKO, HYKHO MPUIEPKUBATHLCA cTamgaprTa Python mpm
HAIMCAHUU TTAKETOB, KOTOPbIE Oy/IyT UMIIOPTHPOBAHBL B Sage.
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(Yrobbl ycranosurs naker Python, KoTopblii, ckaxeM, Bbl HALLIY B MHTEPHETE, CJIeLyATe HHCTPY KUK, HO 3a-
myckaidite sage -python Bmecro python. Odenn gacTo 370 03HAUAET, UTO HYKHO BBECTH sage -python setup.py
install.)

7.2 Kak npungarh yuactne B pazpaborke Sage?

Eciu Bbr XO0THTE TIOMOYB B pa3paborke Sage, 310 Oymer orneneHo 1o gocrouncrsy! Tlomomnis MoxkeT Bapbupo-
BATbC OT BHECEHUs] M3MEHEHUN B KOJI JIO JIOMOJIHEHUS CHPABOYHOM nHMOpMaImy 1 HAXOK IeHust OAros.

Tlourure mrdOpMaNUO Ijs pa3pabOTUNKOB HA TJIABHOM CTpaHuIlle Sage; KPOMe BCErO MPOYEro, Bbl MOXKETE
HafTH CIUCOK MPOEKTOB, CBA3aHHBIX C Sage, OTCOPTUPOBAHHBIX TI0 MPUOPUTETY U Kareropuu. PyKoBOICTBO
pazpoborunka Sage COAEP:KUT MOJIe3HY0 HH(MOPMAIUIO; BbI TaK¥Ke MOXKeTe y3Harh bosbiie B Google-rpymme
sage-devel.

7.3 Kak npaBuJibHO ccbliaThed Ha Sage?

Ecsu BBI ucnosb3yere Sage i HAMUCAHUS pAOOTHI, MOKAIYICTA, YKAXKUTE, 9TO BHIYUCIEHUS ObLIN MTPOWU3-
BEJIEHBI C TOMOIIBI0 Sage. Briounte

[Sage] William A. Stein et al., Sage Mathematics Software (Version 4.3).
The Sage Development Team, 2009, http://www.sagemath.org.

B pazzen oubaunorpaduu (3amenss 4.3 Bepcueil Sage, KOTOPYIO BBI UCIOIb3yeTe). Kpome Toro, noxasyiicra,
nocrapaiTech OTCJIEIUTh, KAKHe KOMIIOHEHTBI Sage ObLIN HCTOIBL30BAHbI JJIs Bbraucjenui, nanpumep PARI?,
GAP?, Singular? Maxima?, u ykaykKuTe 3T CHCTeMbl. KCIM BbI COMHEBAETECH O TOM, KAKOE MPOrPAMMHOE
obecriedenre UCIoJIb3yercs JIJisl BBIYUCIeHui, 3a1aiite Bonpoc B Google-rpynme sage-devel. Cu. [Tosmmnombr
OJTHOM TTePEMEHHON /I TaJbHeHInero o0CyKaAeHNs ITON TeMBbI.

Eciu BBl pounTasi 370 PYKOBOACTBO OT HAYAJIA 0 KOHIA, ¥ Y BAC €CTh COOOPAXKEHUs IO MOBOJY BPEMEHH,
3aTPAYEHHOIO HA, HErO, MoXKaslyicra, Bbickaxkure csoe muenue B Google-rpymie sage-devel.

Hacnaxnaiitech Sage!

7.2. Kak npunsarh ygacrue B paspaborke Sage? 81
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Jlonmosnenne

8.1 Ilpuopurer OuHapHbIX apudMETUIECKUX OIIEPATOPOB

Yro Takoe 37°2%4 + 2%57 Buauenue (38) onpeneseno no 3roit “rabiune npuopurera oneparopos”’. Tabiuna
HUXKe ocHOBaHa Ha Tabnuie u3 § 5.14 xauru Python Language Reference Manual, G. Rossum and F. Drake.

Orneparopbl PACIIOTIOKEHBI B TOPs/IKE BO3PACTAHMS CTAPIINHCTBA.

Y

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not, identity test

>, <=, >, >=, ==, = <> | comparison

+, - addition, subtraction

* /% multiplication, division, remainder
%~

exponentiation

CanenoBaresnbHo, 9TO0BI IOCUnTATh 37 2*4 + 2%5, Sage paccrasisier ckobku Tak: ((3°2)*4) + (2%5). Cravaina
cuuraercd 372, To ecthb 9, 3arem cuuTarorca (3°2)*4 u 2%5, U HAKOHEIl OHU CKJIAIBIBAIOTCS.
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bubmorpadusa
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Jlurepatypa

[Cyt] Cython, http://www.cython.org.
[Dive] Dive into Python, Freely available online at http://diveintopython.org.

[GAP] The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, http://www.gap-
system.org

[GAPkg] GAP Packages, http://www.gap-system.org/Packages/packages.html

[GP] PARI/GP http://pari.math.u-bordeaux.fr/.

[Ip] The IPython shell http://ipython.scipy.org.

[Jmol] Jmol: an open-source Java viewer for chemical structures in 3D http://www.jmol.org/.
[Mag] Magma http://magma.maths.usyd.edu.au/magma/.

[Max] Maxima http://maxima.sf.net/

[NagleEtAl12004] Nagle, Saff, and Snider. Fundamentals of Differential Equations. 6th edition, Addison-
Wesley, 2004.

[Py] The Python language http://www.python.org/ Reference Manual http://docs.python.org/ref/ref html.

[PyDev] Guido, Some  Guys, and a Mailing List: How  Python is  Developed,
http://www.python.org/dev/dev_intro.html.

[Pyr] Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/.
[PyT| The Python Tutorial http://www.python.org/.
[SA] Sage web site http://www.sagemath.org/.

[Si] G.-M. Greuel, G. Pfister, and H. Schonemann. Singular 3.0. A Computer Algebra System for
Polynomial Computations. Center for Computer Algebra, University of Kaiserslautern (2005).
http://www.singular.uni-kl.de.

[SJ] William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm.
Computer Algebra {39}(2005)61-64.
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