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Sage � ýòî áåñïëàòíîå è ñâîáîäíî ðàñïðîñòðàíÿåìîå ìàòåìàòè÷åñêîå ïðîãðàììíîå îáåñïå÷åíèå ñ îò-
êðûòûìè èñõîäíûìè êîäàìè äëÿ èññëåäîâàòåëüñêîé ðàáîòû è îáó÷åíèÿ â ñàìûõ ðàçëè÷íûõ îáëàñòÿõ
âêëþ÷àÿ àëãåáðó, ãåîìåòðèþ, òåîðèþ ÷èñåë, êðèïòîãðàôèþ, ÷èñëåííûå âû÷èñëåíèÿ è äðóãèå. Êàê ìî-
äåëü ðàçðàáîòêè Sage, òàê è óñëîâèÿ åãî ðàñïðîñòðàíåíèÿ è èñïîëüçîâàíèÿ âûáðàíû â ñîîòâåòñòâèè ñ
ïðèíöèïàìè îòêðûòîé è ñîâìåñòíîé ðàáîòû: ìû ñîáèðàåì ìàøèíó, à íå ïåðåèçîáðåòàåì êîëåñî. Îäíîé
èç îñíîâíûõ öåëåé Sage ÿâëÿåòñÿ ñîçäàíèå äîñòóïíîé, áåñïëàòíîé è îòêðûòîé àëüòåðíàòèâû Maple,
Matematica, Magma è MATLAB.

Íàñòîÿùèé äîêóìåíò ðàñïðîñòðàíÿåòñÿ ïî ëèöåíçèè Creative Commons Attribution-Share Alike 3.0.
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Ãëàâà 1

Ââåäåíèå

Äàííîå ó÷åáíîå ïîñîáèå � ëó÷øèé ñïîñîá ïîçíàêîìèòüñÿ ñ Sage çà íåñêîëüêî ÷àñîâ. Âû ìîæåòå èñïîëü-
çîâàòü åãî â HTML èëè PDF ôîðìàòå, à òàêæå îòêðûòü èíòåðàêòèâíóþ âåðñèþ äëÿ íåïîñðåäñòâåííîé
ðàáîòû â Sage notebook: íàæìèòå Help, ïîòîì Tutorial. (Èíòåðàêòèâíàÿ âåðñèÿ ìîæåò áûòü íåäîñòóïíà
íà ðóññêîì ÿçûêå, íî ìîæåò áûòü áîëåå ïîëíîé è òî÷íåå ñîîòâåòñòâîâàòü òåêóùåé âåðñèè Sage.)

Ñóùåñòâåííàÿ ÷àñòü Sage íàïèñàíà íà ÿçûêå ïðîãðàììèðîâàíèÿ Python, îäíàêî åãî çíàíèå íå òðåáóåòñÿ
äëÿ ÷òåíèÿ äàííîãî ïîñîáèÿ. Åñëè Âû ïîæåëàåòå óçíàòü áîëüøå î Python (î÷åíü ýëåãàíòíûé ÿçûê!),
ñóùåñòâóåò ìíîãî ïðåêðàñíûõ (è áåñïëàòíûõ) èñòî÷íèêîâ, òàêèõ êàê [PyT] è [Dive]. Äëÿ ïåðâîãî æå
çíàêîìñòâà ñ Sage äàííîå ïîñîáèå ÿâëÿåòñÿ îòëè÷íîé îòïðàâíîé òî÷êîé. Èòàê:

sage: 2 + 2
4
sage: factor(-2007)
-1 * 3^2 * 223

sage: A = matrix(4,4, range(16)); A
[ 0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor(A.charpoly())
x^2 * (x^2 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3
sage: m
[-3 1]
[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]);
sage: E
Elliptic Curve de�ned by y^2 + x*y + 3*y = x^3 + 2*x^2 + 4*x + 5
over Rational Field
sage: E.anlist(10)
[0, 1, 1, 0, -1, -3, 0, -1, -3, -3, -3]
sage: E.rank()
1

3
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sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
1/(I*sqrt(3) + 5/9*sqrt(73) + 3/4)
sage: N(k)
0.165495678130644 - 0.0521492082074256*I
sage: N(k,30) # Òî÷íîñòü 30 áèò
0.16549568 - 0.052149208*I
sage: latex(k)
\frac{1}{i \, \sqrt{3} + \frac{5}{9} \, \sqrt{73} + \frac{3}{4}}

1.1 Óñòàíîâêà

Åñëè íà âàøåì êîìïüþòåðå íå óñòàíîâëåí Sage, è âû õîòèòå ïîïðîáîâàòü íåêîòîðûå êîìàíäû, âîñïîëü-
çóéòåñü ýòîé ññûëêîé: http://www.sagenb.org.

Ðóêîâîäñòâî ïî óñòàíîâêå Sage ìîæíî ïðîñìîòðåòü íà ãëàâíîé ñòðàíèöå Sage â ðàçäåëå äîêóìåíòàöèè:
[SA] Çäåñü ìû ïðèâåäåì ëèøü íåñêîëüêî êîììåíòàðèåâ:

1. Çàãðóæåííûé ôàéë óñòàíîâêè Sage ÿâëÿåòñÿ ñàìîäîñòàòî÷íûì. Òî åñòü, õîòÿ Sage èñïîëüçóåò
Python, IPython, PARI, GAP, Singular, Maxima, NTL, GMP è ò.ä., îòäåëüíîé óñòàíîâêè âûøå-
ïåðå÷èñëåííûõ ïàêåòîâ íå òðåáóåòñÿ, òàê êàê îíè óæå âêëþ÷åíû. Îäíàêî, äëÿ èñïîëüçîâàíèÿ
íåêîòîðûõ ôóíêöèé Sage òàêèõ, êàê Macaulay èëè KASH, âû äîëæíû óñòàíîâèòü òðåáóþùèåñÿ
ôàéëû èëè èìåòü ñîîòâåòñòâóþùèå ïðîãðàììû íà âàøåì êîìïüþòåðå. Macaulay è KASH ÿâëÿ-
þòñÿ ïàêåòàìè Sage (äëÿ ïðîñìîòðà ñïèñêà äîñòóïíûõ ïàêåòîâ ââåäèòå sage -optional èëè èçó÷èòå
ðàçäåë �Download� íà âåá-ñàéòå Sage).

2. Ïðåäâàðèòåëüíî ñêîìïèëèðîâàííóþ áèíàðíóþ âåðñèþ Sage, êîòîðóþ òàêæå ìîæíî íàéòè íà âåá-
ñàéòå, áóäåò ëåã÷å óñòàíîâèòü, ÷åì âåðñèþ â èñõîäíîì êîäå. Ïðîñòî ðàñïàêóéòå è âûïîëíèòå sage.

3. Åñëè âû æåëàåòå èñïîëüçîâàòü ïàêåò SageTeX, êîòîðûé ïîçâîëÿåò âñòàâëÿòü ðåçóëüòàòû âû÷èñ-
ëåíèé Sage â LaTeX ôàéë, òðåáóåòñÿ ñäåëàòü SageTeX èçâåñòíûì âàøåé ñèñòåìå TeX. Äëÿ ýòîãî
èçó÷èòå ñåêöèþ �Make SageTeX known to TeX� â Ðóêîâîäñòâå ïî óñòàíîâêå Sage (äàííàÿ ññûëêà
âåäåò ê ëîêàëüíîìó ðàçìåùåíèþ êîïèè ðóêîâîäñòâà ïî óñòàíîâêå). Ýòî äîâîëüíî ïðîñòî; âàì
ïîíàäîáèòñÿ âñåãî ëèøü ñêîïèðîâàòü îäèí ôàéë â äèðåêòîðèþ ïîèñêà TeX.

Äîêóìåíòàöèÿ ïî èñïîëüçîâàíèþ SageTeX íàõîäèòñÿ â $SAGE_ROOT/local/share/texmf/tex/generic/sagetex/,
ãäå �$SAGE_ROOT� ñîîòâåòñòâóåò äèðåêòîðèè, ãäå óñòàíîâëåí ñàì Sage, íàïðèìåð, /opt/sage-
4.2.1.

1.2 Ðàáîòà â Sage

Ðàáîòà â Sage ìîæåò áûòü îñóùåñòâëåíà íåñêîëüêèìè ïóòÿìè:

• Notebook (ãðàôè÷åñêèé èíòåðôåéñ): ñì. ðàçäåë î Notebook â ñïðàâî÷íîì ðóêîâîäñòâå, à òàêæå
Èíòåðôåéñ Notebook íèæå;

• Èíòåðàêòèâíàÿ êîìàíäíàÿ ñòðîêà: ñì. Èíòåðàêòèâíàÿ îáîëî÷êà;

• Ïðîãðàììû: ñîçäàíèå èíòåðïðåòèðóåìûõ è êîìïèëèðóåìûõ ïðîãðàìì â Sage (ñì. Çàãðóçêà è
ïðèêðåïëåíèå ôàéëîâ Sage è Ñîçäàíèå êîìïèëèðîâàííîãî êîäà);

• Ñêðèïòû: ñîçäàíèå ñàìîñòîÿòåëüíûõ ñêðèïòîâ íà Python, èñïîëüçóþùèõ áèáëèîòåêè Sage (ñì.
Ñàìîñòîÿòåëüíûå ñêðèïòû Python/Sage).

4 Ãëàâà 1. Ââåäåíèå
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1.3 Öåëè Sage

• Ïîëåçíûé: ïðåäïîëàãàåìàÿ àóäèòîðèÿ ïîëüçîâàòåëåé Sage � ýòî øêîëüíèêè ñòàðøèõ êëàññîâ,
ñòóäåíòû, ó÷èòåëÿ, ïðîôåññîðà è ìàòåìàòèêè-èññëåäîâàòåëè. Öåëü: ïðåäîñòàâèòü ïðîãðàììíîå
îáåñïå÷åíèå, êîòîðîå áûëî áû ïîëåçíî äëÿ èçó÷åíèÿ è èññëåäîâàíèé ñ ïîìîùüþ ìàòåìàòè÷åñêèõ
êîíñòðóêöèé â àëãåáðå, ãåîìåòðèè, òåîðèè ÷èñåë, ÷èñëåííûõ âû÷èñëåíèÿõ è ò.ä. Sage óïðîùàåò
èíòåðàêòèâíîå ýêñïåðèìåíòèðîâàíèå ñ ïîìîùüþ ìàòåìàòè÷åñêèõ îáúåêòîâ.

• Ýôôåêòèâíûé: Áóäüòå áûñòðûìè â âû÷èñåëíèÿõ. Sage èñïîëüçóåò âûñîêîîïòèìèçèðîâàííîå ïðî-
ãðàììíîå îáåñïå÷åíèå, êàê GMP, PARI, GAP, and NTL, è ïîýòîìó ÿâëÿåòñÿ î÷åíü áûñòðûì â
îïåðàöèÿõ.

• Ñâîáîäíûé è îòêðûòûé: Èñõîäíûé êîä äîëæåí áûòü ñâîáîäíî äîñòóïíûì, òåì ñàìûì ïðåäîñòàâ-
ëÿÿ ïîëüçîâàòåëÿì âîçìîæíîñòü ïîíÿòü, ÷òî èìåííî âûïîëíÿåòñÿ ñèñòåìîé, è ëåãêî äîïîëíÿòü
åå. Òàê æå, êàê è ìàòåìàòèêè ïðèîáðåòàþò áîëåå ãëóáîêîå ïîíèìàíèå òåîðåìû, óãëóáëÿÿñü â åå
äîêàçàòåëüñòâî, ëþäè, âûïîëíÿþùèå âû÷èñëåíèÿ, â ñèëàõ ïîíÿòü, êàê ýòè âû÷èñëåíèÿ ïðîèçâî-
äÿòñÿ, ïî÷èòàâ äîêóìåíòèðîâàííûé èñõîäíûé êîä. Åñëè âû èñïîëüçóåòå âû÷èñëåíèÿ Sage â ñâîèõ
ïóáëèêàöèÿõ, âû ìîæåòå áûòü óâåðåíû, ÷òî âàøè ÷èòàòåëè áóäóò âñåãäà èìåòü äîñòóï ê Sage è
âñåìó èñõîäíîìó êîäó. Âû òàêæå ìîæåòå àðõèâèðîâàòü è ïåðåðàñïðåäåëÿòü èñïîëüçóåìóþ âåðñèþ
Sage.

• Ëåãêî êîìïèëèðóåìûé: Sage äîëæíî áûòü ëåãêî ñêîìïèëèðîâàòü èç èñõîäíûõ êîäîâ ïîä
GNU/Linux, OS X è Windows. Ýòî ïðåäîñòàâèò ïîëüçîâàòåëÿì âîçìîæíîñòü ìîäèôèöèðîâàòü
è îïòèìèçèðîâàòü ñèñòåìó ïîä ñâîè ïðåäïî÷òåíèÿ.

• Âçàèìîäåéñòâèå: Îáåñïå÷èòü ïðîñòûå è íàäåæíûå èíòåðôåéñû äëÿ ìíîãèõ äðóãèõ ñèñòåì
êîìïüþòåðíîé àëãåáðû, âêëþ÷àÿ PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and
Màthematica. Sage ñîçäàí äëÿ îáúåäèíåíèÿ è ðàñøèðåíèÿ âîçìîæíîñòåé ñóùåñòâóþùåãî ìàòå-
ìàòè÷åñêîãî ïðîãðàììíîãî îáåñïå÷åíèÿ.

• Õîðîøî äîêóìåíòèðîâàííûé: Âû èìååòå äîñòóï ê ó÷åáíîìó ïîñîáèþ, ðóêîâîäñòâó ïî ïðîãðàì-
ìèðîâàíèþ, ñïðàâî÷íîìó ðóêîâîäñòâó è how-to, âêëþ÷àþùèå â ñåáÿ ìíîãî÷èñëåííûå ïðèìåðû è
îáñóæäåíèå ìàòåìàòè÷åñêîé ïîäîïëåêè.

• Ðàñøèðÿåìûé: Îáúÿâëÿéòå íîâûå òèïû äàííûõ èëè ðàñøèðÿéòå âñòðîåííûå, èñïîëüçóéòå êîä,
íàïèñàííûé âî ìíîæåñòâå ÿçûêîâ.

• Äðóæåñòâåííûé: Âàì áóäåò ëåãêî ïîíèìàòü ôóíêöèîíàëüíîñòü ëþáîãî îáúåêòà, à òàêæå ïðî-
ñìàòðèâàòü äîêóìåíòàöèþ è èñõîäíûé êîä. Òàêæå èìåéòå â âèäó âûñîêèé óðîâåíü ïîääåðæêè
ïîëüçîâàòåëåé.
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6 Ãëàâà 1. Ââåäåíèå



Ãëàâà 2

Òóð ïî Sage

Äàííûé ðàçäåë ïîêàæåò, ÷òî äîñòóïíî â Sage. Äëÿ äðóãèõ ïðèìåðîâ ñì. �Sage Constructions�, ãäå íà-
õîäÿòñÿ îòâåòû íà ÷àñòî çàäàâàåìûå âîïðîñû. Òàêæå ñì. �Ñïðàâî÷íîå ðóêîâîäñòâî Sage�, â êîòîðîì
ìîæíî íàéòè òûñÿ÷è äðóãèõ ïðèìåðîâ. Ñ äàííîé ýêñêóðñèåé ìîæíî ðàáîòàòü èíòåðàêòèâíî, åñëè çà-
ïóñòèòü Sage Notebook è íàæàòü íà ññûëêó Help.

(Åñëè óðîêè ïðîñìàòðèâàþòñÿ â Sage Notebook, íàæìèòå shift-enter äëÿ òîãî, ÷òîáû âû÷èñëèòü ëþáóþ
ÿ÷åéêó ââîäà. Äî íàæàòèÿ ñî÷åòàíèÿ êëàâèø shift-enter ìîæíî ðåäàêòèðîâàòü òåêñò ââîäà.)

2.1 Ïðèñâàèâàíèå, ñðàâíåíèå è àðèôìåòèêà

Ñ íåêîòîðûìè èñêëþ÷åíèÿìè Sage èñïîëüçóåò ÿçûê ïðîãðàììèðîâàíèÿ Python, ïîýòîìó ìíîãèå êíèãè,
çíàêîìÿùèå ñ Python, ïîìîãóò â èçó÷åíèè Sage.

Sage èñïîëüçóåò = äëÿ ïðèñâàèâàíèÿ. ==, <=, >=, < è > èñïîëüçóþòñÿ äëÿ ñðàâíåíèÿ:

sage: a = 5
sage: a
5
sage: 2 == 2
True
sage: 2 == 3
False
sage: 2 < 3
True
sage: a == 5
True

Sage ïîääåðæèâàåò âñå áàçîâûå ìàòåìàòè÷åñêèå îïåðàöèè:

sage: 2**3 # ** îçíà÷àåò âîçâåäåíèå â ñòåïåíü
8
sage: 2^3 # â Sage ^ è ** ñèíîíèìû (â îòëè÷èå îò Python)
8
sage: 10 % 3 # äëÿ öåëûõ ÷èñåë % îçíà÷àåò mod, ò.å. âçÿòèå îñòàòêà
1
sage: 10/4
5/2
sage: 10//4 # äëÿ öåëûõ ÷èñåë // îçíà÷àåò öåëî÷èñëåííîå ÷àñòíîå
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2
sage: 4 * (10 // 4) + 10 % 4 == 10
True
sage: 3^2*4 + 2%5
38

Âû÷èñëåíèå âûðàæåíèÿ, òàêîãî êàê 3^2*4 + 2%5, ïðîèçâîäèòñÿ â ñîîòâåòñòâèè ñî ñòàðøèíñòâîì îïå-
ðàöèé, êàê îïèñàíî â Ïðèîðèòåò áèíàðíûõ àðèôìåòè÷åñêèõ îïåðàòîðîâ.

Sage òàêæå ïîääåðæèâàåò ìíîãèå ìàòåìàòè÷åñêèå ôóíêöèè:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt(3)

Êàê ïîêàçûâàåò ïîñëåäíèé ïðèìåð, íåêîòîðûå ìàòåìàòè÷åñêèå âûðàæåíèÿ âîçâðàùàþò `òî÷íûå' âåëè-
÷èíû, íî íå ÷èñëåííûå ïðèáëèæåíèÿ. Äëÿ òîãî, ÷òîáû ïîëó÷èòü ÷èñëåííîå ïðèáëèæåíèå, èñïîëüçóéòå
ôóíêöèþ n èëè ìåòîä n (îáà èìåþò áîëåå äëèííûå íàçâàíèÿ - numerical_approx; ôóíêöèÿ N - ýòî òî
æå ñàìîå, ÷òî è n). Îíè ïðèíèìàþò íåîáÿçàòåëüíûå àðãóìåíòû prec, êîòîðûé îïðåäåëÿåò êîëè÷åñòâî
áèòîâ òî÷íîñòè, è digits, êîòîðûé îïðåäåëÿåò êîëè÷åñòâî äåñÿòè÷íûõ öèôð òî÷íîñòè. Ïî óìîë÷àíèþ,
ïðèìåíÿåòñÿ 53 áèòà òî÷íîñòè.

sage: exp(2)
e^2
sage: n(exp(2))
7.38905609893065
sage: sqrt(pi).numerical_approx()
1.77245385090552
sage: sin(10).n(digits=5)
-0.54402
sage: N(sin(10),digits=10)
-0.5440211109
sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python èìååò äèíàìè÷åñêèé êîíòðîëü òèïîâ, òàê ÷òî çíà÷åíèå, íà êîòîðîå ññûëàåòñÿ ïåðåìåííàÿ, èìååò
òèï, ñâÿçàííûé ñ íèì. Îäíàêî, äàííàÿ ïåðåìåííàÿ ìîæåò ñîäåðæàòü çíà÷åíèå ëþáîãî òèïà èç ÿçûêà
Python:

sage: a = 5 # a - öåëîå ÷èñëî
sage: type(a)
<type 'sage.rings.integer.Integer'>
sage: a = 5/3 # òåïåðü a - ðàöèîíàëüíîå ÷èñëî
sage: type(a)
<type 'sage.rings.rational.Rational'>
sage: a = 'hello' # òåïåðü a - ñòðîêà
sage: type(a)
<type 'str'>

ßçûê C, êîòîðûé èìååò ñòàòè÷åñêèé êîíòðîëü òèïîâ, ñóùåñòâåííî îòëè÷àåòñÿ; ïåðåìåííàÿ, îáúÿâëåí-
íàÿ êàê öåëîå ÷èñëî, ìîæåò ñîäåðæàòü òîëüêî öåëîå ÷èñëî.

Ïîòåíöèàëüíûì èñòî÷íèêîì ïóòàíèöû â Python ÿâëÿåòñÿ òîò ôàêò, ÷òî ÷èñëîâàÿ êîíñòàíòà, íà÷èíà-
þùàÿñÿ ñ 0, ðàññìàòðèâàåòñÿ êàê âîñüìåðè÷íîå ÷èñëî, ò.å. ÷èñëî ïî îñíîâàíèþ 8:
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sage: 011
9
sage: 8 + 1
9
sage: n = 011
sage: n.str(8) # ñòðîêà ïðåäñòàâëÿþùàÿ n ïî îñíîâàíèþ 8
'11'

2.2 Ïîëó÷åíèå ïîìîùè

Â Sage åñòü èñ÷åðïûâàþùàÿ âñòðîåííàÿ äîêóìåíòàöèÿ, ê êîòîðîé ìîæíî ïîëó÷èòü äîñòóï, íàïå÷àòàâ
èìÿ ôóíêöèè èëè êîíñòàíòû ñ ïîñëåäóþùèì âîïðîñèòåëüíûì çíàêîì:

sage: tan?
Type: <class 'sage.calculus.calculus.Function_tan'>
De�nition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES:
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)
1
sage: tan(1/2)
tan(1/2)
sage: RR(tan(1/2))
0.546302489843790

sage: log2?
Type: <class 'sage.functions.constants.Log2'>
De�nition: log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: �oat(log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: l = (1-log2)/(1+log2); l
(1 - log(2))/(log(2) + 1)
sage: R(l)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)
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log(2)
sage: maxima(log2).�oat()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit

sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <type 'function'>
De�nition: sudoku(A)
Docstring:

Solve the 9x9 Sudoku puzzle de�ned by the matrix A.

EXAMPLE:
sage: A = matrix(ZZ,9,[5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,

0,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,
0,0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,3])

sage: A
[5 0 0 0 8 0 0 4 9]
[0 0 0 5 0 0 0 3 0]
[0 6 7 3 0 0 0 0 1]
[1 5 0 0 0 0 0 0 0]
[0 0 0 2 0 8 0 0 0]
[0 0 0 0 0 0 0 1 8]
[7 0 0 0 0 4 1 5 0]
[0 3 0 0 0 2 0 0 0]
[4 9 0 0 5 0 0 0 3]
sage: sudoku(A)
[5 1 3 6 8 7 2 4 9]
[8 4 9 5 2 1 6 3 7]
[2 6 7 3 4 9 5 8 1]
[1 5 8 4 6 3 9 7 2]
[9 7 4 2 1 8 3 6 5]
[3 2 6 7 9 5 4 1 8]
[7 8 2 9 3 4 1 5 6]
[6 3 5 1 7 2 8 9 4]
[4 9 1 8 5 6 7 2 3]

Sage òàêæå ïðåäîñòàâëÿåò âîçìîæíîñòü `Àâòîçàâåðøåíèÿ': íàïå÷àòàéòå íåñêîëüêî ïåðâûõ áóêâ íàçâà-
íèÿ ôóíêöèè è íàæìèòå TAB. Íàïðèìåð, åñëè íàïå÷àòàòü ta è íàæàòü TAB, Sage âûâåäåò tachyon,
tan, tanh, taylor. Äàííàÿ ôóíêöèÿ ÿâëÿåòñÿ õîðîøèì ñïîñîáîì ïîèñêà èìåí ôóíêöèé èëè äðóãèõ êîí-
ñòðóêöèé â Sage.

2.3 Ôóíêöèè, îòñòóïû è ñ÷åò÷èêè

Äëÿ òîãî, ÷òîáû îïðåäåëèòü ôóíêöèþ â Sage, èñïîëüçóéòå êîìàíäó def è äâîåòî÷èå ïîñëå ñïèñêà èìåí
ïåðåìåííûõ:

sage: def is_even(n):
... return n%2 == 0
...
sage: is_even(2)
True
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sage: is_even(3)
False

Çàìåòêà: Â çàâèñèìîñòè îò âåðñèè ó÷åáíîãî ïîñîáèÿ íà âòîðîé ñòðîêå ýòîãî ïðèìåðà ìîæíî óâèäåòü
.... Íå ïå÷àòàéòå èõ, òàê êàê îíè ñëóæàò ëèøü äëÿ òîãî, ÷òîáû ïîêàçàòü îòñòóïû â êîäå.

Íå îïðåäåëÿéòå òèïîâ àðãóìåíòîâ. Ìîæíî îïðåäåëèòü íåñêîëüêî âèäîâ ââîäà, àðãóìåíòû êîòîðûõ
ìîãóò èìåòü çíà÷åíèÿ ïî óìîë÷àíèþ. Íàïðèìåð, ôóíêöèÿ â ñëåäóþùåì ïðèìåðå èñïîëüçóåò divisor=2,
åñëè divisor íå çàäàí.

sage: def is_divisible_by(number, divisor=2):
... return number%divisor == 0
sage: is_divisible_by(6,2)
True
sage: is_divisible_by(6)
True
sage: is_divisible_by(6, 5)
False

Òàêæå ìîæíî çàäàâàòü ââîäíûå äàííûå â ÿâíîì âèäå ïðè âûçîâå ôóíêöèè. Åñëè çàäàâàòü ïàðàìåòðû
ÿâíî, òî ïîðÿäîê íå âàæåí:

sage: is_divisible_by(6, divisor=5)
False
sage: is_divisible_by(divisor=2, number=6)
True

Â Python áëîêè êîäà íå îòäåëÿþòñÿ ôèãóðíûìè ñêîáêàìè èëè äðóãèìè îáîçíà÷åíèÿìè, êàê â äðóãèõ
ÿçûêàõ. Âìåñòî ýòîãî èñïîëüçóþòñÿ îòñòóïû. Íàïðèìåð, ñëåäóþùåå âûäàñò ñèíòàêñè÷åñêóþ îøèáêó,
òàê êàê ïåðåä return íåò òàêîãî æå êîëè÷åñòâà îòñòóïîâ, êàê â ïðåäûäóùèõ ñòðîêàõ.

sage: def even(n):
... v = []
... for i in range(3,n):
... if i % 2 == 0:
... v.append(i)
... return v
Syntax Error:

return v

Åñëè äîáàâèòü îòñòóïû, ôóíêöèÿ áóäåò ðàáîòàòü:

sage: def even(n):
... v = []
... for i in range(3,n):
... if i % 2 == 0:
... v.append(i)
... return v
sage: even(10)
[4, 6, 8]

Òî÷êè ñ çàïÿòîé íå íóæíû íà êîíöàõ ñòðîê. Ìîæíî ðàñïîëîæèòü íåñêîëüêî óòâåðæäåíèé íà îäíîé
ñòðîêå, îòäåëåííûõ òî÷êàìè ñ çàïÿòîé:

sage: a = 5; b = a + 3; c = b^2; c
64

Åñëè òðåáóåòñÿ ðàñïîëîæèòü ñòðîêó êîäà íà íåñêîëüêèõ ñòðîêàõ, èñïîëüçóéòå \:
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sage: 2 + \
... 3
5

Â Sage ñ÷åò÷èêè ïðîèçâîäÿò èòåðàöèè ïî èíòåðâàëó öåëûõ ÷èñåë. Íàïðèìåð, ïåðâàÿ ñòðî÷êà â ïðèìåðå
îçíà÷àåò òî æå ñàìîå, ÷òî for(i=0; i<3; i++) â C++ èëè Java:

sage: for i in range(3):
... print i
0
1
2

Ïåðâàÿ ñòðî÷êà â ñëåäóþùåì ïðèìåðå ýêâèâàëåíòíà for(i=2;i<5;i++).

sage: for i in range(2,5):
... print i
2
3
4

Òðåòèé àðãóìåíò çàäàåò øàã. Ñëåäóþùåå ýêâèâàëåíòíî for(i=1;i<6;i+=2).

sage: for i in range(1,6,2):
... print i
1
3
5

×àñòî òðåáóåòñÿ ñîçäàòü òàáëèöó äëÿ âûâîäà ÷èñåë, ïîñ÷èòàííûõ â Sage. Ëåãêèé ñïîñîá � èñïîëüçîâàòü
ôîðìàòèðîâàíèå ñòðîê. Íèæå ñîçäàåòñÿ òàáëèöà ñ òðåìÿ ñòîëáöàìè øèðèíîé 6, ñîäåðæàùàÿ òàáëèöó
êâàäðàòîâ è êóáîâ:

sage: for i in range(5):
... print '%6s %6s %6s'%(i, i^2, i^3)

0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

Ñàìûì áàçîâûì òèïîì äàííûõ â Sage ÿâëÿåòñÿ ñïèñîê � íàáîð ðàçëè÷íûõ îáúåêòîâ. Íàïðèìåð, êî-
ìàíäà range ñîçäàñò ñïèñîê:

sage: range(2,10)
[2, 3, 4, 5, 6, 7, 8, 9]

Äàëåå ïîêàçàí ïðèìåð áîëåå ñëîæíîãî ñïèñêà:

sage: v = [1, "hello", 2/3, sin(x^3)]
sage: v
[1, 'hello', 2/3, sin(x^3)]

Èíäåêñû â ñïèñêå íà÷èíàþòñÿ ñ íóëÿ, êàê âî ìíîãèõ ÿçûêàõ ïðîãðàììèðîâàíèÿ.

sage: v[0]
1
sage: v[3]
sin(x^3)
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Èñïîëüçóéòå len(v) äëÿ òîãî, ÷òîáû ïîëó÷èòü äëèíó v; v.append(obj) äëÿ òîãî, ÷òîáû äîáàâèòü íîâûé
îáúåêò ê êîíöó v, è del v[i], ÷òîáû óäàëèòü i-é ýëåìåíò èç v:

sage: len(v)
4
sage: v.append(1.5)
sage: v
[1, 'hello', 2/3, sin(x^3), 1.50000000000000]
sage: del v[1]
sage: v
[1, 2/3, sin(x^3), 1.50000000000000]

Äðóãîé î÷åíü âàæíûé òèï äàííûõ � ñëîâàðü (èëè àññîöèàòèâíûé ìàññèâ). Îí ðàáîòàåò, êàê ñïèñîê,
íî ìîæåò áûòü èíäåêñèðîâàí ïî÷òè ëþáûì îáúåêòîì (èíäåêñû äîëæíû áûòü íåèçìåíèìûìè):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']
-2
sage: d[e]
pi

Òàêæå ìîæíî îïðåäåëèòü íîâûé òèï äàííûõ ñ èñïîëüçîâàíèåì êëàññîâ. Èíêàïñóëèðîâàíèå ìàòåìàòè-
÷åñêèõ îáúåêòîâ â êëàññàõ � ýòî ìîùíàÿ òåõíèêà, êîòîðàÿ ìîæåò ïîìî÷ü óïðîñòèòü è îðãàíèçîâàòü
ïðîãðàììû â Sage. Íèæå ïîêàçàí ïðèìåð êëàññà, êîòîðûé ñîñòîèò èç ñïèñêà ïîëîæèòåëüíûõ ÷¼òíûõ
öåëûõ ÷èñåë äî n; îí ïîëó÷åí èç âñòðîåííîãî òèïà list.

sage: class Evens(list):
... def __init__(self, n):
... self.n = n
... list.__init__(self, range(2, n+1, 2))
... def __repr__(self):
... return "Even positive numbers up to n."

Ìåòîä __init__ âûçûâàåòñÿ äëÿ èíèöèàëèçàöèè îáúåêòà ïðè åãî ñîçäàíèè; ìåòîä __repr__ âûâåäåò
âñå îáúåêòû. Êîíñòðóêòîð ñïèñêà âûçûâàåòñÿ âî âòîðîé ñòðî÷êå ìåòîäà __init__. Îáúåêò êëàññà
Evens ñîçäàåòñÿ â ñëåäóþùåì âèäå:

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

Çàìåòüòå, ÷òî e âûâîäèòñÿ ñ ïîìîùüþ ìåòîäà __repr__, êîòîðûé áûë çàäàí íàìè. Äëÿ ïðîñìîòðà
ñïèñêà ÷èñåë èñïîëüçóéòå ôóíêöèþ list:

sage: list(e)
[2, 4, 6, 8, 10]

Ìîæíî îáðàòèòüñÿ ê àòðèáóòó n èëè èñïîëüçîâàòü e êàê ñïèñîê.

sage: e.n
10
sage: e[2]
6
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2.4 Áàçîâàÿ àëãåáðà è âû÷èñëåíèÿ

Sage ìîæåò îñóùåñòâëÿòü âû÷èñëåíèÿ òàêèå, êàê ïîèñê ðåøåíèé óðàâíåíèé, äèôôåðåíöèðîâàíèå, èí-
òåãðèðîâàíèå è ïðåîáðàçîâàíèÿ Ëàïëàñà. Ñì. Sage Constructions , ãäå ñîäåðæàòñÿ ïðèìåðû.

2.4.1 Ðåøåíèå óðàâíåíèé

Òî÷íîå ðåøåíèå óðàâíåíèé

Ôóíêöèÿ solve ðåøàåò óðàâíåíèÿ. Äëÿ åå èñïîëüçîâàíèÿ ñíà÷àëà íóæíî îïðåäåëèòü íåêîòîðûå ïåðå-
ìåííûå; àðãóìåíòàìè äëÿ solve áóäóò óðàâíåíèå (èëè ñèñòåìà óðàâíåíèé) è ïåðåìåííûå, äëÿ êîòîðûõ
íóæíî íàéòè ðåøåíèå:

sage: x = var('x')
sage: solve(x^2 + 3*x + 2, x)
[x == -2, x == -1]

Ìîæíî ðåøàòü óðàâíåíèÿ äëÿ îäíîé ïåðåìåííîé ÷åðåç äðóãèå:

sage: x, b, c = var('x b c')
sage: solve([x^2 + b*x + c == 0],x)
[x == -1/2*b - 1/2*sqrt(b^2 - 4*c), x == -1/2*b + 1/2*sqrt(b^2 - 4*c)]

Òàêæå ìîæíî ðåøàòü óðàâíåíèÿ ñ íåñêîëüêèìè ïåðåìåííûìè:

sage: x, y = var('x, y')
sage: solve([x+y==6, x-y==4], x, y)
[[x == 5, y == 1]]

Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, êàê Sage ðåøàåò ñèñòåìó íåëèíåéíûõ óðàâíåíèé. Äëÿ íà÷àëà ñèñòåìà
ðåøàåòñÿ ñèìâîëüíî:

sage: var('x y p q')
(x, y, p, q)
sage: eq1 = p+q==9
sage: eq2 = q*y+p*x==-6
sage: eq3 = q*y^2+p*x^2==24
sage: solve([eq1,eq2,eq3,p==1],p,q,x,y)
[[p == 1, q == 8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt(2)*sqrt(5) - 2/3],
[p == 1, q == 8, x == 4/3*sqrt(10) - 2/3, y == -1/6*sqrt(2)*sqrt(5) - 2/3]]

Äëÿ ïðèáëèæåííûõ çíà÷åíèé ðåøåíèÿ ìîæíî èñïîëüçîâàòü:

sage: solns = solve([eq1,eq2,eq3,p==1],p,q,x,y, solution_dict=True)
sage: [[s[p].n(30), s[q].n(30), s[x].n(30), s[y].n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],
[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(Ôóíêöèÿ n âûâåäåò ïðèáëèæåííîå çíà÷åíèå. Àðãóìåíòîì äëÿ äàííîé ôóíêöèè ÿâëÿåòñÿ êîëè÷åñòâî
áèòîâ òî÷íîñòè)

×èñëåííîå ðåøåíèå óðàâíåíèé

Âî ìíîãèõ ñëó÷àÿõ ôóíêöèÿ solve íå ñïîñîáíà íàéòè òî÷íîå ðåøåíèå óðàâíåíèÿ. Âìåñòî íåå ìîæíî
èñïîëüçîâàòü ôóíêöèþ �nd_root äëÿ íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ. Íàïðèìåð, solve íå âîçâðàùàåò
íè÷åãî ñóùåñòâåííîãî äëÿ ñëåäóþùåãî óðàâíåíèÿ:
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sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

Ñ äðóãîé ñòîðîíû ôóíêöèÿ �nd_root ìîæåò èñïîëüçîâàòüñÿ äëÿ ðåøåíèÿ âûøåóêàçàííîãî ïðèìåðà â
èíòåðâàëå 0 < φ < π/2:

sage: phi = var('phi')
sage: �nd_root(cos(phi)==sin(phi),0,pi/2)
0.785398163397448...

2.4.2 Äèôôåðåíöèðîâàíèå, èíòåãðèðîâàíèå è ò.ä.

Sage óìååò äèôôåðåíöèðîâàòü è èíòåãðèðîâàòü ìíîãèå ôóíêöèè. Íàïðèìåð, äëÿ òîãî, ÷òîáû ïðîäèô-
ôåðåíöèðîâàòü sin(u) ïî ïåðåìåííîé u, òðåáóåòñÿ:

sage: u = var('u')
sage: di�(sin(u), u)
cos(u)

Äëÿ ïîäñ÷åòà ÷åòâåðòîé ïðîèçâîäíîé ôóíêöèè sin(x2) íàäî:

sage: di�(sin(x^2), x, 4)
16*x^4*sin(x^2) - 48*x^2*cos(x^2) - 12*sin(x^2)

Äëÿ íàõîæäåíèÿ ÷àñòíûõ ïðîèçâîäíûõ, êàê, íàïðèìåð, äëÿ ôóíêöèè x2 +17y2 ïî x è y ñîîòâåòñòâåííî:

sage: x, y = var('x,y')
sage: f = x^2 + 17*y^2
sage: f.di�(x)
2*x
sage: f.di�(y)
34*y

Òåïåðü íàéä¼ì èíòåãðàëû: è îïðåäåëåííûå, è íåîïðåäåëåííûå. Íàïðèìåð,
∫
x sin(x2) dx è

∫ 1

0
x

x2+1 dx

sage: integral(x*sin(x^2), x)
-1/2*cos(x^2)
sage: integral(x/(x^2+1), x, 0, 1)
1/2*log(2)

Äëÿ íàõîæäåíèÿ ðàçëîæåíèÿ íà ïðîñòûå äðîáè äëÿ 1
x2−1 íóæíî ñäåëàòü ñëåäóþùåå:

sage: f = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)
1/2/(x - 1) - 1/2/(x + 1)

2.4.3 Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

Sage ìîæåò èñïîëüçîâàòüñÿ äëÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé. Äëÿ ðåøåíèÿ óðàâíåíèÿ x′+
x− 1 = 0 ñäåëàåì ñëåäóþùåå:

sage: t = var('t') # îïðåäåëåíèå ïåðåìåííîé t äëÿ ñèìâîëüíûõ âû÷èñëåíèé
sage: x = function('x',t) # îïðåäåëåíèå ôóíêöèè x çàâèñÿùåé îò t
sage: DE = di�(x, t) + x - 1
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sage: desolve(DE, [x,t])
(c + e^t)*e^(-t)

Äëÿ ýòîãî èñïîëüçóåòñÿ èíòåðôåéñ Maxima [Max], ïîýòîìó ðåçóëüòàò ìîæåò áûòü âûâåäåí â âèäå,
îòëè÷íîì îò îáû÷íîãî âûâîäà Sage. Â äàííîì ñëó÷àå îáùåå ðåøåíèå äëÿ äàííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ - x(t) = e−t(et + c).

Ïðåîáðàçîâàíèÿ Ëàïëàñà òàêæå ìîãóò áûòü âû÷èñëåíû. Ïðåîáðàçîâàíèå Ëàïëàñà äëÿ t2et − sin(t)
âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

sage: s = var("s")
sage: t = var("t")
sage: f = t^2*exp(t) - sin(t)
sage: f.laplace(t,s)
2/(s - 1)^3 - 1/(s^2 + 1)

Ïðèâåäåì áîëåå ñëîæíûé ïðèìåð. Îòêëîíåíèå îò ïîëîæåíèÿ ðàâíîâåñèÿ äëÿ ïàðû ïðóæèí, ïðèêðåï-
ëåííûõ ê ñòåíå ñëåâà,

|------\/\/\/\/\---|ìàññà1|----\/\/\/\/\/----|ìàññà2|
ïðóæèíà1 ïðóæèíà2

ìîæåò áûòü ïðåäñòàâëåíî â âèäå äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà

m1x
′′
1 + (k1 + k2)x1 − k2x2 = 0

m2x
′′
2 + k2(x2 − x1) = 0,

ãäå mi - ýòî ìàññà îáúåêòà i, xi - ýòî îòêëîíåíèå îò ïîëîæåíèÿ ðàâíîâåñèÿ ìàññû i, à ki - ýòî êîíñòàíòà
äëÿ ïðóæèíû i.

Ïðèìåð: Èñïîëüçóéòå Sage äëÿ âûøåóêàçàííîãî ïðèìåðà ñ m1 = 2, m2 = 1, k1 = 4, k2 = 2, x1(0) = 3,
x′1(0) = 0, x2(0) = 3, x′2(0) = 0.

Ðåøåíèå: Íàäî íàéòè ïðåîáðàçîâàíèå Ëàïëàñà ïåðâîãî óðàâíåíèÿ (ñ óñëîâèåì x = x1, y = x2):

sage: de1 = maxima("2*di�(x(t),t, 2) + 6*x(t) - 2*y(t)")
sage: lde1 = de1.laplace("t","s"); lde1
2*(-?%at('di�(x(t),t,1),t=0)+s^2*'laplace(x(t),t,s)-x(0)*s)-2*'laplace(y(t),t,s)+6*'laplace(x(t),t,s)

Äàííûé ðåçóëüòàò òÿæåëî ÷èòàåì, îäíàêî äîëæåí áûòü ïîíÿò êàê

−2x′(0) + 2s2 ∗X(s)− 2sx(0)− 2Y (s) + 6X(s) = 0

Íàéäåì ïðåîáðàçîâàíèå Ëàïëàñà äëÿ âòîðîãî óðàâíåíèÿ:

sage: de2 = maxima("di�(y(t),t, 2) + 2*y(t) - 2*x(t)")
sage: lde2 = de2.laplace("t","s"); lde2
-?%at('di�(y(t),t,1),t=0)+s^2*'laplace(y(t),t,s)+2*'laplace(y(t),t,s)-2*'laplace(x(t),t,s)-y(0)*s

Ðåçóëüòàò:

−Y ′(0) + s2Y (s) + 2Y (s)− 2X(s)− sy(0) = 0.

Âñòàâèì íà÷àëüíûå óñëîâèÿ äëÿ x(0), x′(0), y(0) è y′(0), è ðåøèì óðàâåíèÿ:
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sage: var('s X Y')
(s, X, Y)
sage: eqns = [(2*s^2+6)*X-2*Y == 6*s, -2*X +(s^2+2)*Y == 3*s]
sage: solve(eqns, X,Y)
[[X == 3*(s^3 + 3*s)/(s^4 + 5*s^2 + 4),
Y == 3*(s^3 + 5*s)/(s^4 + 5*s^2 + 4)]]

Òåïåðü ïðîèçâåä¼ì îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà äëÿ íàõîæäåíèÿ îòâåòà:

sage: var('s t')
(s, t)
sage: inverse_laplace((3*s^3 + 9*s)/(s^4 + 5*s^2 + 4),s,t)
cos(2*t) + 2*cos(t)
sage: inverse_laplace((3*s^3 + 15*s)/(s^4 + 5*s^2 + 4),s,t)
-cos(2*t) + 4*cos(t)

Èòàê, îòâåò:

x1(t) = cos(2t) + 2 cos(t), x2(t) = 4 cos(t)− cos(2t).

Ãðàôèê äëÿ îòâåòà ìîæåò áûòü ïîñòðîåí ïàðàìåòðè÷åñêè, èñïîëüçóÿ

sage: t = var('t')
sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),\
... (t, 0, 2*pi), rgbcolor=hue(0.9))
sage: show(P)

Ãðàôèêè ìîãóò áûòü ïîñòðîåíû è äëÿ îòäåëüíûõ êîìïîíåíòîâ:

sage: t = var('t')
sage: p1 = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(p1 + p2)

Äëÿ áîëåå èñ÷åðïûâàþùåé èíôîðìàöèè ïî ãðàôèêàì ñì. Ïîñòðîåíèå ãðàôèêîâ. Òàêæå ñì. ñåêöèþ 5.5
èç [NagleEtAl2004] äëÿ óãëóáëåííîé èíôîðìàöèè ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì.

2.4.4 Ìåòîä Ýéëåðà äëÿ ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé

Â ñëåäóþùåì ïðèìåðå ïîêàçàí ìåòîä Ýéëåðà äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî è âòîðîãî
ïîðÿäêîâ. Ñíà÷àëà âñïîìíèì, ÷òî äåëàåòñÿ äëÿ óðàâíåíèé ïåðâîãî ïîðÿäêà. Äàíà çàäà÷à ñ íà÷àëüíûìè
óñëîâèÿìè â âèäå

y′ = f(x, y), y(a) = c,

òðåáóåòñÿ íàéòè ïðèáëèçèòåëüíîå çíà÷åíèå ðåøåíèÿ ïðè x = b è b > a.

Èç îïðåäåëåíèÿ ïðîèçâîäíîé ñëåäóåò, ÷òî

y′(x) ≈ y(x+ h)− y(x)
h

,

ãäå h > 0 äàíî è ÿâëÿåòñÿ íåáîëüøèì. Ýòî è äèôôåðåíöèàëüíîå óðàâíåíèå äàþò f(x, y(x)) ≈
y(x+h)−y(x)

h . Òåïåðü íàäî ðåøèòü äëÿ y(x+ h):

y(x+ h) ≈ y(x) + h ∗ f(x, y(x)).
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Åñëè íàçâàòü hf(x, y(x)) �ïîïðàâî÷íûì ýëåìåíòîì�, y(x) �ïðåæíèì çíà÷åíèåì y� à y(x + h) �íîâûì
çíà÷åíèåì y�, òîãäà äàííîå ïðèáëèæåíèå ìîæåò áûòü âûðàæåíî â âèäå

ynew ≈ yold + h ∗ f(x, yold).

Åñëè ðàçáèòü èíòåðâàë ìåæäó a è b íà n ÷àñòåé, ÷òîáû h = b−a
n , òîãäà ìîæíî çàïèñàòü èíôîðìàöèþ

äëÿ äàííîãî ìåòîäà â òàáëèöó.

x y hf(x, y)
a c hf(a, c)
a+ h c+ hf(a, c) ...
a+ 2h ...
...
b = a+ nh ??? ...

Öåëüþ ÿâëÿåòñÿ çàïîëíèòü âñå ïóñòîòû â òàáëèöå ïî îäíîìó ðÿäó çà ðàç äî ìîìåíòà äîñòèæåíèÿ çàïèñè
???, êîòîðàÿ è ÿâëÿåòñÿ ïðèáëèæåííûì çíà÷åíèåì ìåòîäà Ýéëåðà äëÿ y(b).

Ðåøåíèå ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïîõîæå íà ðåøåíèå îáû÷íûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé.

Ïðèìåð: Íàéäèòå ÷èñëåííîå ïðèáëèçèòåëüíîå çíà÷åíèå äëÿ z(t) ïðè t = 1, èñïîëüçóÿ 4 øàãà ìåòîäà
Ýéëåðà, ãäå z′′ + tz′ + z = 0, z(0) = 1, z′(0) = 0.

Òðåáóåòñÿ ïðèâåñòè äèôôåðåíöèàëüíîå óðàâíåíèå 2ãî ïîðÿäêà ê ñèñòåìå äâóõ äèôôåðåíöàëüíûõ óðàâ-
íåíèé ïåðâîãî ïîðÿäêà (èñïîëüçóÿ x = z, y = z′) è ïðèìåíèòü ìåòîä Ýéëåðà:

sage: t,x,y = PolynomialRing(RealField(10),3,"txy").gens()
sage: f = y; g = -x - y * t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t x h*f(t,x,y) y h*g(t,x,y)
0 1 0.00 0 -0.25

1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

Èòàê, z(1) ≈ 0.75.

Ìîæíî ïîñòðîèòü ãðàôèê äëÿ òî÷åê (x, y), ÷òîáû ïîëó÷èòü ïðèáëèçèòåëüíûé âèä êðèâîé. Ôóíêöèÿ
eulers_method_2x2_plot âûïîëíèò äàííóþ çàäà÷ó; äëÿ ýòîãî íàäî îïðåäåëèòü ôóíêöèè f è g, àðãóìåíò
êîòîðûõ èìååò òðè êîîðäèíàòû: (t, x, y).

sage: f = lambda z: z[2] # f(t,x,y) = y
sage: g = lambda z: -sin(z[1]) # g(t,x,y) = -sin(x)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

Â ýòîò ìîìåíò P ñîäåðæèò â ñåáå äâà ãðàôèêà: P[0] - ãðàôèê x ïî t è P[1] - ãðàôèê y ïî t. Îáà ýòè
ãðàôèêà ìîãóò áûòü âûâåäåíû ñëåäóþùèì îáðàçîì:

sage: show(P[0] + P[1])

2.4.5 Ñïåöèàëüíûå ôóíêöèè

Íåñêîëüêî îðòîãîíàëüíûõ ïîëèíîìîâ è ñïåöèàëüíûõ ôóíêöèé îñóùåñòâëåíû ñ ïîìîùüþ PARI [GAP]
è Maxima [Max].
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sage: x = polygen(QQ, 'x')
sage: chebyshev_U(2,x)
4*x^2 - 1
sage: bessel_I(1,1,"pari",250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_I(1,1)
0.565159103992485
sage: bessel_I(2,1.1,"maxima") # ïîñëåäíèå íåñêîëüêî öèôð ìîãóò áûòü íåòî÷íûìè
0.167089499251049

Íà äàííûé ìîìåíò Sage ðàññìàòðèâàåò äàííûå ôóíêöèè òîëüêî äëÿ ÷èñëåííîãî ïðèìåíåíèÿ. Äëÿ
ñèìâîëüíîãî èñïîëüçîâàíèÿ íóæíî íàïðÿìóþ èñïîëüçîâàòü èíòåðôåéñ Maxima, êàê îïèñàíî íèæå:

sage: maxima.eval("f:bessel_y(v, w)")
'bessel_y(v,w)'
sage: maxima.eval("di�(f,w)")
'(bessel_y(v-1,w)-bessel_y(v+1,w))/2'

2.5 Ïîñòðîåíèå ãðàôèêîâ

Sage ìîæåò ñòðîèòü äâóìåðíûå è òðåõìåðíûå ãðàôèêè.

2.5.1 Äâóìåðíûå ãðàôèêè

Â äâóìåðíîì ïðîñòðàíñòâå Sage ìîæåò îòðèñîâûâàòü êðóãè, ëèíèè è ìíîãîóãîëüíèêè; ãðàôèêè ôóíê-
öèé â äåêàðòîâûõ êîîðäèíàòàõ; òàêæå ãðàôèêè â ïîëÿðíûõ êîîðäèíàòàõ, êîíòóðíûå ãðàôèêè è èçîá-
ðàæåíèÿ âåêòîðíûõ ïîëåé. Íåêîòîðûå ïðèìåðû áóäóò ïîêàçàíû íèæå. Äëÿ áîëåå èñ÷åðïûâàþùåé èí-
ôîðìàöèè ïî ïîñòðîåíèþ ãðàôèêîâ ñì. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé è Maxima, à òàêæå
äîêóìåíòàöèþ Sage Constructions.

Äàííàÿ êîìàíäà ïîñòðîèò æåëòóþ îêðóæíîñòü ðàäèóñà 1 ñ öåíòðîì â íà÷àëå:

sage: circle((0,0), 1, rgbcolor=(1,1,0))

Òàêæå ìîæíî ïîñòðîèòü êðóã:

sage: circle((0,0), 1, rgbcolor=(1,1,0), �ll=True)

Ìîæíî ñîçäàâàòü îêðóæíîñòü è çàäàâàòü åå êàêîé-ëèáî ïåðåìåííîé. Äàííûé ïðèìåð íå áóäåò ñòðîèòü
îêðóæíîñòü:

sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

×òîáû ïîñòðîèòü åå, èñïîëüçóéòå c.show() èëè show(c):

sage: c.show()

c.save('�lename.png') ñîõðàíèò ãðàôèê â ôàéë.

Òåïåðü ýòè `îêðóæíîñòè' áîëüøå ïîõîæè íà ýëëèïñû, òàê êàê îñè èìåþò ðàçíûé ìàñøòàá. Ýòî ìîæíî
èñïðàâèòü ñëåäóþùèì îáðàçîì:

sage: c.show(aspect_ratio=1)
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Êîìàíäà show(c, aspect_ratio=1) âûïîëíèò òî æå ñàìîå. Ñîõðàíèòü êàðòèíêó ìîæíî ñ ïîìîùüþ
c.save('�lename.png', aspect_ratio=1).

Ñòðîèòü ãðàôèêè áàçîâûõ ôóíêöèé ëåãêî:

sage: plot(cos, (-5,5))

Êàê òîëüêî èìÿ ïåðåìåííîé îïðåäåëåíî, ìîæíî ñîçäàòü ïàðàìåòðè÷åñêèé ãðàôèê:

sage: x = var('x')
sage: parametric_plot((cos(x),sin(x)^3),(x,0,2*pi),rgbcolor=hue(0.6))

Âàæíî îòìåòèòü, ÷òî îñè ãðàôèêà áóäóò ïåðåñåêàòüñÿ ëèøü â òîì ñëó÷àå, êîãäà íà÷àëî êîîðäèíàò
íàõîäèòñÿ â ïîëå çðåíèÿ ãðàôèêà, è ÷òî ê äîñòàòî÷íî áîëüøèì çíà÷åíèÿì ìîæíî ïðèìåíèòü íàó÷íîå
îáîçíà÷åíèå:

sage: plot(x^2,(x,300,500))

Ìîæíî îáúåäèíÿòü ïîñòðîåíèÿ, äîáàâëÿÿ èõ äðóã äðóãó:

sage: x = var('x')
sage: p1 = parametric_plot((cos(x),sin(x)),(x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot((cos(x),sin(x)^2),(x,0,2*pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot((cos(x),sin(x)^3),(x,0,2*pi),rgbcolor=hue(0.6))
sage: show(p1+p2+p3, axes=false)

Õîðîøèé ñïîñîá ñîçäàíèÿ çàïîëíåííûõ ôèãóð � ñîçäàíèå ñïèñêà òî÷åê (L â ñëåäóþùåì ïðèìåðå), à
çàòåì èñïîëüçîâàíèå êîìàíäû polygon äëÿ ïîñòðîåíèÿ ôèãóðû ñ ãðàíèöàìè, îáðàçîâàííûìè çàäàííûìè
òî÷êàìè. Ê ïðèìåðó, ñîçäàäèì çåëåíûé äåëüòîèä:

sage: L = [[-1+cos(pi*i/100)*(1+cos(pi*i/100)),\
... 2*sin(pi*i/100)*(1-cos(pi*i/100))] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))
sage: p

Íàïå÷àòàéòå show(p, axes=false), ÷òîáû íå ïîêàçûâàòü îñåé íà ãðàôèêå.

Ìîæíî äîáàâèòü òåêñò íà ãðàôèê:

sage: L = [[6*cos(pi*i/100)+5*cos((6/2)*pi*i/100),\
... 6*sin(pi*i/100)-5*sin((6/2)*pi*i/100)] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,1/4,1/2))
sage: t = text("hypotrochoid", (5,4), rgbcolor=(1,0,0))
sage: show(p+t)

Ó÷èòåëÿ ìàòåìàòèêè ÷àñòî ðèñóþò ñëåäóþùèé ãðàôèê íà äîñêå: íå îäíó âåòâü arcsin, à íåñêîëüêî, ò.å.
ãðàôèê ôóíêöèè y = sin(x) äëÿ x ìåæäó −2π è 2π, ïåðåâåðíóòûé ïî îòíîøåíèþ ê ëèíèè â 45 ãðàäóñîâ.
Ñëåäóþùàÿ êîìàíäà Sage ïîñòðîèò âûøåóêàçàííîå:

sage: v = [(sin(x),x) for x in srange(-2*�oat(pi),2*�oat(pi),0.1)]
sage: line(v)

Òàê êàê ôóíêöèÿ òàíãåíñà èìååò áîëüøèé èíòåðâàë, ÷åì ñèíóñ, ïðè èñïîëüçîâàíèè òîé æå òåõíèêè
äëÿ ïåðåâåðòûâàíèÿ òàíãåíñà òðåáóåòñÿ èçìåíèòü ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ êîîðäèíàò
äëÿ îñè x:

sage: v = [(tan(x),x) for x in srange(-2*�oat(pi),2*�oat(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)
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Sage òàêæå ìîæåò ñòðîèòü ãðàôèêè â ïîëÿðíûõ êîîðäèíàòàõ, êîíòóðíûå ïîñòðîåíèÿ è èçîáðàæåíèÿ
âåêòîðíûõ ïîëåé (äëÿ ñïåöèàëüíûõ âèäîâ ôóíêöèé). Äàëåå ñëåäóåò ïðèìåð êîíòóðíîãî ÷åðòåæà:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))

2.5.2 Òðåõìåðíûå ãðàôèêè

Sage òàêæå ìîæåò áûòü èñïîëüçîâàí äëÿ ñîçäàíèÿ òðåõìåðíûõ ãðàôèêîâ. Ýòè ãðàôèêè ñòðîÿòñÿ ñ
ïîìîùüþ ïàêåòà [Jmol], êîòîðûé ïîääåðæèâàåò ïîâîðîò è ïðèáëèæåíèå êàðòèíêè ñ ïîìîùüþ ìûøè.

Èñïîëüçóéòå plot3d, ÷òîáû ïîñòðîèòü ãðàôèê ôóíêöèè ôîðìû f(x, y) = z:

sage: x, y = var('x,y')
sage: plot3d(x^2 + y^2, (x,-2,2), (y,-2,2))

Åùå ìîæíî èñïîëüçîâàòü parametric_plot3d äëÿ ïîñòðîåíèÿ ãðàôèêîâ ïàðàìåòðè÷åñêèõ ïîâåðõíîñòåé,
ãäå êàæäûé èç x, y, z îïðåäåëÿåòñÿ ôóíêöèåé îäíîé èëè äâóõ ïåðåìåííûõ (ïàðàìåòðû; îáû÷íî u è v).
Ïðåäûäóùèé ãðàôèê ìîæåò áûòü âûðàæåí ïàðàìåòðè÷åñêè â ñëåäóþùåì âèäå:

sage: u, v = var('u, v')
sage: f_x(u, v) = u
sage: f_y(u, v) = v
sage: f_z(u, v) = u^2 + v^2
sage: parametric_plot3d([f_x, f_y, f_z], (u, -2, 2), (v, -2, 2))

Òðåòèé ñïîñîá ïîñòðîèòü òðåõìåðíóþ ïîâåðõíîñòü â Sage - èñïîëüçîâàíèå implicit_plot3d, êîòîðûé
ñòðîèò êîíòóðû ãðàôèêîâ ôóíêöèé, êàê f(x, y, z) = 0. ×òîáû ïîñòðîèòü ñôåðó, âîçïîëüçóåìñÿ êëàññè-
÷åñêîé ôîðìóëîé:

sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x^2 + y^2 + z^2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))

Íèæå ïîêàçàíû íåñêîëüêî ïðèìåðîâ:

Ñêðåùåííûé êîëïàê (áëèçêèé ðîäñòâåííèê øèðîêî èçâåñòíîãî ëèñòà Ì¼áèóñà):

sage: u, v = var('u,v')
sage: fx = (1+cos(v))*cos(u)
sage: fy = (1+cos(v))*sin(u)
sage: fz = -tanh((2/3)*(u-pi))*sin(v)
sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
... frame=False, color="red")

Êðó÷åíûé òîðîèä:

sage: u, v = var('u,v')
sage: fx = (3+sin(v)+cos(u))*cos(2*v)
sage: fy = (3+sin(v)+cos(u))*sin(2*v)
sage: fz = sin(u)+2*cos(v)
sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
... frame=False, color="red")

Ëåìíèñêàòà:

sage: x, y, z = var('x,y,z')
sage: f(x, y, z) = 4*x^2 * (x^2 + y^2 + z^2 + z) + y^2 * (y^2 + z^2 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
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2.6 Ðàñïðîñòðàí¼ííûå ïðîáëåìû ñ ôóíêöèÿìè

Íåêîòîðûå àñïåêòû îïðåäåëåíèÿ ôóíêöèé (íàïðèìåð, äëÿ äèôôåðåíöèðîâàíèÿ èëè ïîñòðîåíèÿ ãðà-
ôèêà) ìîãóò áûòü íå ÿñíû. Â ýòîì ðàçäåëå ìû îáðàùàåì âíèìàíèå íà íåêîòîðûå íàèáîëåå ðàñïðîñòðà-
íåííûå ïðîáëåìû.

Äàëåå ïîêàçàíû íåñêîëüêî ñïîñîáîâ îïðåäåëåíèÿ òîãî, ÷òî ìîæíî íàçâàòü �ôóíêöèåé�:

1. Îïðåäåëèòå ôóíêöèþ Python, êàê îïèñàíî â ðàçäåëå Ôóíêöèè, îòñòóïû è ñ÷åò÷èêè. Äëÿ òàêèõ
ôóíêöèé ìîæíî ïîñòðîèòü ãðàôèêè, íî ïðîäèôôåðåíöèðîâàòü èëè ïðîèíòåãðèðîâàòü èõ íåëüçÿ.

sage: def f(z): return z^2
sage: type(f)
<type 'function'>
sage: f(3)
9
sage: plot(f, 0, 2)

Îáðàòèòå âíèìàíèå íà ñèíòàêñèñ â ïîñëåäíåé ñòðî÷êå. plot(f(z), 0, 2) âûäàñò îøèáêó, òàê êàê z - ýòî
ïåðåìåííàÿ-áîëâàíêà â îïðåäåëåíèè f, êîòîðàÿ íå îïðåäåëåíà âíóòðè äàííîé êîíñòðóêöèè. Ïðîñòî
f(z) âîçâðàòèò îøèáêó. Ñëåäóþùåå áóäåò ðàáîòàòü â äàííîì êîíòåêñòå, îäíàêî, â îáùåì, âîçíèêíóò
íåêîòîðûå çàòðóäíåíèÿ, íî îíè ìîãóò áûòü ïðîèãíîðèðîâàíû (ñì. ïóíêò 4).

sage: var('z') # îïðåäåëåíèå ïåðåìåííîé z äëÿ ñèìâîëüíûõ âû÷èñëåíèé
z
sage: f(z)
z^2
sage: plot(f(z), 0, 2)

Â ýòîì ñëó÷àå f(z) - ýòî ñèìâîëüíîå âûðàæåíèå.

2. Îïðåäåëèì �âûçûâàåìîå ñèìâîëüíîå âûðàæåíèå�. Îíî ìîæåò áûòü ïðîäèôôåðåíöèðîâàíî, ïðîèíòå-
ãðèðîâàíî, à òàêæå ìîæíî ïîñòðîèòü åãî ãðàôèê.

sage: g(x) = x^2
sage: g # g îòîáðàæàåò x â x^2
x |--> x^2
sage: g(3)
9
sage: Dg = g.derivative(); Dg
x |--> 2*x
sage: Dg(3)
6
sage: type(g)
<type 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Åñëè g � ýòî âûçûâàåìîå ñèìâîëüíîå âûðàæåíèå, g(x) � ýòî ñâÿçÿííûé ñ íèì îáúåêò, íî äðóãîãî âèäà,
äëÿ êîòîðîãî ìîæíî ïîñòðîèòü ãðàôèê è êîòîðûé ìîæíî äèôôåðåíöèèðîâàòü è ò.ä.

sage: g(x)
x^2
sage: type(g(x))
<type 'sage.symbolic.expression.Expression'>
sage: g(x).derivative()
2*x
sage: plot(g(x), 0, 2)
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3. Ìîæíî èñïîëüçîâàòü óæå îïðåäåëåííóþ ôóíêöèþ Sage � `ôóíêöèþ èñ÷èñëåíèÿ'. Äëÿ íåå ìîæåò
áûòü ïîñòðîåí ãðàôèê, îíà ìîæåò áûòü ïðîäèôôåðåíöèðîâàíà è ïðîèíòåãðèðîâàíà.

sage: type(sin)
<class 'sage.functions.trig.Function_sin'>
sage: plot(sin, 0, 2)
sage: type(sin(x))
<type 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Ñàìà ïî ñåáå ôóíêöèÿ sin íå ìîæåò áûòü ïðîäèôôåðåíöèðîâàíà, ïî êðàéíåé ìåðå, íå ìîæåò ïðîèçâåñòè
cos.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):
...
AttributeError: ...

Èñïîëüçîâàíèå f = sin(x) âìåñòî sin ðàáîòàåò, íî ëó÷øå èñïîëüçîâàòü f(x) = sin(x) äëÿ òîãî, ÷òîáû
îïðåäåëèòü âûçûâàåìîå ñèìâîëüíîå âûðàæåíèå.

sage: S(x) = sin(x)
sage: S.derivative()
x |--> cos(x)

Äàëåå ñëåäóþò íåêîòîðûå îáùèå ïðîáëåìû ñ îáúÿñíåíèåì:

4. Ñëó÷àéíàÿ îöåíêà.

sage: def h(x):
... if x<2:
... return 0
... else:
... return x-2

Ïðîáëåìà: plot(h(x), 0, 4) ïîñòðîèò êðèâóþ y = x − 2. Ïðè÷èíà: Â êîìàíäå plot(h(x), 0, 4) ñíà÷àëà
îöåíèâàåòñÿ h(x), ÷òî îçíà÷àåò ïîäñòàâêó x â ôóíêöèþ h è îöåíêó x<2.

sage: type(x<2)
<type 'sage.symbolic.expression.Expression'>

Ðåøåíèå: Íå èñïîëüçóéòå plot(h(x), 0, 4); èñïîëüçóéòå:

sage: plot(h, 0, 4)

5. Îøèáî÷íîå ñîçäàíèå êîíñòàíòû âìåñòî ôóíêöèè.

sage: f = x
sage: g = f.derivative()
sage: g
1

Ïðîáëåìà: g(3), íàïðèìåð, âîçâðàòèò îøèáêó ñ ñîîáùåíèåì �ValueError: the number of arguments must
be less than or equal to 0.�

sage: type(f)
<type 'sage.symbolic.expression.Expression'>
sage: type(g)
<type 'sage.symbolic.expression.Expression'>
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g íå ÿâëÿåòñÿ ôóíêöèåé, ýòî êîíñòàíòà, ïîýòîìó îíà íå èìååò ïåðåìåííûõ, è âû ìîæåòå âñòàâëÿòü ÷òî
óãîäíî â íåå.

Ðåøåíèå: åñòü íåñêîëüêî âîçìîæíûõ ïóòåé.

• Îïðåäåëèòü f èçíà÷àëüíî êàê ñèìâîëüíîå âûðàæåíèå.

sage: f(x) = x # âìåñòî 'f = x'
sage: g = f.derivative()
sage: g
x |--> 1
sage: g(3)
1
sage: type(g)
<type 'sage.symbolic.expression.Expression'>

• Ëèáî âìåñòå ñ f, îïðåäåëåííîé âûøå, îïðåäåëèòü g êàê ñèìâîëüíîå âûðàæåíèå.

sage: f = x
sage: g(x) = f.derivative() # âìåñòî 'g = f.derivative()'
sage: g
x |--> 1
sage: g(3)
1
sage: type(g)
<type 'sage.symbolic.expression.Expression'>

• Ëèáî ñ f è g, çàäàííûìè, êàê ïîêàçàíî âûøå, ñîçäàòü ïåðåìåííóþ, ïîä êîòîðóþ ïîäñòàâëÿþòñÿ
çíà÷åíèÿ.

sage: f = x
sage: g = f.derivative()
sage: g
1
sage: g(x=3) # âìåñòî 'g(3)'
1

Åñòü åùå îäèí ñïîñîá, êàê îïðåäåëèòü ðàçëè÷èå ìåæäó ïðîèçâîäíûìè f = x è f(x) = x

sage: f(x) = x
sage: g = f.derivative()
sage: g.variables() # ïåðåìåííûå, êîòîðûå ïðèñóòñòâóþò â g
()
sage: g.arguments() # àðãóìåíòû, êîòîðûå ìîãóò áûòü ïîäñòàâëåíû â g
(x,)
sage: f = x
sage: h = f.derivative()
sage: h.variables()
()
sage: h.arguments()
()

Êàê ïîêàçûâàåò äàííûé ïðèìåð, h íå ïðèíèìàåò àðãóìåíòîâ, ïîýòîìó h(3) âåðíåò îøèáêó.

2.7 Îñíîâíûå êîëüöà

Ïðè îáúÿâëåíèè ìàòðèö, âåêòîðîâ èëè ïîëèíîìîâ äëÿ íèõ èíîãäà ïîëåçíî, à èíîãäà è íåîáõîäèìî
îïðåäåëÿòü �êîëüöà�, íà êîòîðûõ îíè îïðåäåëåíû. Êîëüöî - ýòî ìàòåìàòè÷åñêàÿ êîíñòðóêöèÿ, â êîòîðîé
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ñóùåñòâóþò îïðåäåëåííûå ïîíÿòèÿ ñóììû è ïðîèçâåäåíèÿ. Åñëè âû íèêîãäà î íèõ íå ñëûøàëè, òî âàì,
âåðîÿòíî, äîñòàòî÷íî çíàòü îá ýòèõ ÷åòûðåõ ÷àñòî èñïîëüçóåìûõ êîëüöàõ:

• öåëûå ÷èñëà {...,−1, 0, 1, 2, ...}, íàçûâàåìûå ZZ â Sage.

• ðàöèîíàëüíûå ÷èñëà � íàïðèìåð, äðîáè èëè îòíîøåíèÿ öåëûõ ÷èñåë �, íàçûâàåìûå QQ â Sage.

• âåùåñòâåííûå ÷èñëà, íàçûâàåìûå RR â Sage.

• êîìïëåêñíûå ÷èñëà, íàçûâàåìûå CC â Sage.

Çíàíèå ðàçëè÷èé ìåæäó äàííûìè êîëüöàìè î÷åíü âàæíî, òàê êàê îäèí è òîò æå ïîëèíîì, îïðåäå-
ëåííûé â ðàçíûõ êîëüöàõ, ìîæåò âåñòè ñåáÿ ïî-ðàçíîìó. Íàïðèìåð, ïîëèíîì x2 − 2 èìååò äâà êîðíÿ:
±
√

2. Ýòè êîðíè íå ÿâëÿþòñÿ ðàöèîíàëüíûìè ÷èñëàìè, ïîýòîìó åñëè âû ðàáîòàåòå ñ ïîëèíîìàìè ñ
ðàöèîíàëüíûìè êîýôôèöèåíòàìè, òî ïîëèíîì íå áóäåò ðàçëàãàòüñÿ íà ìíîæèòåëè. Ñ âåùåñòâåííûìè
êîýôôèöèåíòàìè � áóäåò. Ïîýòîìó ñòîèò îïðåäåëèòü êîëüöî, ÷òîáû áûòü óâåðåííûì, ÷òî ïîëó÷åííûé
ðåçóëüòàò áóäåò ïðàâèëüíûì. Ñëåäóþùèå äâå êîìàíäû çàäàþò ìíîæåñòâà ïîëèíîìîâ ñ ðàöèîíàëüíûìè
êîýôôèöèåíòàìè è âåùåñòâåííûìè êîýôôèöèåíòàìè ñîîòâåòñòâåííî. Ìíîæåñòâà íàçâàíû �ratpoly� è
�realpoly�, íî ýòî íå ñòîëü âàæíî â äàííîì êîíòåêñòå, îäíàêî ñèìâîëüíûå ñî÷åòàíèÿ �.<t>� è �.<z>�
ÿâëÿþòñÿ íàçâàíèÿìè ïåðåìåííûõ, èñïîëüçîâàííûõ â äâóõ ñëó÷àÿõ.

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

Ôàêòîðèçèðóåì x2 − 2:

sage: factor(t^2-2)
t^2 - 2
sage: factor(z^2-2)
(z - 1.41421356237310) * (z + 1.41421356237310)

Ñèìâîë I îáîçíà÷àåò êâàäðàòíûé êîðåíü èç −1; i � ýòî òî æå ñàìîå, ÷òî I. Êîíå÷íî, ýòî íå ðàöèîíàëüíîå
÷èñëî:

sage: i # êâàäðàòíûé êîðåíü èç -1
I
sage: i in QQ
False

Çàìåòêà: Âûøåîïèñàííûé êîä ìîæåò ðàáîòàòü íå òàê, êàê çàäóìûâàëîñü, åñëè ïåðåìåííîé i áûëî
çàäàíî äðóãîå çíà÷åíèå, íàïðèìåð, åñëè îíî áûëî èñïîëüçîâàíî, êàê ñ÷åò÷èê äëÿ öèêëà. Â òàêîì
ñëó÷àå ââåäèòå

sage: reset('i')

äëÿ òîãî, ÷òîáû ïîëó÷èòü èçíà÷àëüíîå êîìïëåêñíîå çíà÷åíèå i.

Åñòü îäíà òîíêîñòü â çàäàíèè êîìïëåêñíûõ ÷èñåë: êàê îïèñàíî âûøå, ñèìâîë i ïðåäñòàâëÿåò êâàäðàò-
íûé êîðåíü èç −1, íî ýòî ôîðìàëüíûé èëè ñèìâîëè÷íûé êâàäðàòíûé êîðåíü èç −1. Âûçîâ CC(i) èëè
CC.0 âåðíåò êîìïëåêñíûé êâàäðàòíûé êîðåíü èç −1.

sage: i = CC(i) # êîìïëåêñíîå ÷èñëî ñ ïëàâàþùåé çàïÿòîé
sage: i == CC.0
True
sage: a, b = 4/3, 2/3
sage: z = a + b*i
sage: z
1.33333333333333 + 0.666666666666667*I
sage: z.imag() # ìíèìàÿ ÷àñòü
0.666666666666667
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sage: z.real() == a # àâòîìàòè÷åñêîå ïðèâåäåíèå òèïîâ ïåðåä ñðàâíåíèåì
True
sage: a + b
2
sage: 2*b == a
True
sage: parent(2/3)
Rational Field
sage: parent(4/2)
Rational Field
sage: 2/3 + 0.1 # àâòîìàòè÷åñêîå ïðèâåäåíèå òèïîâ ïåðåä ñëîæåíèåì
0.766666666666667
sage: 0.1 + 2/3 # ïðèâåäåíèå òèïîâ â Sage ñèììåòðè÷íî
0.766666666666667

Äàëåå ñëåäóþò ïðèìåðû áàçîâûõ êîëåö â Sage. Êàê îòìå÷åíî âûøå, êîëüöî ðàöèîíàëüíûõ ÷èñåë îáî-
çíà÷àåòñÿ êàê QQ, à òàêæå êàê RationalField() (ïîëå - ýòî êîëüöî, â êîòîðîì ïðîèçâåäåíèå ÿâëÿåòñÿ
êîììóòàòèâíûì è â êîòîðîì êàæäûé íåíóëåâîé ýëåìåíò èìååò îáðàòíóþ âåëè÷èíó â ýòîì êîëüöå (ðà-
öèîíàëüíûå ÷èñëà ÿâëÿþòñÿ ïîëåì, à öåëûå - íåò):

sage: RationalField()
Rational Field
sage: QQ
Rational Field
sage: 1/2 in QQ
True

Äåñÿòè÷íîå ÷èñëî 1.2 ðàññìàòðèâàåòñÿ êàê QQ: äåñÿòè÷íûå ÷èñëà, êîòîðûå òàêæå ÿâëÿþòñÿ ðàöèîíàëü-
íûìè, ìîãóò áûòü �ïðèâåäåíû� ê ðàöèîíàëüíûì ÷èñëàì. ×èñëà π è

√
2 íå ÿâëÿþòñÿ ðàöèîíàëüíûìè:

sage: 1.2 in QQ
True
sage: pi in QQ
False
sage: pi in RR
True
sage: sqrt(2) in QQ
False
sage: sqrt(2) in CC
True

Äëÿ èñïîëüçîâàíèÿ â âûñøåé ìàòåìàòèêå Sage òàêæå ìîæåò âûïîëíÿòü îïåðàöèè ñ äðóãèìè êîëüöà-
ìè, êàê êîíå÷íûå ïîëÿ, p-àäè÷åñêèå ÷èñëà, êîëüöî àëãåáðàè÷åñêèõ ÷èñåë, ïîëèíîìèàëüíûå êîëüöà è
ìàòðè÷íûå êîëüöà. Äàëåå ïîêàçàíû íåêîòîðûå èç íèõ:

sage: GF(3)
Finite Field of size 3
sage: GF(27, 'a') # åñëè ïîëå íå ïðîñòîå, íóæíî çàäàòü èìÿ ãåíåðàòîðà
Finite Field in a of size 3^3
sage: Zp(5)
5-adic Ring with capped relative precision 20
sage: sqrt(3) in QQbar # àëãåáðàè÷åñêîå çàìûêàêèå QQ
True
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2.8 Ëèíåéíàÿ àëãåáðà

Sage ïîääåðæèâàåò ñòàíäàðòíûå êîíñòðóêöèè èç ëèíåéíîé àëãåáðû, êàê õàðàêòåðèñòè÷åñêèå ïîëèíî-
ìû, ñòóïåí÷àòûå ôîðìû, ñóììû ýëåìåíòîâ ãëàâíîé äèàãîíàëè ìàòðèöû, ðàçëîæåíèÿ.

Ñîçäàâàòü è ïåðåìíîæàòü ìàòðèöû ëåãêî:

sage: A = Matrix([[1,2,3],[3,2,1],[1,1,1]])
sage: w = vector([1,1,-4])
sage: w*A
(0, 0, 0)
sage: A*w
(-9, 1, -2)
sage: kernel(A)
Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:
[ 1 1 -4]

Ðåøåíèå ìàòðè÷íûõ óðàâíåíèé òàêæå âûïîëíÿåòñÿ áåç çàòðóäíåíèé, èñïîëüçóÿ ìåòîä solve_right. Âû-
÷èñëåíèå A.solve_right(Y) âîçâðàòèò ìàòðèöó (èëè âåêòîð) X òàêîé, ÷òî AX = Y :

sage: Y = vector([0, -4, -1])
sage: X = A.solve_right(Y)
sage: X
(-2, 1, 0)
sage: A * X # ïðîâåðêà...
(0, -4, -1)

\ ìîæåò áûòü èñïîëüçîâàí âìåñòî solve_right; èñïîëüçóéòå A \ Y âìåñòî A.solve_right(Y).

sage: A \ Y
(-2, 1, 0)

Åñëè ðåøåíèÿ íå ñóùåñòâóåò, òî Sage âåðíåò îøèáêó:

sage: A.solve_right(w)
Traceback (most recent call last):
...
ValueError: matrix equation has no solutions

Èñïîëüçóéòå A.solve_left(Y), ÷òîáû íàéòè X â XA = Y . Sage ìîæåò íàõîäèòü ñîáñòâåííîå ÷èñëî è
ñîáñòâåííûé âåêòîð:

sage: A = matrix([[0, 4], [-1, 0]])
sage: A.eigenvalues ()
[-2*I, 2*I]
sage: B = matrix([[1, 3], [3, 1]])
sage: B.eigenvectors_left()
[(4, [
(1, 1)
], 1), (-2, [
(1, -1)
], 1)]

(Ðåçóëüòàò eigenvectors_left - ýòî ñïèñîê òðîåê: (ñîáñòâåííîå ÷èñëî, ñîáñòâåííûé âåêòîð, ìíîãîîáðà-
çèå).) Ñîáñòâåííûå ÷èñëà è âåêòîðà äëÿ QQ èëè RR òàêæå ìîãóò áûòü âû÷èñëåíû ñ ïîìîùüþ Maxima
(ñì. Maxima).
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Êàê óêàçàíî â ðàçäåëå Îñíîâíûå êîëüöà, êîëüöî, â êîòîðîì îïðåäåëåíà ìàòðèöà, âëèÿåò íà íåêîòîðûå
åå ñâîéñòâà. Â ñëåäóþùåì ïðèìåðå ïåðâûé àðãóìåíò êîìàíäû matrix ñîîáùàåò Sage, ÷òîáû ìàòðèöà
ðàññìàòðèâàëàñü êàê ìàòðèöà öåëûõ ÷èñåë (ñëó÷àé ñ ZZ), êàê ìàòðèöà ðàöèîíàëüíûõ ÷èñåë (QQ) èëè
êàê ìàòðèöà âåùåñòâåííûõ ÷èñåë (RR):

sage: AZ = matrix(ZZ, [[2,0], [0,1]])
sage: AQ = matrix(QQ, [[2,0], [0,1]])
sage: AR = matrix(RR, [[2,0], [0,1]])
sage: AZ.echelon_form()
[2 0]
[0 1]
sage: AQ.echelon_form()
[1 0]
[0 1]
sage: AR.echelon_form()
[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

2.8.1 Ìàòðè÷íîå ïðîñòðàíñòâî

Ñîçäàäèì ïðîñòðàíñòâî Mat3×3(Q), ñîñòîÿùåå èç ìàòðèö 3× 3 ñ ýëåìåíòàìè èç ðàöèîíàëüíûõ ÷èñåë:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(Äëÿ òîãî, ÷òîáû ñîçäàòü ïðîñòðàíñòâî èç ìàòðèö 3 íà 4, èñïîëüçóéòå MatrixSpace(QQ,3,4). Åñëè ÷èñëî
ñòîëáöîâ íå óêàçàíî, ïî óìîë÷àíèþ îíî áóäåò ðàâíî ÷èñëó ñòðîê (MatrixSpace(QQ,3) ýêâèâàëåíòíî
MatrixSpace(QQ,3,3).) Ìàòðè÷íîå ïðîñòðàíñòâî èìååò áàçèñ, êîòîðûé ñîäåðæèòñÿ â Sage â âèäå ñïèñêà:

sage: B = M.basis()
sage: len(B)
9
sage: B[1]
[0 1 0]
[0 0 0]
[0 0 0]

Ñîçäàäèì ìàòðèöó êàê ýëåìåíò M.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

Äàëåå ïîêàæåì âû÷èñëåíèå ìàòðèö, îïðåäåëåííûõ â êîíå÷íûõ ïîëÿõ:

sage: M = MatrixSpace(GF(2),4,8)
sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
... 0,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,0])
sage: A
[1 1 0 0 1 1 1 1]
[0 1 0 0 1 0 1 1]
[0 0 1 0 1 1 0 1]
[0 0 1 1 1 1 1 0]
sage: rows = A.rows()
sage: A.columns()
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[(1, 0, 0, 0), (1, 1, 0, 0), (0, 0, 1, 1), (0, 0, 0, 1),
(1, 1, 1, 1), (1, 0, 1, 1), (1, 1, 0, 1), (1, 1, 1, 0)]
sage: rows
[(1, 1, 0, 0, 1, 1, 1, 1), (0, 1, 0, 0, 1, 0, 1, 1),
(0, 0, 1, 0, 1, 1, 0, 1), (0, 0, 1, 1, 1, 1, 1, 0)]

Ñîçäàäèì ïîäïðîñòðàíñòâî â F2, îõâàòûâàþùåå âûøåïåðå÷èñëåííûå ñòðîêè.

sage: V = VectorSpace(GF(2),8)
sage: S = V.subspace(rows)
sage: S
Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:
[1 0 0 0 0 1 0 0]
[0 1 0 0 1 0 1 1]
[0 0 1 0 1 1 0 1]
[0 0 0 1 0 0 1 1]
sage: A.echelon_form()
[1 0 0 0 0 1 0 0]
[0 1 0 0 1 0 1 1]
[0 0 1 0 1 1 0 1]
[0 0 0 1 0 0 1 1]

2.8.2 Ðàçðåæåííàÿ ëèíåéíàÿ àëãåáðà

Sage ïîääåðæèâàåò ðàçðåæåííóþ ëèíåéíóþ àëãåáðó.

sage: M = MatrixSpace(QQ, 100, sparse=True)
sage: A = M.random_element(density = 0.05)
sage: E = A.echelon_form()

Ìóëüòèìîäóëüíûé àëãîðèòì â Sage ðàáîòàåò õîðîøî äëÿ êâàäðàòíûõ ìàòðèö (íî íå òàê õîðîøî äëÿ
íåêâàäðàòíûõ ìàòðèö):

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element(density = 0.05)
sage: E = A.echelon_form()
sage: M = MatrixSpace(GF(2), 20, 40, sparse=True)
sage: A = M.random_element()
sage: E = A.echelon_form()

Çàìåòüòå, ÷òî â Python èñïîëüçîâàíèå çàãëàâíûõ áóêâ èãðàåò ðîëü:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):
...
TypeError: __classcall__() got an unexpected keyword argument 'Sparse'

2.9 Ïîëèíîìû

Äàííûé ðàçäåë ñîäåðæèò èíôîðìàöèþ î òîì, êàê ñîçäàâàòü è èñïîëüçîâàòü ïîëèíîìû â Sage.
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2.9.1 Ïîëèíîìû îäíîé ïåðåìåííîé

Åñòü òðè ñïîñîáà ñîçäàíèÿ ïîëèíîìèàëüíûõ êîëåö.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

Äàííûé ñïîñîá ñîçäàñò ïîëèíîìèàëüíîå êîëüöî è óêàæåò Sage èñïîëüçîâàòü ñòðîêó `t' â êà÷åñòâå íåèç-
âåñòíîãî ïðè âûâîäå íà ýêðàí. Îäíàêî, ýòî íå îïðåäåëÿåò ñèìâîë t äëÿ èñïîëüçîâàíèÿ â Sage, òàê ÷òî
íåëüçÿ ïðè ïîìîùè íåãî ââåñòè ïîëèíîì (êàê t2 + 1), ïðèíàäëåæàùèé R.

Äðóãîé ñïîñîá:

sage: S = QQ['t']
sage: S == R
True

Ýòîò ñïîñîá èìååò òó æå ïðîáëåìó ïî îòíîøåíèþ ê t.

Òðåòèé ñïîñîá áîëåå óäîáíûé

sage: R.<t> = PolynomialRing(QQ)

èëè

sage: R.<t> = QQ['t']

èëè äàæå

sage: R.<t> = QQ[]

Ýòîò ñïîñîá âëå÷åò çà ñîáîé îáúÿâëåíèå ïåðåìåííîé t êàê íåèçâåñòíîãî â ïîëèíîìèàëüíîì êîëüöå
òàê, ÷òî åå ìîæíî èñïîëüçîâàòü ïðè ñîçäàíèè ýëåìåíòîâ R, êàê îïèñàíî íèæå. (Çàìåòüòå, ÷òî òðåòèé
ñïîñîá ïîõîæ íà îáîçíà÷åíèå êîíñòðóêòîðà â Magma, è, êàê â Magma, îí ìîæåò áûòü èñïîëüçîâàí äëÿ
øèðîêîãî íàáîðà îáúåêòîâ.)

sage: poly = (t+1) * (t+2); poly
t^2 + 3*t + 2
sage: poly in R
True

Êàêîé áû ñïîñîá íè èñïîëüçîâàëñÿ äëÿ çàäàíèÿ ïîëèíîìèàëüíîãî êîëüöà, ìîæíî âû÷ëåíèòü íåèçâåñò-
íîå â âèäå 0th ãåíåðàòîðà:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0
sage: t in R
True

Ïîõîæàÿ êîíñòðóêöèÿ èñïîëüçóåòñÿ äëÿ êîìïëåêñíûõ ÷èñåë: êîìïëåêñíûå ÷èñëà ìîãóò áûòü ðàññìîò-
ðåíû êàê ãåíåðèðîâàííûå èç âåùåñòâåííûõ ÷èñåë ñ èñïîëüçîâàíèåì ñèìâîëà i; èç ýòîãî ñëåäóåò:

sage: CC
Complex Field with 53 bits of precision
sage: CC.0 # 0-îé ãåíåðàòîð CC
1.00000000000000*I

Äëÿ ïîëèíîìèàëüíûõ êîëåö ìîæíî ïîëó÷èòü è êîëüöî, è åãî ãåíåðàòîð, èëè ïðîñòî ãåíåðàòîð âî âðåìÿ
ñîçäàíèÿ êîëüöà:
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sage: R, t = QQ['t'].objgen()
sage: t = QQ['t'].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t'])

Íàêîíåö, ìîæíî ñîâåðøèòü íåêîòîðûå àðèôìåòè÷åñêèå îïðåðàöèè â Q[t].

sage: R, t = QQ['t'].objgen()
sage: f = 2*t^7 + 3*t^2 - 15/19
sage: f^2
4*t^14 + 12*t^9 - 60/19*t^7 + 9*t^4 - 90/19*t^2 + 225/361
sage: cyclo = R.cyclotomic_polynomial(7); cyclo
t^6 + t^5 + t^4 + t^3 + t^2 + t + 1
sage: g = 7 * cyclo * t^5 * (t^5 + 10*t + 2)
sage: g
7*t^16 + 7*t^15 + 7*t^14 + 7*t^13 + 77*t^12 + 91*t^11 + 91*t^10 + 84*t^9

+ 84*t^8 + 84*t^7 + 84*t^6 + 14*t^5
sage: F = factor(g); F
(7) * t^5 * (t^5 + 10*t + 2) * (t^6 + t^5 + t^4 + t^3 + t^2 + t + 1)
sage: F.unit()
7
sage: list(F)
[(t, 5), (t^5 + 10*t + 2, 1), (t^6 + t^5 + t^4 + t^3 + t^2 + t + 1, 1)]

Äåëåíèå äâóõ ïîëèíîìîâ ñîçäàñò ýëåìåíò â äðîáíîì ïîëå, ÷òî áóäåò ñäåëàíî Sage àâòîìàòè÷åñêè.

sage: x = QQ['x'].0
sage: f = x^3 + 1; g = x^2 - 17
sage: h = f/g; h
(x^3 + 1)/(x^2 - 17)
sage: h.parent()
Fraction Field of Univariate Polynomial Ring in x over Rational Field

Èñïîëüçóÿ ðÿäû Ëîðàíà, ìîæíî ïîñ÷èòàòü ðàçëîæåíèå â ðÿä â äðîáíîì ïîëå QQ[x]:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field
sage: 1/(1-x) + O(x^10)
1 + x + x^2 + x^3 + x^4 + x^5 + x^6 + x^7 + x^8 + x^9 + O(x^10)

Åñëè íàçâàòü ïåðåìåííóþ ïî-äðóãîìó, ìîæíî ïîëó÷èòü äðóãîå îäíîìåðíîå ïîëèíîìèàëüíîå êîëüöî.

sage: R.<x> = PolynomialRing(QQ)
sage: S.<y> = PolynomialRing(QQ)
sage: x == y
False
sage: R == S
False
sage: R(y)
x
sage: R(y^2 - 17)
x^2 - 17

Êîëüöî îïðåäåëÿåòñÿ ïåðåìåííîé. Îáðàòèòå âíèìàíèå, ÷òî ñîçäàíèå åù¼ îäíîãî êîëüöà ñ ïåðåìåííîé
x íå âåðíåò äðóãîãî êîëüöà.

sage: R = PolynomialRing(QQ, "x")
sage: T = PolynomialRing(QQ, "x")
sage: R == T
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True
sage: R is T
True
sage: R.0 == T.0
True

Sage ïîääåðæèâàåò êîëüöà ñòåïåííûõ ðÿäîâ è ðÿäîâ Ëîðàíà äëÿ ëþáîãî áàçèñíîãî êîëüöà. Â ñëåäóþ-
ùåì ïðèìåðå ñîçäàäèì ýëåìåíò èç F7[[T ]] è ïîäåëèì, ÷òîáû ñîçäàòü ýëåìåíò èç F7((T )).

sage: R.<T> = PowerSeriesRing(GF(7)); R
Power Series Ring in T over Finite Field of size 7
sage: f = T + 3*T^2 + T^3 + O(T^4)
sage: f^3
T^3 + 2*T^4 + 2*T^5 + O(T^6)
sage: 1/f
T^-1 + 4 + T + O(T^2)
sage: parent(1/f)
Laurent Series Ring in T over Finite Field of size 7

Òàêæå ìîæíî ñîçäàâàòü êîëüöà ñòåïåííûõ ðÿäîâ, èñïîëüçóÿ äâîéíûå ñêîáêè:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

2.9.2 Ïîëèíîìû íåñêîëüêèõ ïåðåìåííûõ

Äëÿ ðàáîòû ñ ïîëèíîìàìè ñ íåñêîëüêèìè ïåðåìåííûìè, ñíà÷àëà íàäî îáúÿâèòü ïîëèíîìèàëüíîå êîëüöî
è ïåðåìåííûå.

sage: R = PolynomialRing(GF(5),3,"z") # çäåñü 3 - ýòî ÷èñëî ïåðåìåííûõ
sage: R
Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5

Òàê æå, êàê è äëÿ îäíîìåðíûõ ïîëèíîìîâ, ñóùåñòâóåò íåñêîëüêî ïóòåé:

sage: GF(5)['z0, z1, z2']
Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R
Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5

×òîáû èìåíà ïåðåìåííûõ ñîñòîÿëè èç áóêâ, íàäî èñïîëüçîâàòü ñëåäóþùåå:

sage: PolynomialRing(GF(5), 'x, y, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

Íåìíîãî àðèôìåòèêè:

sage: z = GF(5)['z0, z1, z2'].gens()
sage: z
(z0, z1, z2)
sage: (z[0]+z[1]+z[2])^2
z0^2 + 2*z0*z1 + z1^2 + 2*z0*z2 + 2*z1*z2 + z2^2

Ìîæíî èñïîëüçîâàòü áîëåå ìàòåìàòè÷åñêîå îáîçíà÷åíèå, ÷òîáû ïîñòðîèòü ïîëèíîìèàëüíîå êîëüöî.

sage: R = GF(5)['x,y,z']
sage: x,y,z = R.gens()
sage: QQ['x']
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Univariate Polynomial Ring in x over Rational Field
sage: QQ['x,y'].gens()
(x, y)
sage: QQ['x'].objgens()
(Univariate Polynomial Ring in x over Rational Field, (x,))

Ìíîãîìåðíûå ïîëèíîìû âíåäðåíû â Sage ñ èñïîëüçîâàíèåì ñëîâàðåé Python. Sage èñïîëüçóåò Singular
[Si] äëÿ âû÷èñëåíèé ÍÎÄ è áàçèñà Ãð¼áíåðà èäåàëîâ.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
sage: f = (x^3 + 2*y^2*x)^2
sage: g = x^2*y^2
sage: f.gcd(g)
x^2

Ñîçäàäèì èäåàë (f, g), ãåíåðèðîâàííûé èç f è f óìíîæåíèåì (f,g) íà R.

sage: I = (f, g)*R; I
Ideal (x^6 + 4*x^4*y^2 + 4*x^2*y^4, x^2*y^2) of Multivariate Polynomial
Ring in x, y over Rational Field
sage: B = I.groebner_basis(); B
[x^6, x^2*y^2]
sage: x^2 in I
False

Êñòàòè, áàçèñ Ãð¼áíåðà ÿâëÿåòñÿ íå ñïèñêîì, à íåèçìåíÿåìîé ïîñëåäîâàòåëüíîñòüþ. Ýòî îçíà÷àåò, ÷òî
ó íåãî åñòü óíèâåðñóì, ðîäèòåëü è ÷òî îí íå ìîæåò áûòü èçìåíåí (÷òî õîðîøî, ïîñêîëüêó èçìåíåíèå
áàçèñà íàðóøèëî áû äðóãèå îïåðàöèè, èñïîëüçóþùèå áàçèñ Ãð¼áíåðà).

sage: B.parent()
Category of sequences in Multivariate Polynomial Ring in x, y over Rational
Field
sage: B.universe()
Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1] = x
Traceback (most recent call last):
...
ValueError: object is immutable; please change a copy instead.

Íåêîòîðàÿ êîììóòàòèâíàÿ àëãåáðà äîñòóïíà â Sage è âíåäðåíà ñ ïîìîùüþ Singular. Ê ïðèìåðó, ìîæíî
ïîñ÷èòàòü ïðèìàðíîå ðàçëîæåíèå è ïðîñòûå ñîîòâåòñòâóþùèå äëÿ I:

sage: I.primary_decomposition()
[Ideal (x^2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y^2, x^6) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

2.10 Êîíå÷íûå ãðóïïû, Àáåëåâû ãðóïïû

Sage ïîääåðæèâàåò âû÷èñëåíèÿ ñ ãðóïïàìè ïåðåñòàíîâîê, êîíå÷íûìè êëàññè÷åñêèìè ãðóïïàìè (êàê,
íàïðèìåð, SU(n, q)), êîíå÷íûìè ìàòðè÷íûìè ãðóïïàìè (ñ ñîáñòâåííûìè ãåíåðàòîðàìè) è ãðóïïàìè
Àáåëÿ (äàæå ñ áåñêîíå÷íûìè). Ìíîãîå èç ýòîãî îñóùåñòâëÿåòñÿ ïîñðåäñòâîì èíòåðôåéñà ê GAP.

Íàïðèìåð, ÷òîáû ïîñòðîèòü ãðóïïó ïåðåñòàíîâîê, íàäî çàäàòü ñïèñîê ãåíåðàòîðîâ:
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sage: G = PermutationGroup(['(1,2,3)(4,5)', '(3,4)'])
sage: G
Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()
120
sage: G.is_abelian()
False
sage: G.derived_series() # random output
[Permutation Group with generators [(1,2,3)(4,5), (3,4)],
Permutation Group with generators [(1,5)(3,4), (1,5)(2,4), (1,3,5)]]
sage: G.center()
Subgroup of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]) generated by [()]
sage: G.random_element() # random output
(1,5,3)(2,4)
sage: print latex(G)
\langle (3,4), (1,2,3)(4,5) \rangle

Òàêæå ìîæíî ïîëó÷èòü ñèìâîëüíóþ òàáëèöó â ôîðìàòå LaTeX:

sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]])
sage: latex(G.character_table())
\left(\begin{array}{rrrr}
1 & 1 & 1 & 1 \\
1 & 1 & -\zeta_{3} - 1 & \zeta_{3} \\
1 & 1 & \zeta_{3} & -\zeta_{3} - 1 \\
3 & -1 & 0 & 0
\end{array}\right)

Sage òàêæå âêëþ÷àåò â ñåáÿ êëàññè÷åñêèå è ìàòðè÷íûå ãðóïïû äëÿ êîíå÷íûõ ïîëåé:

sage: MS = MatrixSpace(GF(7), 2)
sage: gens = [MS([[1,0],[-1,1]]),MS([[1,1],[0,1]])]
sage: G = MatrixGroup(gens)
sage: G.conjugacy_class_representatives()

[
[1 0]
[0 1],
[0 1]
[6 1],
...
[6 0]
[0 6]
]

sage: G = Sp(4,GF(7))
sage: G._gap_init_()
'Sp(4, 7)'
sage: G
Symplectic Group of rank 2 over Finite Field of size 7
sage: G.random_element() # random output
[5 5 5 1]
[0 2 6 3]
[5 0 1 0]
[4 6 3 4]
sage: G.order()
276595200

Òàêæå ìîæíî ïðîèçâîäèòü âû÷èñëåíèÿ ñ ãðóïïàìè Àáåëÿ (êîíå÷íûìè è áåñêîíå÷íûìè):
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sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, c, d, e) = F.gens()
sage: d * b**2 * c**3
b^2*c^3*d
sage: F = AbelianGroup(3,[2]*3); F
Multiplicative Abelian Group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian Group isomorphic to C2 x C3
sage: AbelianGroup(5)
Multiplicative Abelian Group isomorphic to Z x Z x Z x Z x Z
sage: AbelianGroup(5).order()
+In�nity

2.11 Òåîðèÿ ÷èñåë

Sage èìååò îáøèðíóþ ôóíêöèîíàëüíîñòü â ïëàíå òåîðèè ÷èñåë. Íàïðèìåð, ìîæíî ïðîèçâîäèòü àðèô-
ìåòè÷åñêèå îïåðàöèè â Z/NZ:

sage: R = IntegerModRing(97)
sage: a = R(2) / R(3)
sage: a
33
sage: a.rational_reconstruction()
2/3
sage: b = R(47)
sage: b^20052005
50
sage: b.modulus()
97
sage: b.is_square()
True

Sage ñîäåðæèò ñòàíäàðòíûå ôóíêöèè òåîðèè ÷èñåë. Íàïðèìåð,

sage: gcd(515,2005)
5
sage: factor(2005)
5 * 401
sage: c = factorial(25); c
15511210043330985984000000
sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]
sage: next_prime(2005)
2011
sage: previous_prime(2005)
2003
sage: divisors(28); sum(divisors(28)); 2*28
[1, 2, 4, 7, 14, 28]
56
56

Îòëè÷íî!

Ôóíêöèÿ sigma(n,k) â Sage ñóììèðóåò k-å ñòåïåíè äåëèòåëåé n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6
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56
1050

Äàëåå ïîêàæåì àëãîðèòì Ýâêëèäà, φ-ôóíêöèþ Ýéëåðà è êèòàéñêóþ òåîðåìó îá îñòàòêàõ:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True
sage: n = 2005
sage: inverse_mod(3,n)
1337
sage: 3 * 1337
4011
sage: prime_divisors(n)
[5, 401]
sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600
sage: euler_phi(n)
1600
sage: prime_to_m_part(n, 5)
401

Óÿñíèì êîå-÷òî äëÿ 3n+ 1.

sage: n = 2005
sage: for i in range(1000):
... n = 3*odd_part(n) + 1
... if odd_part(n)==1:
... print i
... break
38

Êèòàéñêàÿ òåîðåìà îá îñòàòêàõ:

sage: x = crt(2, 1, 3, 5); x
11
sage: x % 3 # x mod 3 = 2
2
sage: x % 5 # x mod 5 = 1
1
sage: [binomial(13,m) for m in range(14)]
[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]
[1, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1]
sage: [kronecker(m,13) for m in range(1,13)]
[1, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, 1]
sage: n = 10000; sum([moebius(m) for m in range(1,n)])
-23
sage: list(partitions(4))
[(1, 1, 1, 1), (1, 1, 2), (2, 2), (1, 3), (4,)]

2.11.1 p�àäè÷åñêèå ÷èñëà

Ïîëå p-àäè÷åñêèõ ÷èñåë ðåàëèçîâàíî â Sage. Îáðàòèòå âíèìàíèå: êàê òîëüêî ïîëå p-àäè÷åñêèõ ÷èñåë
ñîçäàíî, åãî òî÷íîñòü íå ìîæåò áûòü èçìåíåíà.

sage: K = Qp(11); K
11-adic Field with capped relative precision 20
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sage: a = K(211/17); a
4 + 4*11 + 11^2 + 7*11^3 + 9*11^5 + 5*11^6 + 4*11^7 + 8*11^8 + 7*11^9
+ 9*11^10 + 3*11^11 + 10*11^12 + 11^13 + 5*11^14 + 6*11^15 + 2*11^16
+ 3*11^17 + 11^18 + 7*11^19 + O(11^20)

sage: b = K(3211/11^2); b
10*11^-2 + 5*11^-1 + 4 + 2*11 + O(11^18)

Áîëüøîå êîëè÷åñòâî ìåòîäîâ âñòðîåíî äëÿ êëàññà NumberField.

sage: R.<x> = PolynomialRing(QQ)
sage: K = NumberField(x^3 + x^2 - 2*x + 8, 'a')
sage: K.integral_basis()
[1, 1/2*a^2 + 1/2*a, a^2]

sage: K.galois_group(type="pari")
Galois group PARI group [6, -1, 2, "S3"] of degree 3 of the Number Field
in a with de�ning polynomial x^3 + x^2 - 2*x + 8

sage: K.polynomial_quotient_ring()
Univariate Quotient Polynomial Ring in a over Rational Field with modulus
x^3 + x^2 - 2*x + 8
sage: K.units()
[3*a^2 + 13*a + 13]
sage: K.discriminant()
-503
sage: K.class_group()
Class group of order 1 of Number Field in a with
de�ning polynomial x^3 + x^2 - 2*x + 8
sage: K.class_number()
1

2.12 Íåìíîãî âûñøåé ìàòåìàòèêè

2.12.1 Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ

Sage ïîçâîëÿåò ñîçäàâàòü ëþáûå àëãåáðàè÷åñêèå ìíîãîîáðàçèÿ, íî èíîãäà ôóíêöèîíàëüíîñòü îãðàíè-
÷èâàåòñÿ êîëüöàìè Q èëè êîíå÷íûìè ïîëÿìè. Íàïðèìåð, íàéäåì îáúåäèíåíèå äâóõ ïëîñêèõ êðèâûõ,
à çàòåì âû÷ëåíèì êðèâûå êàê íåñîêðàòèìûå ñîñòàâëÿþùèå îáúåäèíåíèÿ.

sage: x, y = A�neSpace(2, QQ, 'xy').gens()
sage: C2 = Curve(x^2 + y^2 - 1)
sage: C3 = Curve(x^3 + y^3 - 1)
sage: D = C2 + C3
sage: D
A�ne Curve over Rational Field de�ned by
x^5 + x^3*y^2 + x^2*y^3 + y^5 - x^3 - y^3 - x^2 - y^2 + 1

sage: D.irreducible_components()
[
Closed subscheme of A�ne Space of dimension 2 over Rational Field de�ned by:
x^2 + y^2 - 1,

Closed subscheme of A�ne Space of dimension 2 over Rational Field de�ned by:
x^3 + y^3 - 1

]

Òàêæå ìîæíî íàéòè âñå òî÷êè ïåðåñå÷åíèÿ äâóõ êðèâûõ.
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sage: V = C2.intersection(C3)
sage: V.irreducible_components()
[
Closed subscheme of A�ne Space of dimension 2 over Rational Field de�ned by:
y - 1,
x,

Closed subscheme of A�ne Space of dimension 2 over Rational Field de�ned by:
y,
x - 1,

Closed subscheme of A�ne Space of dimension 2 over Rational Field de�ned by:
x + y + 2,
2*y^2 + 4*y + 3

]

Òàêèì îáðàçîì òî÷êè (1, 0) è (0, 1) íàõîäÿòñÿ íà îáåèõ êðèâûõ, à êîîðäèíàòû ïî îñè y óäîâëåòâîðÿþò
ôóíêöèè 2y2 + 4y + 3 = 0.

Sage ìîæåò âû÷èñëèòü òîðîèäàëüíûé èäåàë íåïëîñêîé êðèâîé òðåòüåãî ïîðÿäêà:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)
sage: I = ideal(b^2-a*c, c^2-b*d, a*d-b*c)
sage: F = I.groebner_fan(); F
Groebner fan of the ideal:
Ideal (b^2 - a*c, c^2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, c, d over Rational Field
sage: F.reduced_groebner_bases ()
[[-c^2 + b*d, -b*c + a*d, -b^2 + a*c],
[c^2 - b*d, -b*c + a*d, -b^2 + a*c],
[c^2 - b*d, b*c - a*d, -b^2 + a*c, -b^3 + a^2*d],
[c^2 - b*d, b*c - a*d, b^3 - a^2*d, -b^2 + a*c],
[c^2 - b*d, b*c - a*d, b^2 - a*c],
[-c^2 + b*d, b^2 - a*c, -b*c + a*d],
[-c^2 + b*d, b*c - a*d, b^2 - a*c, -c^3 + a*d^2],
[c^3 - a*d^2, -c^2 + b*d, b*c - a*d, b^2 - a*c]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4

2.12.2 Ýëëèïòè÷åñêèå êðèâûå

Ôóíêöèîíàëüíîñòü ýëëèïòè÷åñêèõ êðèâûõ âêëþ÷àåò â ñåáÿ áîëüøóþ ÷àñòü ôóíêöèîíàëüíîñòè PARI,
äîñòóï ê èíôîðìàöèè â îíëàéí òàáëèöàõ Cremona (÷òî òðåáóåò äîïîëíèòåëüíûé ïàêåò áàç äàííûõ),
ôóíêöèîíàëüíîñòü mwrank, àëãîðèòì SEA, âû÷èñëåíèå âñåõ èçîãåíèé, ìíîãî íîâîãî êîäà äëÿ Q è
íåêîòîðóþ ôóíêöèîíàëüíîñòü ïðîãðàììíîãî îáåñïå÷åíèÿ Denis Simon.

Êîìàíäà EllipticCurve äëÿ ñîçäàíèÿ ýëëèïòè÷åñêèõ êðèâûõ èìååò ìíîãî ôîðì:

• EllipticCurve([a1, a2, a3, a4, a6]): Âîçâðàòèò ýëëèïòè÷åñêóþ êðèâóþ

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6,

• EllipticCurve([a4, a6]): Òî æå, ÷òî è âûøå, íî a1 = a2 = a3 = 0.

• EllipticCurve(label): Âåðíåò ýëëèïòè÷åñêóþ êðèâóþ èç áàçû äàííûõ Cremona ñ çàäàííûì ÿðëûêîì
Cremona. ßðëûê - ýòî ñòðîêà, íàïðèìåð, "11a" or "37b2".

• EllipticCurve(j): Âåðíåò ýëëèïòè÷åñêóþ êðèâóþ ñ èíâàðèàíòîé j.
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• EllipticCurve(R, [a1, a2, a3, a4, a6]): Ñîçäàñò ýëëèïòè÷åñêóþ êðèâóþ èç êîëüöà R ñ çàäàííûìè ai

`ìè, êàê áûëî óêàçàíî âûøå.

Èñïîëüçîâàíèå êàæäîãî êîíñòðóêòîðà:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve de�ned by y^2 + y = x^3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,0])
Elliptic Curve de�ned by y^2 + y = x^3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve de�ned by y^2 = x^3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve de�ned by y^2 + y = x^3 - x over Rational Field

sage: EllipticCurve_from_j(1)
Elliptic Curve de�ned by y^2 + x*y = x^3 + 36*x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])
Elliptic Curve de�ned by y^2 + y = x^3 + 4*x over Finite Field of size 5

Ïàðà (0, 0) - ýòî òî÷êà íà ýëëèïòè÷åñêîé êðèâîé E, çàäàííîé ôóíêöèåé y2 + y = x3 − x. Äëÿ ñîçäàíèÿ
ýòîé òî÷êè â Sage íàïå÷àòàéòå E([0,0]). Sage ìîæåò äîáàâèòü òî÷êè íà òàêóþ ýëëèïòè÷åñêóþ êðèâóþ:

sage: E = EllipticCurve([0,0,1,-1,0])
sage: E
Elliptic Curve de�ned by y^2 + y = x^3 - x over Rational Field
sage: P = E([0,0])
sage: P + P
(1 : 0 : 1)
sage: 10*P
(161/16 : -2065/64 : 1)
sage: 20*P
(683916417/264517696 : -18784454671297/4302115807744 : 1)
sage: E.conductor()
37

Ýëëèïòè÷åñêèå êðèâûå äëÿ êîìïëåêñíûõ ÷èñåë çàäàþòñÿ ïàðàìåòðàìè èíâàðèàíòû j. Sage âû÷èñëèò
èíâàðèàíòó j:

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve de�ned by y^2 = x^3 - 4*x + 2 over Rational Field
sage: E.conductor()
2368
sage: E.j_invariant()
110592/37

Åñëè ìû ñîçäàäèì êðèâóþ ñ òîé æå èíâàðèàíòîé j, êàê äëÿ E, îíà íå äîëæíà áûòü èçîìîðôíîé E. Â
ñëåäóþùåì ïðèìåðå êðèâûå íå èçîìîðôíû, òàê êàê èõ êîíäóêòîðû ðàçëè÷íû.

sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

Îäíàêî êðó÷åíèå F íà 2 äàñò èçîìîðôíóþ êðèâóþ.

sage: G = F.quadratic_twist(2); G
Elliptic Curve de�ned by y^2 = x^3 - 4*x + 2 over Rational Field
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sage: G.conductor()
2368
sage: G.j_invariant()
110592/37

Ìîæíî ïîñ÷èòàòü êîýôôèöèåíòû an ðÿäà L èëè ìîäóëÿðíîé ôîðìû
∑∞

n=0 anq
n, ïðèêðåïëåííîé ê

ýëëèïòè÷åñêîé êðèâîé. Äàííîå âû÷èñëåíèå èñïîëüçóåò áèáëèîòåêó PARI:

sage: E = EllipticCurve([0,0,1,-1,0])
sage: print E.anlist(30)
[0, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, -12]
sage: v = E.anlist(10000)

Çàéìåò ëèøü ñåêóíäó äëÿ ïîäñ÷åòà âñåõ an äëÿ n ≤ 105:

sage: %time v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

Ýëëèïòè÷åñêèå êðèâûå ìîãóò áûòü ïîñòðîåíû ñ ïîìîùüþ èõ ÿðëûêîâ Cremona.

sage: E = EllipticCurve("37b2")
sage: E
Elliptic Curve de�ned by y^2 + y = x^3 + x^2 - 1873*x - 31833 over Rational
Field
sage: E = EllipticCurve("389a")
sage: E
Elliptic Curve de�ned by y^2 + y = x^3 + x^2 - 2*x over Rational Field
sage: E.rank()
2
sage: E = EllipticCurve("5077a")
sage: E.rank()
3

Òàêæå åñòü äîñòóï ê áàçå äàííûõ Cremona.

sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)
{'a1': [[0, 0, 1, -1, 0], 1, 1], 'b1': [[0, 1, 1, -23, -50], 0, 3]}
sage: db.allcurves(37)
{'a1': [[0, 0, 1, -1, 0], 1, 1],
'b1': [[0, 1, 1, -23, -50], 0, 3],
'b2': [[0, 1, 1, -1873, -31833], 0, 1],
'b3': [[0, 1, 1, -3, 1], 0, 3]}

Îáúåêòû, âîçâðàùåííûå èç áàçû äàííûõ, íå ïðèíàäëåæàò òèïó EllipticCurve. Ýòî ýëåìåíòû áàçû äàí-
íûõ, èìåþùèå ïàðó ïîëåé. Ñóùåñòâóåò ìàëàÿ âåðñèÿ áàçû äàííûõ Cremona, êîòîðàÿ åñòü ïî óìîë÷àíèþ
â Sage è ñîäåðæèò îãðàíè÷åííóþ èíôîðìàöèþ î ýëëèïòè÷åñêèõ êðèâûõ ñ êîíäóêòîðîì ≤ 10000. Òàêæå
ñóùåñòâóåò äîïîëíèòåëüíàÿ áîëüøàÿ âåðñèÿ, êîòîðàÿ ñîäåðæèò èñ÷åðïûâàþùóþ èíôîðìàöèþ î âñåõ
êðèâûõ ñ êîíäóêòîðîì äî 120000 (Îêòÿáðü 2005). Åùå îäèí äîïîëíèòåëüíûé ïàêåò (2GB) äëÿ Sage
ñîäåðæèò ñîòíè ìèëëèîíîâ ýëëèïòè÷åñêèõ êðèâûõ â áàçå äàííûõ Stein-Watkins.

2.12.3 Ñèìâîëû Äèðèõëå

Ñèìâîë Äèðèõëå - ýòî ðàñøèðåíèå ãîìîìîðôèçìà (Z/NZ)∗ → R∗ äëÿ êîëüöà R ê Z→ R.
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sage: G = DirichletGroup(12)
sage: G.list()
[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |--> -1]
sage: G.gens()
(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)
4

Ñîçäàâ ãðóïïó, íóæíî ñîçäàòü ýëåìåíò è ñ åãî ïîìîùüþ ïîñ÷èòàòü.

sage: G = DirichletGroup(21)
sage: chi = G.1; chi
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6
sage: chi.values()
[0, 1, zeta6 - 1, 0, -zeta6, -zeta6 + 1, 0, 0, 1, 0, zeta6, -zeta6, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, -zeta6 + 1, -1]
sage: chi.conductor()
7
sage: chi.modulus()
21
sage: chi.order()
6
sage: chi(19)
-zeta6 + 1
sage: chi(40)
-zeta6 + 1

Òàêæå âîçìîæíî ïîñ÷èòàòü äåéñòâèå ãðóïïû Ãàëóà Gal(Q(ζN )/Q) íà ýòè ñèìâîëû.

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6 + 1]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
[1, 2, 2, 1, 1, 2, 2, 1]

sage: G.decomposition()
[
Group of Dirichlet characters of modulus 3 over Cyclotomic Field of order
6 and degree 2,
Group of Dirichlet characters of modulus 7 over Cyclotomic Field of order
6 and degree 2
]

Äàëåå íàäî ïîñòðîèòü ãðóïïó ñèìâîëîâ Äèðèõëå ïî ìîäóëþ 20, íî ñî çíà÷åíèÿìè ñ Q(i):

sage: K.<i> = NumberField(x^2+1)
sage: G = DirichletGroup(20,K)
sage: G
Group of Dirichlet characters of modulus 20 over Number Field in i with de�ning polynomial x^2 + 1

Òåïåðü ïîñ÷èòàåì íåñêîëüêî èíâàðèàíò G:
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sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |--> i)

sage: G.unit_gens()
[11, 17]
sage: G.zeta()
i
sage: G.zeta_order()
4

Â äàííîì ïðèìåðå, ñèìâîëû Äèðèõëå ñîçäàþòñÿ ñî çíà÷åíèÿìè â ÷èñëîâîì ïîëå, ÿâíî çàäàåòñÿ âûáîð
êîðíÿ îáúåäèíåíèÿ òðåòüèì àðãóìåíòîì DirichletGroup.

sage: x = polygen(QQ, 'x')
sage: K = NumberField(x^4 + 1, 'a'); a = K.0
sage: b = K.gen(); a == b
True
sage: K
Number Field in a with de�ning polynomial x^4 + 1
sage: G = DirichletGroup(5, K, a); G
Group of Dirichlet characters of modulus 5 over Number Field in a with
de�ning polynomial x^4 + 1
sage: chi = G.0; chi
Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a^2
sage: [(chi^i)(2) for i in range(4)]
[1, a^2, -1, -a^2]

Çäåñü NumberField(x^4 + 1, 'a') ãîâîðèò Sage èñïîëüçîâàòü ñèìâîë �a� äëÿ ïå÷àòè òîãî, ÷åì ÿâëÿåòñÿ
K (÷èñëîâîå ïîëå ñ îïðåäåëÿþùèì ïîëèíîìîì x4 + 1). Íàçâàíèå �a� íå îáúÿâëåíî íà äàííûé ìîìåíò.
Êîãäà a = K.0 (ýêâèâàëåíòíî a = K.gen()) áóäåò îöåíåíî, ñèìâîë �a� ïðåäñòàâëÿåò êîðåíü ïîëèíîìà
x4 + 1.

2.12.4 Ìîäóëÿðíûå ôîðìû

Sage ìîæåò âûïîëíÿòü âû÷èñëåíèÿ, ñâÿçàííûå ñ ìîäóëÿðíûìè ôîðìàìè, âêëþ÷àÿ èçìåðåíèÿ, âû÷èñ-
ëåíèå ìîäóëÿðíûõ ñèìâîëîâ, îïåðàòîðîâ Ãåêêå è ðàçëîæåíèÿ.

Ñóùåñòâóåò íåñêîëüêî äîñòóïíûõ ôóíêöèé äëÿ âû÷èñëåíèÿ èçìåðåíèé ïðîñòðàíñòâ ìîäóëÿðíûõ ôîðì.
Íàïðèìåð,

sage: dimension_cusp_forms(Gamma0(11),2)
1
sage: dimension_cusp_forms(Gamma0(1),12)
1
sage: dimension_cusp_forms(Gamma1(389),2)
6112

Äàëåå ïîêàçàíû âû÷èñëåíèÿ îïåðàòîðîâ Ãåêêå â ïðîñòðàíñòâå ìîäóëÿðíûõ ñèìâîëîâ óðîâíÿ 1 è âåñà
12.

sage: M = ModularSymbols(1,12)
sage: M.basis()
([X^8*Y^2,(0,0)], [X^9*Y,(0,0)], [X^10,(0,0)])
sage: t2 = M.T(2)
sage: t2
Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
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of weight 12 with sign 0 over Rational Field
sage: t2.matrix()
[ -24 0 0]
[ 0 -24 0]
[4860 0 2049]
sage: f = t2.charpoly('x'); f
x^3 - 2001*x^2 - 97776*x - 1180224
sage: factor(f)
(x - 2049) * (x + 24)^2
sage: M.T(11).charpoly('x').factor()
(x - 285311670612) * (x - 534612)^2

Òàêæå ìîæíî ñîçäàâàòü ïðîñòðàíñòâî äëÿ Γ0(N) è Γ1(N).

sage: ModularSymbols(11,2)
Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field
sage: ModularSymbols(Gamma1(11),2)
Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign 0 and over Rational Field

Âû÷èñëèì íåêîòîðûå õàðàêòåðèñòè÷åñêèå ïîëèíîìû è q-ðàçëîæåíèÿ.

sage: M = ModularSymbols(Gamma1(11),2)
sage: M.T(2).charpoly('x')
x^11 - 8*x^10 + 20*x^9 + 10*x^8 - 145*x^7 + 229*x^6 + 58*x^5 - 360*x^4

+ 70*x^3 - 515*x^2 + 1804*x - 1452
sage: M.T(2).charpoly('x').factor()
(x - 3) * (x + 2)^2 * (x^4 - 7*x^3 + 19*x^2 - 23*x + 11)

* (x^4 - 2*x^3 + 4*x^2 + 2*x + 11)
sage: S = M.cuspidal_submodule()
sage: S.T(2).matrix()
[-2 0]
[ 0 -2]
sage: S.q_expansion_basis(10)
[

q - 2*q^2 - q^3 + 2*q^4 + q^5 + 2*q^6 - 2*q^7 - 2*q^9 + O(q^10)
]

Òàêæå âîçìîæíû âû÷èñëåíèÿ ïðîñòðàíñòâ ìîäóëÿðíûõ ñèìâîëîâ ñ áóêâàìè.

sage: G = DirichletGroup(13)
sage: e = G.0^2
sage: M = ModularSymbols(e,2); M
Modular Symbols space of dimension 4 and level 13, weight 2, character
[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2
sage: M.T(2).charpoly('x').factor()
(x - 2*zeta6 - 1) * (x - zeta6 - 2) * (x + zeta6 + 1)^2
sage: S = M.cuspidal_submodule(); S
Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2
sage: S.T(2).charpoly('x').factor()
(x + zeta6 + 1)^2
sage: S.q_expansion_basis(10)
[
q + (-zeta6 - 1)*q^2 + (2*zeta6 - 2)*q^3 + zeta6*q^4 + (-2*zeta6 + 1)*q^5
+ (-2*zeta6 + 4)*q^6 + (2*zeta6 - 1)*q^8 - zeta6*q^9 + O(q^10)

]

2.12. Íåìíîãî âûñøåé ìàòåìàòèêè 43



Sage Tutorial in Russian, Âûïóñê 5.0

Ïðèìåð òîãî, êàê Sage ìîæåò âû÷èñëÿòü äåéñòâèÿ îïåðàòîðîâ Ãåêêå íà ïðîñòðàíñòâî ìîäóëÿðíûõ
ôîðì.

sage: T = ModularForms(Gamma0(11),2)
sage: T
Modular Forms space of dimension 2 for Congruence Subgroup Gamma0(11) of
weight 2 over Rational Field
sage: T.degree()
2
sage: T.level()
11
sage: T.group()
Congruence Subgroup Gamma0(11)
sage: T.dimension()
2
sage: T.cuspidal_subspace()
Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gamma0(11) of weight 2 over Rational Field
sage: T.eisenstein_subspace()
Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup Gamma0(11) of weight 2 over Rational Field
sage: M = ModularSymbols(11); M
Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field
sage: M.weight()
2
sage: M.basis()
((1,0), (1,8), (1,9))
sage: M.sign()
0

Äîïóñòèì, Tp � ýòî îáû÷íûé îïåðàòîð Ãåêêå (p ïðîñòîå). Êàê îïåðàòîðû Ãåêêå T2, T3, T5 âåäóò ñåáÿ â
ïðîñòðàíñòâå ìîäóëÿðíûõ ñèìâîëîâ?

sage: M.T(2).matrix()
[ 3 0 -1]
[ 0 -2 0]
[ 0 0 -2]
sage: M.T(3).matrix()
[ 4 0 -1]
[ 0 -1 0]
[ 0 0 -1]
sage: M.T(5).matrix()
[ 6 0 -1]
[ 0 1 0]
[ 0 0 1]
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Ïî÷òè âñåãäà â ýòîì ðóêîâîäñòâå ìû ïðåäïîëàãàåì, ÷òî èíòåðïðåòàòîð Sage áûë çàïóùåí êîìàíäîé
sage. Îíà çàïóñòèò ñïåöèàëüíóþ âåðñèþ êîíñîëè IPython è èìïîðòèðóåò ìíîæåñòâî ôóíêöèé è êëàññîâ,
òàê ÷òî îíè ãîòîâû äëÿ èñïîëüçîâàíèÿ â êîìàíäíîé ñòðîêå. Áîëåå òîíêàÿ íàñòðîéêà ïðîèçâîäèòñÿ
ðåäàêòèðîâàíèåì ôàéëà $SAGE_ROOT/ipythonrc. Ïðè çàïóñêå Sage âû óâèäèòå âûâîä, ïîõîæèé íà
ñëåäóþùèé:

----------------------------------------------------------------------
| SAGE Version 3.1.1, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |
----------------------------------------------------------------------

sage:

×òîáû âûéòè èç Sage, íàæìèòå Ctrl-D èëè ââåäèòå quit èëè exit.

sage: quit
Exiting SAGE (CPU time 0m0.00s, Wall time 0m0.89s)

Wall time � ýòî ïðîøåäøåå âðåìÿ. Ýòî çíà÷åíèå âåðíî, ïîòîìó êàê â �CPU time� íå âõîäèò âðåìÿ,
èñïîëüçîâàííîå ñóáïðîöåññàìè âðîäå GAP èëè Singular.

(Ïîñòàðàéòåñü íå óáèâàòü ïðîöåññ Sage êîìàíäîé kill -9 èç òåðìèíàëà, ïîòîìó ÷òî Sage ìîæåò íå
óáèòü äî÷åðíèå ïðîöåññû, òàêèå êàê Maple, èëè ìîæåò íå î÷èñòèòü âðåìåííûå ôàéëû èç äèðåêòîðèè
$HOME/.sage/tmp.)

3.1 Âàøà ñåññèÿ Sage

Ñåññèÿ � ýòî ïîñëåäîâàòåëüíîñòü ââîäîâ è âûâîäîâ íà÷èíàÿ ñ çàïóñêà ïðîãðàììû è çàêàí÷èâàÿ âû-
õîäîì èç íåå. Sage çàíîñèò âñþ èñòîðèþ ââîäîâ â log-ôàéë, èñïîëüçóÿ IPython. Åñëè âû èñïîëüçóåòå
èíòåðàêòèâíóþ îáîëî÷êó (íå âåá-èíòåðôåéñ Notebook), òî âû ìîæåòå ââåñòè %hist, ÷òîáû âûâåñòè
ñïèñîê âñåõ ââåäåííûõ êîìàíä. Âû ìîæåòå ââåñòè ? â êîìàíäíîé ñòðîêå Sage, ÷òîáû ïîëó÷èòü áîëü-
øå èíôîðìàöèè î IPython, íàïðèìåð, �IPython ïðåäîñòàâëÿåò ïðîíóìåðîâàííûå êîìàíäíûå ñòðîêè...
ñ êåøèðîâàíèåì ââîäà è âûâîäà. Âñå ââåäåííûå äàííûå ñîõðàíÿþòñÿ è ìîãóò áûòü èñïîëüçîâàíû êàê
ïåðåìåííûå (ïîìèìî îáû÷íîãî âûçîâà ñ ïîìîùüþ ñòðåëîê). Ñëåäóþùèå ãëîáàëüíûå ïåðåìåííûå ïðè-
ñóòñòâóþò âñåãäà (íå ïåðåçàïèñûâàéòå èõ!)�:
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_: previous input (interactive shell and notebook)
__: next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

Ïðèìåð:

sage: factor(100)
_1 = 2^2 * 5^2
sage: kronecker_symbol(3,5)
_2 = -1
sage: %hist # Ðàáîòàåò òîëüêî â èíòåðàêòèâíîé îáîëî÷êå, íî íå â Sage notebook.
1: factor(100)
2: kronecker_symbol(3,5)
3: %hist
sage: _oh
_4 = {1: 2^2 * 5^2, 2: -1}
sage: _i1
_5 = 'factor(ZZ(100))\n'
sage: eval(_i1)
_6 = 2^2 * 5^2
sage: %hist
1: factor(100)
2: kronecker_symbol(3,5)
3: %hist
4: _oh
5: _i1
6: eval(_i1)
7: %hist

Ìû íå âêëþ÷àåì íîìåðà ñòðîê â ýòîì ó÷åáíîì ïîñîáèè è â äðóãîé äîêóìåíòàöèè Sage.

Âû òàêæå ìîæåòå õðàíèòü ñïèñîê ââåäåííûõ êîìàíä ñåññèè â âèäå ìàêðîñà äëÿ ñåññèè.

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols(37)
sage: %hist
1: E = EllipticCurve([1,2,3,4,5])
2: M = ModularSymbols(37)
3: %hist
sage: %macro em 1-2
Macro `em` created. To execute, type its name (without quotes).

sage: E
Elliptic Curve de�ned by y^2 + x*y + 3*y = x^3 + 2*x^2 + 4*x + 5 over
Rational Field
sage: E = 5
sage: M = None
sage: em
Executing Macro...
sage: E
Elliptic Curve de�ned by y^2 + x*y + 3*y = x^3 + 2*x^2 + 4*x + 5 over
Rational Field

Ïðè èñïîëüçîâàíèè èíòåðàêòèâíîé îáîëî÷êè Sage, ëþáàÿ UNIX-êîìàíäà ìîæåò áûòü çàïóùåíà ñ ïî-
ìîùüþ ïðåôèêñà !. Íàïðèìåð

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex
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âîçâðàùàåò ñîäåðæàíèå òåêóùåé äèðåêòîðèè.

Ïåðåìåííàÿ PATH ñîæåðæèò äèðåêòîðèþ bin (áèíàðíûå ôàéëû) â ñàìîì íà÷àëå, òàê ÷òî åñëè âû
çàïóñêàåòå gp, gap, singular, maxima, è ò.ä. âû ïîëó÷àåòå âåðñèè, âêëþ÷åííûå â Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
i686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

...
sage: !singular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1

0<
by: G.-M. Greuel, G. P�ster, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 Æóðíàëèðîâàíèå ââîäà è âûâîäà

Æóðíàëèðîâàíèå ñåññèè Sage ýòî íå òî æå ñàìîå, ÷òî ñîõðíàíåíèå ñåññèè (ñì. Ñîõðàíåíèå è çàãðóçêà
ïîëíûõ ñåññèé äëÿ ýòîãî). Äëÿ æóðíàëèðîâàíèÿ ââîäà (è, îïöèîíàëüíî, âûâîäà), èñïîëüçóéòå êîìàíäó
logstart. Ââåäèòå logstart? äëÿ ïîäðîáíîñòåé. Âû ìîæåòå èñïîëüçîâàòü ýòó êîìàíäó äëÿ æóðíàëèðîâà-
íèÿ âñåãî, ÷òî âû ââîäèòå, âñåãî âûâîäà, è äàæå ìîæåòå âîñïðîèçâåñòè ââåäåííûå äàííûå â áóäóùåé
ñåññèè (ïðîñòî çàãðóçèâ log-ôàéë).

was@form:~$ sage
----------------------------------------------------------------------
| SAGE Version 3.0.2, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |
----------------------------------------------------------------------

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.
Filename : setup
Mode : backup
Output logging : False
Timestamping : False
State : active
sage: E = EllipticCurve([1,2,3,4,5]).minimal_model()
sage: F = QQ^3
sage: x,y = QQ['x,y'].gens()
sage: G = E.gens()
sage:
Exiting SAGE (CPU time 0m0.61s, Wall time 0m50.39s).
was@form:~$ sage
----------------------------------------------------------------------
| SAGE Version 3.0.2, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |
----------------------------------------------------------------------

sage: load "setup"
Loading log �le <setup> one line at a time...
Finished replaying log �le <setup>
sage: E
Elliptic Curve de�ned by y^2 + x*y = x^3 - x^2 + 4*x + 3 over Rational
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Field
sage: x*y
x*y
sage: G
[(2 : 3 : 1)]

Åñëè âû èñïîëüçóåòå Sage â konsole � òåðìèíàëå ñðåäû KDE â GNU/Linux � òîãäà âû ìîæåòå ñîõðàíèòü
ñåññèþ ñëåäóþùèì îáðàçîì: ïîñëå çàïóñêà Sage â konsole, âûáåðèòå �settings�, ïîòîì �history...�, ïîòîì
�set unlimited�. Êîãäà âû ãîòîâû ñîõðàíèòü ñåññèþ, âûáåðèòå �edit� è �save history as...� è ââåäèòå
èìÿ ôàéëà äëÿ ñîõðàíåíèÿ. Ïîñëå ýòîãî âû ìîæåòå âîñïîëüçîâàòüñÿ ëþáûì òåêñòîâûì ðåäàêòîðîì,
íàïðèìåð xemacs, äëÿ ÷òåíèÿ ôàéëà.

3.3 Âñòàâêà èãíîðèðóåò ïðèãëàøåíèå

Äîïóñòèì, âû ÷èòàåòå ñåññèþ Sage èëè âû÷èñëåíèÿ Python, è õîòèòå ñêîïèðîâàòü èõ â Sage. Íî åñòü
îäíà ïðîáëåìà: çíàêè >>> èëè sage:. Íà ñàìîì äåëå âû ìîæåòå êîïèðîâàòü è âñòàâëÿòü ïðèìåðû, êîòî-
ðûå âêëþ÷àþò ýòè çíàêè. Äðãóèìè ñëîâàìè, Sage èãíîðèðóåò ñèìâîëû >>> èëè sage: ïåðåä îòïðàâêîé
êîìàíä â Python. Íàïðèìåð,

sage: 2^10
1024
sage: sage: sage: 2^10
1024
sage: >>> 2^10
1024

3.4 Êîìàíäû èçìåðåíèÿ âðåìåíè

Åñëè âû ââåäåòå êîìàíäó %time â íà÷àëå ñòðîêè ââîäà, òî âðåìÿ, çàòðà÷åííîå íà âûïîëíåíèå îïåðàöèè,
áóäåò âûâåäåíî íà ýêðàí. Íàïðèìåð, âû ìîæåòå èçìåðèòü âðåìÿ âûïîëíåíèÿ îïåðàöèè âîçâåäåíèÿ â
ñòåïåíü íåñêîëüêèìè ïóòÿìè. Ïîêàçàíèÿ íèæå áóäóò îòëè÷àòüñÿ îò âàøèõ; îíè ìîãóò îòëè÷àòüñÿ äàæå
â ðàçíûõ âåðñèÿõ Sage. ×èñòûé Python:

sage: %time a = int(1938)^int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

Ýòî îçíà÷àåò ÷òî 0.66 ñåêóíä áûëî çàòðà÷åíî â ñóììå, à �Wall time�, (ïðîøåäøåå âðåìÿ), òîæå 0.66
ñåêóíä. Åñëè âàø êîìïüþòåð ñèëüíî çàãðóæåí äðóãèìè ïðîöåññàìè, òî �Wall time� ìîæåò ñèëüíî îò-
ëè÷àòüñÿ îò ïðîöåññîðíîãî âðåìåíè.

Äàëåå ìû ïîñ÷èòàåì âðåìÿ âîçâåäåíèÿ â ñòåïåíü ñ èñïîëüçîâàíèåì âñòðîåííîãî â Sage öåëî÷èñëåííîãî
òèïà äàííûõ, ðåàëèçîâàííîãî (â Cython) ñ èñïîëüçîâàíèåì áèáëèîòåêè GMP:

sage: %time a = 1938^99484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

Èñïîëüçóÿ èíòåðôåéñ PARI èç áèáëèîòåêè C:

sage: %time a = pari(1938)^pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05
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GMP âåäåò ñåáÿ ëó÷øå, íî òîëüêî íåìíîãî (êàê è îæèäàëîñü, âåäü âåðñèÿ PARI, âñòðîåííàÿ â Sage,
èñïîëüçóåò GMP äëÿ ðàáîòû ñ öåëûìè ÷èñëàìè).

Âû òàêæå ìîæåòå çàìåðèòü âðåìÿ âûïîëíåíèÿ áëîêà êîìàíä ñ ïîìîùüþ cputime, êàê ïîêàçàíî íèæå:

sage: t = cputime()
sage: a = int(1938)^int(99484)
sage: b = 1938^99484
sage: c = pari(1938)^pari(99484)
sage: cputime(t) # random output
0.64

sage: cputime?
...

Return the time in CPU second since SAGE started, or with optional
argument t, return the time since time t.
INPUT:

t -- (optional) �oat, time in CPU seconds
OUTPUT:

�oat -- time in CPU seconds

Êîìàíäà walltime âåäåò ñåáÿ òàê æå, êàê cputime, íî îíà èçìåðÿåò íàñòîÿùåå âðåìÿ.

Ìû òàêæå ìîæåì âîçâåñòè ÷èñëî â ñòåïåíü, èñïîëüçóÿ ñèñòåìû êîìïüþòåðíîé àëãåáðû, âêëþ÷¼ííûå
â Sage. Â êàæäîì ñëó÷àå ìû çàïóñêàåì ïðîñòóþ êîìàíäó â ñèñòåìå ÷òîáû çàïóñòèòü ñåðâåð äëÿ ýòîé
ïðîãðàììû. Ñàìîå òî÷íîå - âðåìÿ ýòî Wall time. Îäíàêî, åñëè ñóùåñòâóåò ñóùåñòâåííàÿ ðàçíèöà ìåæäó
ýòèì çíà÷åíèåì è ïðîöåññîðíûì âðåìåíåì (CPU time), òî, âîçìîæíî, åñòü ñìûñë ïðîâåðèòü ñèñòåìó
íà íàëè÷èå ïðîáëåì ïðîèçâîäèòåëüíîñòè.

sage: time 1938^99484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g = gp('1938^99484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima(0)
0
sage: time g = maxima('1938^99484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash(0)
0
sage: time g = kash('1938^99484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica(0)

0
sage: time g = mathematica('1938^99484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple('1938^99484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0)
0
sage: time g = gap.eval('1938^99484;;')
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CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

Çàìåòüòå, ÷òî GAP è Maxima ÿâëÿþòñÿ ñàìûìè ìåäëåííûìè â ýòîì òåñòå (òåñò áûë ïðîâåäåí íà
ìàøèíå sage.math.washington.edu). Òàê êàê îíè ðàáîòàþò ñ äðóãèì èíòåðôåéñîì, íàäñòðîåííûì íàä
íèìè, ñóäèòü îá àáñîëþòíîé ïðîèçâîäèòåëüíîñòè ýòèõ ñèñòåì íå ñòîèò.

3.5 Îøèáêè è èñêëþ÷åíèÿ

Êîãäà ÷òî-òî èäåò íå òàê, îáû÷íî ìîæíî óâèäåòü èñêëþ÷åíèå Python (Python �exception�). Python
äàæå ïîïûòàåòñÿ ïðåäïîëîæèòü, ÷òî âûçâàëî îøèáêó. ×àñòî âû ìîæåòå âèäåòü èìÿ èñêëþ÷åíèÿ, íà-
ïðèìåð, NameError èëè ValueError (ñì. Python Reference Manual [Py] äëÿ ïîëíîãî ñïèñêà èñêëþ÷åíèé).
Íàïðèìåð,

sage: 3_2
------------------------------------------------------------
File "<console>", line 1
ZZ(3)_2

^
SyntaxError: invalid syntax

sage: EllipticCurve([0,in�nity])
------------------------------------------------------------
Traceback (most recent call last):
...
TypeError: Unable to coerce In�nity (<class 'sage...In�nity'>) to Rational

Èíòåðàêòèâíûé îòëàä÷èê ìîæåò áûòü ïîëåçíûì äëÿ ïîíèìàÿ òîãî, ÷òî ïîøëî íå òàê. Îòëàä÷èê ìîæ-
íî âêëþ÷àòü èëè âûêëþ÷àòü êîìàíäîé %pdb (ïî óìîë÷àíèþ îí âûêëþ÷åí). Ïðèãëàøåíèå êîìàíäíîé
ñòðîêè ipdb> ïîÿâëÿåòñÿ íà ýêðàíå, åñëè ñëó÷èëîñü èñêëþ÷åíèå è îòëàä÷èê áûë âêëþ÷åí. Èç îòëàä-
÷èêà âû ìîæåòå âûâåñòè íà ýêðàí ñîñòîÿíèå ëþáîé ëîêàëüíîé ïåðåìåííîé è äâèãàòüñÿ ââåðõ è âíèç
ïî ñòåêó (execution stack). Íàïðèìåð,

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([1,in�nity])
---------------------------------------------------------------------------
<type 'exceptions.TypeError'> Traceback (most recent call last)
...

ipdb>

Äëÿ ïîëó÷åíèÿ ñïèñêà êîìàíä îòëàä÷èêà ââåäèòå ? â êîìàíäíîé ñòðîêå ipdb>:

ipdb> ?

Documented commands (type help <topic>):
========================================
EOF break commands debug h l pdef quit tbreak
a bt condition disable help list pdoc r u
alias c cont down ignore n pinfo return unalias
args cl continue enable j next pp s up
b clear d exit jump p q step w
whatis where

Miscellaneous help topics:

50 Ãëàâà 3. Èíòåðàêòèâíàÿ îáîëî÷êà



Sage Tutorial in Russian, Âûïóñê 5.0

==========================
exec pdb

Undocumented commands:
======================
retval rv

Íàæìèòå Ctrl-D èëè ââåäèòå quit ÷òîáû âåðíóòüñÿ â Sage.

3.6 Îáðàòíûé ïîèñê è àâòîäîïîëíåíèå

Ñíà÷àëà ñîçäàäèì òðåõìåðíîå âåêòîðíîå ïðîñòðàíñòâî V = Q3 ñëåäóþùèì îáðàçîì:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

Ìîæíî èñïîëüçîâàòü ñîêðàùåííîå îáîçíà÷åíèå:

sage: V = QQ^3

Ââåäèòå íà÷àëî êîìàíäû, ïîòîì íàæìèòå Ctrl-p (èëè ïðîñòî íàæìèòå ñòðåëêó ââåðõ íà êëàâèàòóðå)
÷òîáû âåðíóòüñÿ ê ëþáîé èç ñòðîê, êîòîðûå âû ââîäèëè, íà÷èíàþùåéñÿ ñ òàêèõ æå ñèìâîëîâ. Ýòî
ðàáîòàåò äàæå åñëè âû ïîëíîñòü âûøëè èç Sage è ïåðåçàïóñòèëè åãî ïîçæå. Ìîæíî èñïîëüçîâàòü è
îáðàòíûé ïîèñê ïî èñòîðèè êîìàíä ñ ïîìîùüþ Ctrl-r. Âñå ýòè âîçìîæíîñòè èñïîëüçóþò ïàêåò readline
êîòîðûé äîñòóïåí ïî÷òè íà âñåõ ðàçíîâèäíîñòÿõ GNU/Linux.

Ìîæíî ñ ëåãêîñòüþ âûâåñòè ñïèñîê âñåõ ôóíêöèé äëÿ V , èñïîëüçóÿ àâòîäîïîëíåíèå. Ïðîñòî ââåäèòå
V., ïîòîì íàæìèòå [TAB] íà ñâîåé êëàâèàòóðå:

sage: V.[tab key]
V._VectorSpace_generic__base_�eld
...
V.ambient_space
V.base_�eld
V.base_ring
V.basis
V.coordinates
...
V.zero_vector

Åñëè âû ââåäåòå ïåðâûå íåñêîëüêî ñèìâîëîâ êîìàíäû, à ïîòîì íàæì¼òå [TAB], âû ïîëó÷èòå ôóíêöèè,
êîòîðûå íà÷èíàþòñÿ ñ ýòèõ ñèìâîëîâ.

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

Åñëè âàì èíòåðåñíî, ÷òî äåëàåò êàêàÿ-íèáóäü ôóíêöèÿ, íàïðèìåð coordinates, ââåäèòå V.coordinates?
äëÿ ïîëó÷åíèÿ ñïðàâêè èëè V.coordinates?? äëÿ ïîëó÷åíèÿ èñõîäíîãî êîäà (îáúÿñíÿåòñÿ â ñëåäóþùåì
ðàçäåëå).

3.7 Âñòðîåííàÿ ñïðàâî÷íàÿ ñèñòåìà

Sage îáëàäàåò âñòðîåííîé ñïðàâî÷íîé ñèñòåìîé. Ââåäèòå íàçâàíèå ôóíêöèè ñî çíàêîì ? äëÿ äîñòóïà ê
äîêóìåíòàöèè ïî ýòîé ôóíêöèè.
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sage: V = QQ^3
sage: V.coordinates?
Type: instancemethod
Base Class: <type 'instancemethod'>
String Form: <bound method FreeModule_ambient_�eld.coordinates of Vector
space of dimension 3 over Rational Field>
Namespace: Interactive
File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py
De�nition: V.coordinates(self, v)
Docstring:

Write v in terms of the basis for self.

Returns a list c such that if B is the basis for self, then

sum c_i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); M0,M1=M.gens()
sage: W = M.submodule([M0 + M1, M0 - 2*M1])
sage: W.coordinates(2*M0-M1)
[2, -1]

Êàê ïîêàçàíî âûøå, âûâîä ïîêàçûâàåò òèï îáúåêòà, ôàéë, â êîòîðîì îí îïðåäåëåí è ïîëåçíîå îïè-
ñàíèå ôóíêöèè ñ ïðèìåðàìè, êîòîðûå ìîæíî âñòàâèòü â âàøó òåêóùóþ ñåññèþ. Ïî÷òè âñå ïðèìåðû
ïîäâåðãàþòñÿ ðåãóëÿðíîé àâòîìàòè÷åñêîé ïðîâåðêå íà ïðåäìåò ðàáîòîñïîñîáíîñòè è íàëè÷èÿ òðåáóå-
ìîãî ïîâåäåíèÿ.

Äðóãàÿ âîçìîæíîñòü õîðîøî îòðàæàåò äóõ îòêðûòîãî ïðîãðàììíîãî îáåñïå÷åíèÿ: åñëè f ýòî ôóíêöèÿ
Python'à, òî f?? âûâåäåò èñõîäíûé êîä, êîòîðûé îïðåäåëÿåò f. Íàïðèìåð,

sage: V = QQ^3
sage: V.coordinates??
Type: instancemethod
...
Source:
def coordinates(self, v):

"""
Write $v$ in terms of the basis for self.
...
"""
return self.coordinate_vector(v).list()

Îòñþäà ìû çíàåì, ÷òî âñå, ÷òî äåëàåò ôóíêöèÿ coordinates, ýòî âûçîâ ôóíêöèè coordinate_vector è
ïðåâðàùàåò ðåçóëüòàò â ñïèñîê. ×òî äåëàåò ôóíêöèÿ coordinate_vector?

sage: V = QQ^3
sage: V.coordinate_vector??
...
def coordinate_vector(self, v):

...
return self.ambient_vector_space()(v)

Ôóíêöèÿ coordinate_vector óäåðæèâàåò ââåäåííûå çíà÷åíèÿ âî âíåøíåì ïðîñòðàíñòâå, ÷òî ïîçâîëÿ-
åò äîáèòüñÿ òàêîãî æå ýôôåêòà, êàê ïðè âû÷èñëåíèè âåêòîðà êîýôôèöèåíòîâ ïåðåìåííîé v ñ òî÷-
êè çðåíèÿ V . Ïðîñòðàíñòâî V óæå âíåøíåå, òàê êàê îíî ÿâëÿåòñÿ Q3. Ñóùåñòâóåò òàêæå ôóíêöèÿ

52 Ãëàâà 3. Èíòåðàêòèâíàÿ îáîëî÷êà



Sage Tutorial in Russian, Âûïóñê 5.0

coordinate_vector äëÿ ïîäïðîñòðàíñòâ, è îíà âåäåò ñåáÿ ïî-èíîìó. Ìû ñîçäèì ïîäïðîñòðàíñòâî è ïî-
ñìîòðèì:

sage: V = QQ^3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??
...
def coordinate_vector(self, v):

"""
...
"""
# First �nd the coordinates of v wrt echelon basis.
w = self.echelon_coordinate_vector(v)
# Next use transformation matrix from echelon basis to
# user basis.
T = self.echelon_to_user_matrix()
return T.linear_combination_of_rows(w)

(Åñëè âû ñ÷èòàåòå, ÷òî ñóùåñòâóþùàÿ ðåàëèçàöèÿ íåýôôåêòèâíà, ïîæàëóéñòà, çàðåãèñòðèðóéòåñü è
ïîìîãèòå îïòèìèçèðîâàòü ëèíåéíóþ àëãåáðó.)

Âû òàêæå ìîæåòå ââåñòè help(èìÿ_êîìàíäû) èëè help(êëàññ) äëÿ ïîëó÷åíèÿ ñïðàâêè î êëàññàõ èëè
ôóíêöèÿõ â ñòèëå man-ñòðàíèö.

sage: help(VectorSpace)
Help on class VectorSpace ...

class VectorSpace(__builtin__.object)
| Create a Vector Space.
|
| To create an ambient space over a �eld with given dimension
| using the calling syntax ...
:
:

Êîãäà âû ââîäèòå q äëÿ âûõîäà èç ñïðàâî÷íîé ñèñòåìû, âàøà ñåññèÿ íàõîäèòñÿ â òîì æå ñîñòî-
ÿíèè, ÷òî è äî ýòîãî. Ñïðàâêà íå çàõëàìëÿåò âàø ýêðàí, â îòëè÷èå îò ôîðìû function_name?,
êîòîðàÿ èíîãäà ìîæåò îñòàâëÿòü èíôîðìàöèþ â âàøåé ñåññèè. Îñîáåííî ïîëåçíî èñïîëüçîâàòü
help(module_name). Íàïðèìåð, âåêòîðíûå ïðîñòðàíñòâà îïèñàíû â sage.modules.free_module, ïîýòîìó
ââåäèòå help(sage.modules.free_module) äëÿ äîêóìåíòàöèè îáî âñåì ìîäóëå. Êîãäà âû ïðîñìàòðèâàå-
òå äîêóìåíòàöèþ â ñïðàâî÷íîé ñèñòåìå, âû ìîæåòå îñóùåñòâëÿòü ïîèñê ñ ïîìîùüþ / è â îáðàòíîì
ïîðÿäêå ñ ïîìîùüþ ?.

3.8 Ñîõðàíåíèå è çàãðóçêà îòäåëüíûõ îáúåêòîâ

Äîïóñòèì âû âû÷èñëèëè ìàòðèöó èëè õóæå: ñëîæíîå ïðîñòðàíñòâî ìîäóëÿðíûõ ñèìâîëîâ, è õîòèòå
ñîõðàíèòü åãî äëÿ ðàáîòû â áóäóùåì. Êàê ýòî ñäåëàòü? Åñòü íåñêîëüêî ñïîñîáîâ, êîòîðûìè êîìïüþ-
òåðíûå àëãåáðû ïîëüçóþòñÿ äëÿ ñîõðàíåíèÿ îáúåêòîâ.

1. Ñîõðàíèòü èãðó: Ïîääåðæèâàåòñÿ ñîõðàíåíèå è çàãðóçêà òîëüêî ïîëíûõ ñåññèé (íàïðèìåð, GAP,
Magma).

2. Óíèôèöèðîâàííûé ââîä/âûâîä: Âûâîä îáúåêòîâ íà ýêðàí â òàêîì âèäå, â êîòîðîì îíè ìîãóò
áûòü ñ÷èòàíû ïîçæå. (GP/PARI).

3. Eval: Ëåãêèé ñïîñîá çàïóñêà ëþáîãî êîäà â èíòåðïðåòàòîðå (íàïðèìåð, Singular, PARI).

Òàê êàê Sage ïîñòðîåí íà Python'å, îí èñïîëüçóåò èíîé ïîäõîä: êàæäûé îáúåêò ìîæåò áûòü ïðåâðàùåí
â ñòðîêó, èç êîòîðîé â ïîñëåäñòâèè ìîæíî âîññòàíîâèòü îáúåêò. Ñïîñîá ñõîæ ñî ñïîñîáîì óíèôèêàöèè
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ââîäà è âûâîäà, êàê â PARI, íî â ñëó÷àå ñ Sage íåò íåîáõîäèìîñòè âûâîäèòü îáúåêò íà ýêðàí â ñàìîé
íåóäîáíîé ôîðìå. Òàêæå, ïîääåðæêà ñîõðàíåíèÿ è çàãðóçêè (â áîëüøèíñòâå ñëó÷àåâ) ïîëíîñòüþ àâòî-
ìàòè÷íà, íå òðåáóåò äîïîëíèòåëüíîãî ïðîãðàììèðîâàíèÿ; ýòî ïðîñòî âîçìîæíîñòü Python'à, êîòîðàÿ
áûëà âêëþ÷åíà â ÿçûê ñ ñàìîãî íà÷àëà.

Ïî÷òè ëþáîé îáúåêò x ìîæåò áûòü ñîõðàíåí â ñæàòîé ôîðìå íà äèñê ïðè ïîìîùè êîìàíäû `'save(x,
�lename)� (èëè âî ìíîãèõ ñëó÷àÿõ `'x.save(�lename)'`). Äëÿ çàãðóçêè îáúåêòà ââåäèòå `'load(�lename)'`.

sage: A = MatrixSpace(QQ,3)(range(9))^2
sage: A
[ 15 18 21]
[ 42 54 66]
[ 69 90 111]
sage: save(A, 'A')

Òåïåðü âûéäèòå èç Sage è ïåðåçàïóñòèòå. Òåïåðü âû ìîæåòå ïîëó÷èòü `'A� îáðàòíî:

sage: A = load('A')
sage: A
[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

Òî æå ñàìîå ìîæíî äåëàòü è ñ áîëåå ñëîæíûìè îáúåêòàìè, íàïðèìåð ýëëèïòè÷åñêèìè êðèâûìè. Âñÿ
èíôîðìàöèÿ îá îáúåêòå (êîòîðàÿ íàõîäèòñÿ â êåøå) ñîõðàíÿåòñÿ âìåñòå ñ îáúåêòîì. Íàïðèìåð,

sage: E = EllipticCurve('11a')
sage: v = E.anlist(100000) # òðåáóåò íåêîòîðîãî âðåìåíè...
sage: save(E, 'E')
sage: quit

Ñîõðàíåííàÿ âåðñèÿ E çàíèìàåò 153 êèëîáèòà, òàê êàê â íåì ñîäåðæàòñÿ ïåðâûå 100000 an.

~/tmp$ ls -l E.sobj
-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]
sage: E = load('E')
sage: v = E.anlist(100000) # ìîìåíòàëüíî!

(Â Python, ñîõðàíåíèå è çàãðóçêà îñóùåñòâëÿåòñÿ ìîäóëåì cPickle. Îáúåêò Sage x ìîæåò áûòü ñîõðàíåí
ñ ïîìîùüþ cPickle.dumps(x, 2). Îáðàòèòå âíèìàíèå íà 2!)

Sage íå ìîæåò ñîõðàíÿòü è çàãðóæàòü îáúåêòû, ñîçäàííûå â äðóãèõ ñèñòåìàõ êîìïüþòåðíîé àëãåáðû,
òàêèõ êàê GAP, Singular, Maxima è ïð. Îíè çàãðóæàþòñÿ â ñîñòîÿíèè, êîòîðîå ïîìå÷åíî êàê �invalid�.
Õîòÿ, â GAP ìíîãèå îáúåêòû âûâîäÿòñÿ â ôîðìå, èç êîòîðîé èõ ïîòîì ìîæíî âîññòàíîâèòü, íî ìíîãèå
íå âûâîäÿòñÿ â òàêîé ôîðìå, ïîýòîìó èõ âîññòàíîâëåíèå èç òàêîãî âèäà íàðî÷íî çàïðåùåíî.

sage: a = gap(2)
sage: a.save('a')
sage: load('a')
Traceback (most recent call last):
...
ValueError: The session in which this object was de�ned is no longer
running.

Îáúåêòû GP/PARI ìîãóò áûòü ñîõðàíåíû è çàãðóæåíû, òàê êàê èõ âèä ïðè âûâîäå íà ýêðàí äîñòàòî÷åí
äëÿ âîññòàíîâëåíèÿ îáúåêòà.
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sage: a = gp(2)
sage: a.save('a')
sage: load('a')
2

Ñîõðàíåííûå îáúåêòû ìîãóò áûòü çàãðóæåíû ïîçæå íà êîìïüþòåðàõ ñ äðóãîé àðõèòåêòóðîé èëè îïå-
ðàöèîííîé ñèñòåìîé, íàïðèìåð, âû ìîæåòå ñîõðàíèòü îãðîìíóþ ìàòðèöó â 32-áèòíîé OS X è çàãðóçèòü
åå â 64-áèòíóþ GNU/Linux, ïðèâåñòè ê ñòóïåí÷àòîé ôîðìå è ïåðåìåñòèòü îáðàòíî. Òàêæå âî ìíîãèõ
ñëó÷àÿõ âû ìîæåòå çàãðóæàòü îáúåêòû â âåðñèè Sage, îòëè÷íûå îò âåðñèè, íà êîòîðîé îíè áûëè ñîõðà-
íåíû. Âñå àòðèáóòû îáúåêòà ñîõðàíÿþòñÿ âìåñòå ñ êëàññîì (íî íå âêëþ÷àÿ èñõîäíûé êîä), êîòîðûé
îïèñûâàåò îáúåêò. Åñëè êëàññ áîëåå íå ñóùåñòâóåò â íîâîé âåðñèè Sage, òîãäà îáúåêò íå ìîæåò áûòü
çàãðóæåí â ýòó íîâóþ âåðñèþ. Íî åñëè âû çàãðóçèòå åå íà âåðñèþ íèæå, ïîëó÷èòå ñëîâàðü îáúåêòîâ (ñ
ïîìîùüþ x.__dict__) è ñîõðàíèòå ñëîâàðü, òî ñìîæåòå çàãðóçèòü åãî â íîâóþ âåðñèþ.

3.8.1 Ñîõðàíåíèå â âèäå òåêñòà

Âû òàêæå ìîæåòå ñîõðàíÿòü îáúåêòû â âèäå íàáîðà ASCII ñèìâîëîâ â ïðîñòîé òåêñòîâûé ôàéë ïðîñòûì
îòêðûòèåì ôàéëà è ñîõðàíåíèåì ñòðîêè, êîòîðàÿ âûðàæàåò (îïèñûâàåò) îáúåêò (âû ìîæåòå çàïèñûâàòü
íåñêîëüêî îáúåêòîâ). Íå çàáóäüòå çàêðûòü ôàéë ïîñëå äîáàâëåíèÿ äàííûõ.

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: f = (x+y)^7
sage: o = open('�le.txt','w')
sage: o.write(str(f))
sage: o.close()

3.9 Ñîõðàíåíèå è çàãðóçêà ïîëíûõ ñåññèé

Sage îáëàäàåò î÷åíü ãèáêèìè âîçìîæíîñòÿìè ñîõðàíåíèÿ è çàãðóçêè ïîëíûõ ñåññèé.

Êîìàíäà save_session(sessionname) ñîõðàíÿåò âñå ïåðåìåííûå, êîòîðûå âû çàäàëè â òåêóùåé ñåññèè â
âèäå ñëîâàðÿ â çàäàííîì sessionname. (Â ðåäêîì ñëó÷àå, êîãäà îáúåêò íå ïîääåðæèâàåò ñîõðàíåíèÿ,
îí ïðîñòî íå áóäåò âêëþ÷åí â ñëîâàðü.) Â ðåçóëüòàòå áóäåò ñîçäàí ôàéë ñ ðàñøèðåíèåì .sobj è ìîæåò
áûòü çàãðóæåí êàê ëþáîé äðóãîé îáúåêò. Êîãäà âû çàãðóæàåòå ñîõðàíåííûå îáúåêòû â ñåññèþ, âû
ïîëó÷àåòå ñëîâàðü, êëþ÷àìè êîòîðîãî ÿâëÿþòñÿ èìåíà ïåðåìåííûõ, à çíà÷åíèÿìè � îáúåêòû.

Âû ìîæåòå èñïîëüçîâàòü êîìàíäó load_session(sessionname), ÷òîáû çàãðóçèòü ïåðåìåííûå, îïèñàííûå
â sessionname, â òåêóùóþ ñåññèþ. Çàìåòüòå, ÷òî ýòî íå óäàëÿåò ïåðåìåííûå, çàäàííûå â ýòîé ñåññèè.
Âìåñòî ýòîãî, äâå ñåññèè îáúåäèíÿþòñÿ.

Äëÿ íà÷àëà çàïóñòèì Sage è çàäàäèì íåñêîëüêî ïåðåìåííûõ.

sage: E = EllipticCurve('11a')
sage: M = ModularSymbols(37)
sage: a = 389
sage: t = M.T(2003).matrix(); t.charpoly().factor()
_4 = (x - 2004) * (x - 12)^2 * (x + 54)^2

Äàëåå, ñîõðàíèì íàøó ñåññèþ, ÷òî âêëþ÷èò â ñåáÿ ñîõðàíåíèå âñåõ çàäàííûõ âûøå ïåðåìåííûõ â ôàéë.
Ïîòîì ìû ïðîâåðèì èíôîðìàöèþ î ôàéëå. Åãî ðàçìåð � 3 êèëîáàéòà.

sage: save_session('misc')
Saving a
Saving M
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Saving t
Saving E
sage: quit
was@form:~/tmp$ ls -l misc.sobj
-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

Íàêîíåö, ìû ïåðåçàïóñòèì Sage, çàäàäèì äîïîëíèòåëüíóþ ïåðåìåííóþ è çàãðóçèì ñîõðàíåííóþ ñåñ-
ñèþ.

sage: b = 19
sage: load_session('misc')
Loading a
Loading M
Loading E
Loading t

Êàæäàÿ ñîõðàíåííàÿ ïåðåìåííàÿ ñíîâà ÿâëÿåòñÿ ïåðåìåííîé. Êðîìå òîãî, ïåðåìåííàÿ b íå áûëà ïåðå-
çàïèñàíà.

sage: M
Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0
and dimension 5 over Rational Field
sage: E
Elliptic Curve de�ned by y^2 + y = x^3 - x^2 - 10*x - 20 over Rational
Field
sage: b
19
sage: a
389

3.10 Èíòåðôåéñ Notebook

Sage notebook çàïóñêàåòñÿ ñ ïîìîùüþ ñëåäóþùåé êîìàíäû

sage: notebook()

ââåäåííîé â êîìàíäíîé ñòðîêå. Îíà çàïóñòèò Sage notebook è îòêðîåò åãî â áðàóçåðå ïî óìîë÷àíèþ.
Ôàéëû ñîñòîÿíèÿ ñåðâåðà õðàíÿòñÿ â $HOME/.sage/sage\_notebook.

Äðóãèå ïàðàìåòðû âêëþ÷àþò â ñåáÿ:

sage: notebook("directory")

Ýòîò ïàðàìåòð ïîçâîëÿåò çàïóñòèòü ñåðâåð Notebook, èñïîëüçóÿ ôàéëû â çàäàííîé äèðåêòîðèè, âìåñòî
èñïîëüçîâàíèÿ äèðåêòîðèè ïî óìîë÷àíèþ $HOME/.sage/sage_notebook. Ýòî ìîæåò îêàçàòüñÿ ïîëåç-
íûì, åñëè âû õîòèòå èìåòü êîëëåêöèþ ðàáî÷èõ ëèñòîâ, ñâÿçàííûõ ñ êîíêðåòíûì ïðîåêòîì, èëè åñëè
âû õîòèòå çàïóñêàòü íåñêîëüêî îòäåëüíûõ ñåðâåðîâ Notebook â îäíî âðåìÿ.

Êîãäà âû çàïóñêàåòå Notebook, âíà÷àëå îí ñîçäàåò ñëåäóþùèå ôàéëû â äèðåêòîðèè
$HOME/.sage/sage_notebook:

nb.sobj (the notebook SAGE object �le)
objects/ (a directory containing SAGE objects)
worksheets/ (a directory containing SAGE worksheets).

Ïîñëå ñîçäàíèÿ ýòèõ ôàéëîâ, Notebook çàïóñêàåò âåá-ñåðâåð.
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Notebook � ýòî êîëëåêöèÿ ó÷åòíûõ çàïèñåé ïîëüçîâàòåëåé (àêêàóíòîâ), êàæäûé èç êîòîðûõ ìîæåò
èìåòü ëþáîå êîëè÷åñòâî ðàáî÷èõ ëèñòîâ. Êîãäà âû ñîçäàåòå íîâûé ðàáî÷èé ëèñò, èíôîðìàöèÿ, êîòîðàÿ
îïèñûâàåò åãî, ñîõðàíÿåòñÿ â äèðåêòîðèè worksheets/username/number. Â êàæäîé òàêîé äèðåêòîðèè
íàõîäèòñÿ ïðîñòîé òåêñòîâûé ôàéë worksheet.txt; åñëè ÷òî-òî ñëó÷èòñÿ ñ âàøèìè ðàáî÷èìè ëèñòàìè,
èëè ñ Sage, èëè ÷òî-íèáóäü åùå ïîéäåò íå òàê, òî òåêcòîâûé ôàéë, êîòîðûé ëåãêî ÷èòàåòñÿ, ïîìîæåò
âîññòàíîâèòü âàø ëèñò ïîëíîñòüþ.

Â Sage ââåäèòå notebook? äëÿ ïîëó÷åíèÿ ïîäðîáíîé èíôîðìàöèè î òîì, êàê çàïóñòèòü ñåðâåð Notebook.

Ñëåäóþùàÿ äèàãðàììà èëëþñòðèðóåò àðõèòåêòóðó Sage Notebook:

----------------------
| |
| |
| �refox/safari |
| |
| javascript |
| program |
| |
| |
----------------------

| ^
| AJAX |
V |

----------------------
| |
| sage | SAGE process 1
| web | ------------> SAGE process 2 (Python processes)
| server | pexpect SAGE process 3
| | .
| | .
---------------------- .

Äëÿ ïîëó÷åíèÿ ñïðàâêè î êîìàíäå Sage, cmd, â notebook ââåäèòå, cmd? è íàæìèòå <esc> (íå <shift-
enter>).

Äëÿ ïîëó÷åíèÿ ñïðàâêè î ãîðÿ÷èõ êëàâèøàõ èíòåðôåéñà notebook íàæìèòå ññûëêó Help.
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Ãëàâà 4

Èíòåðôåéñû

Êðàåóãîëüíûì êàìíåì Sage ÿâëÿåòñÿ ïîääåðæêà âû÷èñëåíèé ñ èñïîëüçîâàíèåì îáúåêòîâ èç ðàçíûõ
ñèñòåì êîìüïþòåðíîé àëãåáðû, êîòîðûå íàõîäÿòñÿ �ïîä îäíîé êðûøåé� è èñïîëüçóþò îáùèé èíòåðôåéñ
è ÷èñòûé ÿçûê ïðîãðàììèðîâàíèÿ.

Ìåòîäû console è interact èíòåðôåéñà äåëàþò ðàçíûå âåùè. Íàïðèìåð, èñïîëüçóÿ GAP êàê ïðèìåð:

1. gap.console(): Îòêðûâàåò êîíñîëü GAP è ïåðåäàåò óïðàâëåíèå GAP'ó. Çäåñü Sage âûñòóïàåò â
ðîëè óäîáíîé êîìàíäíîé ñòðîêè, íàïîäîáèå îáîëî÷êè Bash â GNU/Linux.

2. gap.interact(): Ýòî óäîáíûé ñïîñîá âçàèìîäåéñòâèÿ ñ çàïóùåííûì èíòåðôåéñîì GAP, �çàïîëíåí-
íûì� îáúåêòàìè Sage. Âû ìîæåòå èìïîðòèðîâàòü îáúåêòû Sage â ñåññèþ GAP (äàæå èç èíòåðàê-
òèâíîãî èíòåðôåéñà), è ïð.

4.1 GP/PARI

PARI ýòî êîìïàêòíàÿ, î÷åíü ïðîäóìàííàÿ è õîðîøî îïòèìèçèðîâàííàÿ ïðîãðàììà íà C, ñîñðåäîòî-
÷åííàÿ íà òåîðèè ÷èñåë. Ñóùåñòâóåò äâà ðàçäåëüíûõ èíòåðôåéñà, êîòîðûå âû ìîæåòå èñïîëüçîâàòü â
Sage:

• gp - gp - èíòåðïðåòàòîð �G o P ARI� , è

• pari - pari - Ñ-áèáëèîòåêà PARI.

Íàïðèìåð, ñëåäóþùèå äâå ñòðî÷êè âûïîëíÿþò îäíó è òó æå îïåðàöèþ. Îíè âûãëÿäÿò èäåíòè÷íî, íî
âûâîä íà ñàìîì äåëå îòëè÷àåòñÿ, à çà êóëèñàìè ïðîèñõîäÿò ñîâñåì ðàçíûå âåùè.

sage: gp('znprimroot(10007)')
Mod(5, 10007)
sage: pari('znprimroot(10007)')
Mod(5, 10007)

Â ïåðâîì ñëó÷àå îòäåëüíàÿ êîïèÿ èíòåðïðåòàòîðà GP çàïóñêàåòñÿ êàê ñåðâåð, è ñòðîêà
'znprimroot(10007)' îòïðàâëÿåòñÿ â íåãî, âû÷èñëÿåòñÿ ñ ïîìîùüþ GP, è ðåçóëüòàò çàïèñûâàåòñÿ â ïåðå-
ìåííóþ â GP (êîòîðàÿ çàíèìàåò ïðîñòðàíñòâî â ïàìÿòè ïðîöåññà GP è íå áóäåò îñâîáîæäåíà). Ïîñëå
ýòîãî çíà÷åíèå ïåðåìåííîé âûâîäèòñÿ íà ýêðàí. Âî âòîðîì ñëó÷àå îòäåëüíàÿ ïðîãðàììà íå çàïóñêà-
åòñÿ, è ñòðîêà 'znprimroot(10007)' âû÷èñëÿåòñÿ êîíêðåòíîé ôóíêöèåé Ñ-áèáëèîòåêè PARI. Ðåçóëüòàò
ñîõðàíÿåòñÿ â heap-ïàìÿòè Python'à, êîòîðàÿ îñâîáîæäàåòñÿ ïîñëå òîãî, êàê ïåðåìåííàÿ ïåðåñòàåò
èñïîëüçîâàòüñÿ. Ó îáúåêòîâ ðàçíûé òèï:
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sage: type(gp('znprimroot(10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007)'))
<type 'sage.libs.pari.gen.gen'>

Òàê êàêîé æå ñïîñîá èñïîëüçîâàòü? Ýòî çàâèñèò îò òîãî, ÷òî âû äåëàåòå. Èíòåðôåéñ GP ìîæåò äåëàòü
âñå, ÷òî ìîæåò äåëàòü ïðîãðàììà GP/PARI, çàïóñêàåìàÿ èç êîìàíäíîé ñòðîêè, ïîòîìó êàê îí çàïóñêàåò
ýòó ïðîãðàììó. Âû ìîæåòå çàãðóçèòü ñëîæíóþ ïðîãðàììó PARI è çàïóñòèòü åå. Ñ äðóãîé ñòîðîíû,
èíòåðôåéñ PARI (÷åðåç C-áèáëèîòåêó) èìååò íàìíîãî áîëüøå îãðàíè÷åíèé. Âî-ïåðâûõ, íå âñå ôóíêöèè
â íåé ðåàëèçîâàíû. Âî-âòîðûõ, ìíîãî êîäà, íàïðèìåð, ÷èñëåííîå èíòåãðèðîâàíèå, íå áóäåò ðàáîòàòü
÷åðåç èíòåðôåéñ PARI. Èíòåðéåñ PARI ìîæåò áûòü íàìíîãî áûñòðåå è ïîíÿòíåå, ÷åì ñðàâíåíèþ ñ GP.

(Åñëè ó èíòåðôåéñà GP çàêîí÷èòñÿ ïàìÿòü ïðè âû÷èñëåíèè äàííîé ñòðîêè, îí àâòîìàòè÷åñêè è áåç ïðå-
äóïðåæäåíèÿ óäîâèò ðàçìåð ñòåêà è ïîïðîáóåò âû÷èñëåíèå åùå ðàç. Ïîýòîìó âàøè âû÷èñëåíèÿ âñåãäà
áóäóò ïðîèçâåäåíû êîððåêòíî, åñëè âû ïðàâèëüíî ðàñ÷èòàåòå ðàçìåð íåîáõîäèìîé ïàìÿòè. Ýòîò óäîá-
íûé òðþê íå âõîäèò â àðñåíàë ïðîñòîãî èíòåðïðåòàòîðà GP. Îòíîñèòåëüíî èíòåðôåéñà C-áèáëèîòåêè
PARI: îí ñðàçó êîïèðóåò êàæäûé ñîçäàííûé îáúåêò èç ñòåêà PARI, ïîýòîìó ñòåê íèêîãäà íå ðàñòåò.
Îäíàêî, êàæäûé îáúåêò íå äîëæåí ïðåâûøàòü ðàçìåðà â 100 ìåãàáàéò, èëè ñòåê áóäåò ïåðåïîëíåí ïðè
ñîçäàíèè îáúåêòà. Äîïîëíèòåëüíîå êîïèðîâàíèå íåìíîãî âëèÿåò íà îáùóþ ïðîèçâîäèòåëüíîñòü.)

Sage èñïîëüçóåò Ñ-áèáëèîòåêó PARI, ÷òîáû ïîääåðæèâàòü ôóíêöèîíàëüíîñòü, ñõîæóþ ñ èíòåðïðåòà-
òîðîì GP/PARI, íî âêëþ÷àÿ ðàçëè÷íûå ñëîæíûå îïåðàöèè ïî ðàáîòå ñ ïàìÿòüþ è ÿçûê ïðîãðàììè-
ðîâàíèÿ Python.

Ñíà÷àëà, ñîçäàäèì ñïèñîê PARI èç ñïèñêà Python.

sage: v = pari([1,2,3,4,5])
sage: v
[1, 2, 3, 4, 5]
sage: type(v)
<type 'sage.libs.pari.gen.gen'>

Êàæäûé îáúåêò PARI ÿâëÿåòñÿ îáúåêòîì òèïà py_pari.gen. Òèï PARI ìîæåò áûòü ïîëó÷åí ñ ïîìîùüþ
ôóíêöèè-÷ëåíà type.

sage: v.type()
't_VEC'

Â PARI, ÷òîáû ñîçäàòü ýëëèïòè÷åñêóþ êðèâóþ, íóæíî ââåñòè ellinit([1,2,3,4,5]). Â Sage ñïîñîá ñõîæ,
òîëüêî ellinit � ýòî ìåòîä, êîòîðûé ìîæåò áûòü âûçâàí äëÿ ëþáîãî îáúåêòà PARI, íàïðèìåð íàøà
t\_VEC v.

sage: e = v.ellinit()
sage: e.type()
't_VEC'
sage: pari(e)[:13]
[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

Òåïåðü, êîãäà ó íàñ åñòü îáúåêò ýëëèïòè÷åñêàÿ êðèâàÿ, ìû ìîæåì âû÷èñëèòü ÷òî-íèáóäü.

sage: e.elltors()
[1, [], []]
sage: e.ellglobalred()
[10351, [1, -1, 0, -1], 1]
sage: f = e.ellchangecurve([1,-1,0,-1])
sage: f[:5]
[1, -1, 0, 4, 3]
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4.2 GAP

Sage ïîñòàâëÿåòñÿ ñ GAP 4.4.10 äëÿ âû÷èñëåíèé â îáëàñòè äèñêðåòíîé ìàòåìàòèêè, â îñîáåííîñòè, â
òåîðèè ãðóïï.

Âîò ïðèìåð ôóíêöèè IdGroup èç GAP, êîòîðàÿ èñïîëüçóåò áàçó äàííûõ íåáîëüøèõ ãðóïï, êîòîðàÿ
äîëæíà áûòü óñòàíîâëåíà îòäåëüíî, êàê ïîêàçàíî íèæå.

sage: G = gap('Group((1,2,3)(4,5), (3,4))')
sage: G
Group( [ (1,2,3)(4,5), (3,4) ] )
sage: G.Center()
Group( () )
sage: G.IdGroup() # requires optional database_gap package
[ 120, 34 ]
sage: G.Order()
120

Ìû ìîæåì ïðîâåñòè òå æå âû÷èñëåíèÿ â Sage áåç ïðÿìîãî âûçîâà èíòåðôåéñà GAP ñëåäóþùèì îáðà-
çîì:

sage: G = PermutationGroup([[(1,2,3),(4,5)],[(3,4)]])
sage: G.center()
Subgroup of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]) generated by [()]
sage: G.group_id() # requires optional database_gap package
[120, 34]
sage: n = G.order(); n
120

(Äëÿ ôóíêöèîíàëà GAP ñëåäóåò óñòàíîâèòü äâà äîïîëíèòåëüíûõ ïàêåòà Sage. Ââåäèòå sage -optional
äëÿ ñïèñêà è âûáåðèòå ïàêåò âèäà gap\_packages-x.y.z, ïîòîì ââåäèòå sage -i gap\_packages-x.y.z. Ñäå-
ëàéòå òî æå äëÿ database\_gap-x.y.z. Íåêîòîðûå íå-GPL ïàêåòû GAP ìîãóò áûòü óñòàíîâëåíû ñêà-
÷èâàíèåì èõ ñ ñàéòà GAP [GAPkg], è ðàñïàêîâêîé èõ â äèðåêòîðèþ $SAGE_ROOT/local/lib/gap-
4.4.10/pkg.)

4.3 Singular

Singular ïðåäîñòàâëÿåò ìàññèâíóþ è ïðîäóìàííóþ áèáëèîòåêó äëÿ áàçèñà Ãð¼áíåðà, íàõîæäåíèÿ íàè-
áîëüøåãî îáùåãî äåëèòåëÿ ïîëèíîìîâ, áàçèñà ïðîñòðàíñòâ ïëîñêèõ êðèâûõ Ðèìàíà-Ðîõà è ôàêòî-
ðèçàöèè, íàðÿäó ñ äðóãèìè âåùàìè. Ìû ïîêàæåì ïðèìåð ôàêòîðèçàöèè ïîëèíîìîâ ñ íåñêîëüêèìè
ïåðåìåííûìè, èñïîëüçóÿ èíòåðôåéñ Singular â Sage (íå ââîäèòå ...):

sage: R1 = singular.ring(0, '(x,y)', 'dp')
sage: R1
// characteristic : 0
// number of vars : 2
// block 1 : ordering dp
// : names x y
// block 2 : ordering C
sage: f = singular('9*y^8 - 9*x^2*y^7 - 18*x^3*y^6 - 18*x^5*y^6 + \
... 9*x^6*y^4 + 18*x^7*y^5 + 36*x^8*y^4 + 9*x^10*y^4 - 18*x^11*y^2 - \
... 9*x^12*y^3 - 18*x^13*y^2 + 9*x^16')

Òåïåðü êîãäà ìû îïðåäåëèëè f , ìû âûâîäèì íà ýêðàí è ôàêòîðèçóåì.
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sage: f
9*x^16-18*x^13*y^2-9*x^12*y^3+9*x^10*y^4-18*x^11*y^2+36*x^8*y^4+18*x^7*y^5-18*x^5*y^6+9*x^6*y^4-18*x^3*y^6-9*x^2*y^7+9*y^8
sage: f.parent()
Singular
sage: F = f.factorize(); F
[1]:
_[1]=9
_[2]=x^6-2*x^3*y^2-x^2*y^3+y^4
_[3]=-x^5+y^2

[2]:
1,1,2

sage: F[1][2]
x^6-2*x^3*y^2-x^2*y^3+y^4

Êàê è íà ïðèìåðå GAP â GAP, ìû ìîæåì ñîâåðøèòü äàííóþ ôàêòîðèçàöèþ áåç ïðÿìîãî óêàçàíèÿ
èíòåðôåéñà Sage (îäíàêî çà êóëèñàìè Sage âñå ðàâíî èñïîëüçóåòñÿ èíòåðôåéñ Singular). Íå ââîäèòå ...:

sage: x, y = QQ['x, y'].gens()
sage: f = 9*y^8 - 9*x^2*y^7 - 18*x^3*y^6 - 18*x^5*y^6 + 9*x^6*y^4\
... + 18*x^7*y^5 + 36*x^8*y^4 + 9*x^10*y^4 - 18*x^11*y^2 - 9*x^12*y^3\
... - 18*x^13*y^2 + 9*x^16
sage: factor(f)
(9) * (-x^5 + y^2)^2 * (x^6 - 2*x^3*y^2 - x^2*y^3 + y^4)

4.4 Maxima

Maxima âêëþ÷åíà â Sage, òàê æå êàê ðåàëèçàöèÿ Ëèñïà. Ïàêåò gnuplot (êîòîðûé Maxima èñïîëüçóåò
ïî óìîë÷àíèþ äëÿ ïîñòðîåíèÿ ãðàôèêîâ) ðàñïðîñòðàíÿåòñÿ êàê äîïîëíèòåëüíûé ïàêåò Sage. Êðîìå
îñòàëüíûõ âåùåé, Maxima ïîçâîëÿåò ïðîèçâîäèòü ñèìâîëè÷åñêèå ìàíèïóëÿöèè. Maxima ìîæåò èíòå-
ãðèðîâàòü è äèôôåðåíöèðîâàòü ôóíêöèè ñèìâîëè÷åñêè, ðåøàòü îáûêíîâåííûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ 1ãî ïîðÿäêà, áîëüøóþ ÷àñòü ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé 2ãî
ïîðÿäêà, èñïîëüçîâàòü ïðåîáðàçîâàíèÿ Ëàïëàñà êàê ìåòîä äëÿ ðåøåíèÿ ëèíåéíûõ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ëþáîãî ïîðÿäêà. Maxima òàêæå �çíàåò� î áîëüøîì íàáîðå ñïåöèàëüíûõ
ôóíêöèé, èìååò âîçìîæíîñòü ñòðîèòü ãðàôèêè ïðè ïîìîùè gnuplot, èìååò ìåòîäû ðåøåíèÿ è ìàíèïó-
ëÿöèè ìàòðèöàìè (ê ïðèìåðó, ìåòîä Ãàóññà, íàõîæäåíèå ñîáñòâåííûõ çíà÷åíèé è âåêòîðîâ), à òàêæå
óìååò ðåøàòü ïîëèíîìû.

Ìû ïðîèëëþñòðèðóåì ðàáîòó Sage/Maxima ñ ïîìîùüþ ìàòðèöû, çíà÷åíèÿ i, j êîòîðîé ÿâëÿþòñÿ i/j,
äëÿ i, j = 1, . . . , 4.

sage: f = maxima.eval('ij_entry[i,j] := i/j')
sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4],[2,1,2/3,1/2],[3,3/2,1,3/4],[4,2,4/3,1])
sage: A.determinant()
0
sage: A.echelon()
matrix([1,1/2,1/3,1/4],[0,0,0,0],[0,0,0,0],[0,0,0,0])
sage: A.eigenvalues()
[[0,4],[3,1]]
sage: A.eigenvectors()
[[[0,4],[3,1]],[[[1,0,0,-4],[0,1,0,-2],[0,0,1,-4/3]],[[1,2,3,4]]]]

Âîò äðóãîé ïðèìåð:
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sage: A = maxima("matrix ([1, 0, 0], [1, -1, 0], [1, 3, -2])")
sage: eigA = A.eigenvectors()
sage: V = VectorSpace(QQ,3)
sage: eigA
[[[-2,-1,1],[1,1,1]],[[[0,0,1]],[[0,1,3]],[[1,1/2,5/6]]]]
sage: v1 = V(sage_eval(repr(eigA[1][0][0]))); lambda1 = eigA[0][0][0]
sage: v2 = V(sage_eval(repr(eigA[1][1][0]))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval(repr(eigA[1][2][0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace(QQ,3,3)
sage: AA = M([[1,0,0],[1, - 1,0],[1,3, - 2]])
sage: b1 = v1.base_ring()
sage: AA*v1 == b1(lambda1)*v1
True
sage: b2 = v2.base_ring()
sage: AA*v2 == b2(lambda2)*v2
True
sage: b3 = v3.base_ring()
sage: AA*v3 == b3(lambda3)*v3
True

Íàêîíåö, ìû ïîêàæåì, êàê ñòðîèòü ãðàôèêè ñðåäñòâàìè openmath. Ìíîãèå ïðèìåðû ÿâëÿþòñÿ ìîäè-
ôèöèðîâàííûìè ïðèìåðàìè èç ðóêîâîäñòâà ê Maxima.

2-ìåðíûå ãðàôèêè íåñêîëüêèõ ôóíêöèé (íå ââîäèòå ...):

sage: maxima.plot2d('[cos(7*x),cos(23*x)^4,sin(13*x)^3]','[x,0,1]',\
... '[plot_format,openmath]') # not tested

�Æèâîé� òðåõìåðíûé ãðàôèê, êîòîðûé âû ìîæåòå âðàùàòü ìûøêîé (íå ââîäèòå ...):

sage: maxima.plot3d ("2^(-u^2 + v^2)", "[u, -3, 3]", "[v, -2, 2]",\
... '[plot_format, openmath]') # not tested
sage: maxima.plot3d("atan(-x^2 + y^3/4)", "[x, -4, 4]", "[y, -4, 4]",\
... "[grid, 50, 50]",'[plot_format, openmath]') # not tested

Ñëåäóþùèé ãðàôèê � ýòî çíàìåíèòàÿ Ëåíòà Ì¼áèóñà (íå ââîäèòå ...):

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)),\
... y*sin(x/2)]", "[x, -4, 4]", "[y, -4, 4]",\
... '[plot_format, openmath]') # not tested

Ñëåäóþùèé ãðàôèê � ýòî çíàìåíèòàÿ Áóòûëêà Êëåéíà (íå ââîäèòå ...):

sage: maxima("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)\
... - 10.0")
5*cos(x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)-10.0
sage: maxima("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")
-5*sin(x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)
sage: maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")
5*(cos(x/2)*sin(2*y)-sin(x/2)*cos(y))
sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, -%pi, %pi]",\
... "[y, -%pi, %pi]", "['grid, 40, 40]",\
... '[plot_format, openmath]') # not tested
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Ãëàâà 5

Ïðîãðàììèðîâàíèå

5.1 Çàãðóçêà è ïðèêðåïëåíèå ôàéëîâ Sage

Ñëåäóþùåå ïîêàçûâàåò, êàê ïîäãðóæàòü ïðîãðàììû â Sage, çàïèñàííûå â îòäåëüíûé ôàéë. Ñîçäàéòå
ôàéë example.sage ñî ñëåäóþùèì ñîäåðæàíèåì:

print "Hello World"
print 2^3

Âû ìîæåòå ïðî÷èòàòü è âûïîëíèòü example.sage ñ ïîìîùüþ êîìàíäû load.

sage: load "example.sage"
Hello World
8

Âû òàêæå ìîæåòå ïðèêðåïèòü ôàéë Sage ê çàïóùåííîé ñåññèè â ïîìîùüþ êîìàíäû attach:

sage: attach "example.sage"
Hello World
8

Òåïåðü åñëè âû èçìåíèòå ôàéë example.sage è ââåäåòå ïóñòóþ ñòðîêó â Sage (ò.å. íàæìèòå return), òî
ñîäåðæèìîå example.sage áóäåò àâòîìàòè÷åñêè ïåðåãðóæåíî â Sage.

Â ÷àñòíîñòè, attach àâòîìàòè÷åñêè ïåðåãðóæàåò ôàéë, êàê òîëüêî îí èçìåíåí, ÷òî î÷åíü óäîáíî ïðè
ïîèñêå îøèáîê â êîäå, òîãäà êàê load çàãðóæàåò ôàéë ëèøü åäèíîæäû.

Êîãäà example.sage çàãðóæàåòñÿ â Sage, îí ïåðåâîäèòñÿ â Python, à çàòåì âûïîëíÿåòñÿ ñ ïîìîùüþ
èíòåðïðåòàòîðà Python. Çàòðàòû íà äàííóþ îïåðàöèþ ìèíèìàëüíû; â îñíîâíîì, ýòî âêëþ÷àåò â ñå-
áÿ ïåðåâîä öåëûõ êîíñòàíò â Integer(), äðîáíûõ êîíñòàíò â RealNumber(), çàìåíó ^ íà ** è, íàïðè-
ìåð, R.2 íà R.gen(2)}. Ïåðåâåäåííàÿ âåðñèÿ example.sage áóäåò ñîäåðæàòüñÿ â òîé æå äèðåêòîðèè, ÷òî
example.sage, ïîä íàçâàíèåì example.sage.py. Äàííûé ôàéë áóäåò ñîäåðæàòü ñëåäóþùèé êîä:

print "Hello World"
print Integer(2)**Integer(3)

Öåëûå êîíòñòàíòû ïåðåâåäåíû è ^ çàìåíåíî íà **. (Â Python ^ îçíà÷àåò �èñêëþ÷àþùåå ÈËÈ� è **
îçíà÷àåò �âîçâåäåíèå â ñòåïåíü�.)

Äàííûå îïåðàöèè âûïîëíÿþòñÿ â sage/misc/interpreter.py.)
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Âû èìååòå âîçìîæíîñòü âñòàâëÿòü ìíîãîñòðî÷íûé êîä ñ îòñòóïàìè â Sage äî òåõ ïîð, ïîêà åñòü íîâûå
ñòðîêè äëÿ íîâûõ áëîêîâ (ýòî íåîáÿçàòåëüíî äëÿ ôàéëîâ). Îäíàêî, ëó÷øèì ñïîñîáîì äëÿ âñòàâêè
òàêîãî êîäà ÿâëÿåòñÿ ñîõðàíåíèå â ôàéë è èñïîëüçîâàíèå attach, êàê îïèñàíî âûøå.

5.2 Ñîçäàíèå êîìïèëèðîâàííîãî êîäà

Ñêîðîñòü � âàæíàÿ ñîñòàâëÿþùàÿ â ìàòåìàòè÷åñêèõ âû÷èñëåíèÿõ. Õîòÿ Python ÿâëÿåòñÿ âûñîêîóðîâ-
íåâûì ÿçûêîì ïðîãðàììèðîâàíèÿ, íåêîòîðûå âû÷èñëåíèÿ ìîãóò áûòü âûïîëíåíû íà íåñêîëüêî ïîðÿä-
êîâ áûñòðåå â Python ïðè èñïîëüçîâàíèè ñòàòè÷åñêèõ òèïîâ äàííûõ ïðè êîìïèëèðîâàíèè. Íåêîòîðûå
êîìïîíåíòû Sage áûëè áû ñëèøêîì ìåäëåííûìè, áóäü îí íàïèñàí öåëèêîì íà Python. Äëÿ ýòîãî Sage
ïîääåðæèâàåò êîìïèëèðîâàííóþ �âåðñèþ� Python, êîòîðàÿ íàçûâàåòñÿ Cython ([Cyt] è [Pyr]). Cython
îäíîâðåìåííî ïîõîæ è íà Python, è íà C. Áîëüøèíñòâî êîíñòðóêöèé Python, âêëþ÷àÿ ïðåäñòàâëåíèå
ñïèñêîâ, óñëîâíûå âûðàæåíèÿ, êîä íàïîäîáèå +=, ðàçðåøåíû; âû òàêæå ìîæåòå èìïîðòèðîâàòü êîä,
íàïèñàííûé â äðóãèõ ìîäóëÿõ Python. Êðîìå òîãî, âû ìîæåòå îáúÿâëÿòü ïðîèçâîëüíûå ïåðåìåííûå
C è íàïðÿìóþ îáðàùàòüñÿ ê áèáëèîòåêàì C. Êîíå÷íûé êîä áóäåò ñêîíâåðòèðîâàí â C è îáðàáîòàí
êîìïèëÿòîðîì C.

Äëÿ òîãî, ÷òîáû ñîçäàòü êîìïèëèðóåìûé êîä â Sage, îáúÿâèòå ôàéë ñ ðàñøèðåíèåì .spyx (âìåñòî
.sage). Åñëè âû ðàáîòàåòå ñ èíòåðôåéñîì êîììàíäíîé ñòðîêè, âû ìîæåòå ïðèêðåïëÿòü è çàãðóæàòü
êîìïèëèðóåìûé êîä òî÷íî òàê æå, êàê è èíòåðïðåòèðóåìûé (íà äàííûé ìîìåíò, ïðèêðåïëåíèå è çà-
ãðóçêà êîäà íà Cython íå ïîääåðæèâàåòñÿ â èíòåðôåéñå Notebook). Ñàìî êîìïèëèðîâàíèå ïðîèñõîäèò
�çà êóëèñàìè�, íå òðåáóÿ êàêèõ-ëèáî äåéñòâèé ñ âàøåé ñòîðîíû. Ïðîñìîòðåòü ïðèìåð êîìïèëèðîâàí-
íîãî èñïîëíåíèÿ ôóíêöèè ôàêòîðèàë, êîòîðîå íàïðÿìóþ èñïîëüçóåò áèáëèîòåêè GMP íà C, ìîæíî
â $SAGE_ROOT/examples/programming/sagex/factorial.spyx. Äëÿ òîãî, ÷òîáû îïðîáîâàòü ýòî ñàìîìó,
ïåðåéäèòå â $SAGE_ROOT/examples/programming/sagex/ ñ ïîìîùüþ cd, à çàòåì âûïîëíèåò ñëåäóþ-
ùåå:

sage: load "factorial.spyx"
***************************************************

Recompiling factorial.spyx
***************************************************
sage: factorial(50)
30414093201713378043612608166064768844377641568960512000000000000L
sage: time n = factorial(10000)
CPU times: user 0.03 s, sys: 0.00 s, total: 0.03 s
Wall time: 0.03

Â äàííîì ïðèìåðå L â êîíöå îçíà÷àåò Python long integer (ñì. Ïðå-ïàðñåð: Ðàçëè÷èÿ ìåæäó Sage è
Python).

Çàìåòüòå, ÷òî Sage ïåðåêîìïèëèðóåò factorial.spyx â òîì ñëó÷àå, åñëè âû âûéäåòå è ïåðåçàïóñòèòå Sage.
Êîìïèëèðîâàííàÿ áèáëèîòåêà îáùèõ îáúåêòîâ ñîäåðæèòñÿ â $HOME/.sage/temp/hostname/pid/spyx.
Ýòè ôàéëû áóäóò óäàëåíû ïðè âûõîäå èç Sage.

Ïðå-ïàðñèðîâêà íå ïðèìåíÿåòñÿ ê spyx ôàéëàì. Íàïðèìåð 1/3 ïðåâðàòèòñÿ â 0 â spyx ôàéëå âìåñòî ðà-
öèîíàëüíîãî ÷èñëà 1/3. Äîïóñòèì, foo - ýòî ôóíêöèÿ â áèáëèîòåêå Sage. Äëÿ òîãî, ÷òîáû èñïîëüçîâàòü
åå èç spyx-ôàéëà, èìïîðòèðóéòå sage.all è ïðèìåíèòå sage.all.foo.

import sage.all
def foo(n):

return sage.all.factorial(n)
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5.2.1 Äîñòóï ê ôóíêöèÿì Ñ èç âíåøíèõ ôàéëîâ

Äîñòóï ê ôóíêöèÿì C èç âíåøíèõ *.c ôàéëîâ îñóùåñòâëÿåòñÿ äîâîëüíî ïðîñòî. Ñîçäàéòå ôàéëû test.c
è test.spyx â îäíîé äèðåêòîðèè ñî ñëåäóþùèì ñîäåðæàíèåì:

Êîä íà ÿçûêå Ñ: test.c

int add_one(int n) {
return n + 1;

}

Êîä íà ÿçûêå Cython: test.spyx:

cdef extern from "test.c":
int add_one(int n)

def test(n):
return add_one(n)

Âûïîëíèòå:

sage: attach "test.spyx"
Compiling (...)/test.spyx...
sage: test(10)
11

Â òîì ñëó÷àå, åñëè ïîíàäîáèòñÿ äîïîëíèòåëüíàÿ áèáëèîòåêà foo äëÿ òîãî, ÷òîáû ñêîìïèëèðîâàòü êîä
íà C, ïîëó÷åííûé èç ôàéëà Cython, äîáàâüòå clib foo â èñòî÷íèê Cython êîäà. Àíàëîãè÷íî, äîïîëíè-
òåëüíûé Ñ ôàéë bar ìîæåò áûòü äîáàâëåí â êîìïèëÿöèþ ñ îáúÿâëåíèåì c�le bar.

5.3 Ñàìîñòîÿòåëüíûå ñêðèïòû Python/Sage

Äàííûé ñàìîñòîÿòåëüíûé ñêðèïò Sage ðàñêëàäûâàåò íà ìíîæèòåëè öåëûå ÷èñëà, ïîëèíîìû è ò.ä.:

#!/usr/bin/env sage -python

import sys
from sage.all import *

if len(sys.argv) != 2:
print "Usage: %s <n>"%sys.argv[0]
print "Outputs the prime factorization of n."
sys.exit(1)

print factor(sage_eval(sys.argv[1]))

Äëÿ òîãî, ÷òîáû èñïîëüçîâàòü ýòîò ñêðèïò, SAGE_ROOT äîëæåí áûòü â PATH. Åñëè âûøåîïèñàííûé
ñêðèïò íàçûâàåòñÿ factor, ñëåäóþùåå ïîêàçûâàåò, êàê åãî âûïîëíèòü:

bash $ ./factor 2006
2 * 17 * 59
bash $ ./factor "32*x^5-1"
(2*x - 1) * (16*x^4 + 8*x^3 + 4*x^2 + 2*x + 1)
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5.4 Òèïû äàííûõ

Êàæäûé îáúåêò â Sage èìååò îïðåäåëåííûé òèï. Python âêëþ÷àåò â ñåáÿ áîëüøîé ñïåêòð âñòðîåííûõ
òèïîâ òîãäà, êàê áèáëèîòåêè Sage äîáàâëÿþò åùå áîëüøå. Âñòðîåííûå òèïû äàííûõ Python âêëþ÷àþò
â ñåáÿ ñèìâîëüíûå ñòðîêè, ñïèñêè, êîðòåæè, öåëûå è äðîáíûå ÷èñëà:

sage: s = "sage"; type(s)
<type 'str'>
sage: s = 'sage'; type(s) # Âû ìîæåòå èñïîëüçîâàòü äâîéíûå èëè îäèíàðíûå êàâû÷êè
<type 'str'>
sage: s = [1,2,3,4]; type(s)
<type 'list'>
sage: s = (1,2,3,4); type(s)
<type 'tuple'>
sage: s = int(2006); type(s)
<type 'int'>
sage: s = �oat(2006); type(s)
<type '�oat'>

Â ñâîþ î÷åðåäü Sage äîáàâëÿåò ìíîãî äðóãèõ òèïîâ äàííûõ, íàïðèìåð, âåêòîðíîå ïîëå:

sage: V = VectorSpace(QQ, 1000000); V
Vector space of dimension 1000000 over Rational Field
sage: type(V)
<class 'sage.modules.free_module.FreeModule_ambient_�eld_with_category'>

Òîëüêî îïðåäåëåííûå ôóíêöèè ìîãóò áûòü ïðèìåíåíû ê V. Â äðóãèõ ìàòåìàòè÷åñêèõ ïðîãðàììàõ
ôóíêöèè âûçûâàëèñü áû â �ôóíêöèîíàëüíîì� âèäå: foo(V,...). Â Sage îïðåäåëåííûå ôóíêöèè ïðèêðåï-
ëåíû ê òèïó (èëè êëàññó) V è âûçûâàþòñÿ ñ ïîìîùüþ îáúåêòíî-îðèåíòèðîâàííîãî ñèíòàêñèñà, êàê â
Java èëè C++, íàïðèìåð, V.foo(...). Ýòî ñïîñîáñòâóåò òîìó, ÷òî èìåííàÿ îáëàñòü âèäèìîñòè íå çàõëàì-
ëÿåòñÿ äåñÿòêàìè òûñÿ÷ ôóíêöèé, è îçíà÷àåò, ÷òî ìíîãèå ôóíêöèè ñ ðàçíûì ñîäåðæàíèåì ìîãóò áûòü
íàçâàíû �foo� áåç ïðîâåðêè òèïîâ àðãóìåíòîâ. Òàêæå, åñëè Âû èñïîëüçóåòå èìÿ ôóíêöèè ïîâòîðíî,
ýòà ôóíêöèÿ âñå ðàâíî äîñòóïíà (íàïðèìåð, åñëè Âû âûçûâàåòå ÷òî-òî íàïîäîáèå zeta, à çàòåì õîòèòå
âû÷èñëèòü çíà÷åíèå ôóíêöèè Riemann-Zeta ïðè 0.5, Âû ìîæåòå íàïå÷àòàòü s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

Â íåêîòîðûõ ÷àñòî âñòðå÷àþùèõñÿ ñëó÷àÿõ, îáû÷íîå ôóíêöèîíàëüíîå îáîçíà÷åíèå òàêæå ñïîñîáñòâóåò
óäîáñòâó èç-çà òîãî, ÷òî ìàòåìàòè÷åñêèå âûðàæåíèÿ ìîãóò âûãëÿäåòü çàïóòàííî ïðè èñàîëüçîâàíèè
îáúåêòíî-îðèåíòèðîâàííîãî îáîçíà÷åíèÿ. Íàïðèìåð:

sage: n = 2; n.sqrt()
sqrt(2)
sage: sqrt(2)
sqrt(2)
sage: V = VectorSpace(QQ,2)
sage: V.basis()

[
(1, 0),
(0, 1)
]

sage: basis(V)
[
(1, 0),
(0, 1)
]
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sage: M = MatrixSpace(GF(7), 2); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A
[1 2]
[3 4]
sage: A.charpoly('x')
x^2 + 2*x + 5
sage: charpoly(A, 'x')
x^2 + 2*x + 5

Äëÿ òîãî, ÷òîáû ïåðå÷èñëèòü âñå ÷ëåíû-ôóíêöèè äëÿ A, íàïå÷àòàéòå A., à çàòåì íàæìèòå êíîïêó [tab]
íà Âàøåé êëàâèàòóðå, êàê îïèñàíî â ðàçäåëå Îáðàòíûé ïîèñê è àâòîäîïîëíåíèå

5.5 Ñïèñêè, êîðòåæè è ïîñëåäîâàòåëüíîñòè

Òèï äàííûõ ñïèñîê ìîæåò õðàíèòü â ñåáå ýëåìåíòû ðàçíûõ òèïîâ äàííûõ. Êàê â C, C++ è ò.ä., íî â
îòëè÷èå îò äðóãèõ àëãåáðàè÷åñêèõ ñèñòåì, ýëåìåíòû ñïèñêà íà÷èíàþòñÿ ñ èíäåêñà 0:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; v
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type(v)
<type 'list'>
sage: v[0]
2
sage: v[2]
5

Ïðè èíäåêñèðîâàíèè ñïèñêà, ïðèìåíåíèå èíäåêñîâ, íå ÿâëÿþùèõñÿ öåëûì ÷èñëîì Python, ñðàáîòàåò
íîðìàëüíî.

sage: v = [1,2,3]
sage: v[2]
3
sage: n = 2 # öåëîå ÷èñëî Sage
sage: v[n] # ðàáîòàåò ïðàâèëüíî
3
sage: v[int(n)] # òîæå ðàáîòàåò ïðàâèëüíî
3

Ôóíêöèÿ range ñîçäàåò ñïèñîê öåëûõ ÷èñåë, èñïîëüçóåìûõ Python(íå Sage):

sage: range(1, 15)
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

Ýòî óäîáíî, êîãäà äëÿ ñîçäàíèÿ ñïèñêîâ èñïîëüçóåòñÿ âèä ñïèñêà:

sage: L = [factor(n) for n in range(1, 15)]
sage: print L
[1, 2, 3, 2^2, 5, 2 * 3, 7, 2^3, 3^2, 2 * 5, 11, 2^2 * 3, 13, 2 * 7]
sage: L[12]
13
sage: type(L[12])
<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(1, 15) if is_odd(n)]
[1, 3, 5, 7, 3^2, 11, 13]

Äëÿ áîëüøåãî ïîíèìàíèÿ ñïèñêîâ ñì. [PyT].
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Ðàñùåïëåíèå ñïèñêîâ - ýòî î÷åíü óäîáíûé èíñòðóìåíò. Äîïóñòèì L - ýòî ñïèñîê, òîãäà L[m:n] âåðíåò
ïîä-ñïèñîê L, ïîëó÷åííûé, íà÷èíàÿ ñ ýëåìåíòà íà ïîçèöèè m è çàêàí÷èâàÿ ýëåìåíòîì íà ïîçèöèè
(n− 1), êàê ïîêàçàíî íèæå.

sage: L = [factor(n) for n in range(1, 20)]
sage: L[4:9]
[5, 2 * 3, 7, 2^3, 3^2]
sage: print L[:4]
[1, 2, 3, 2^2]
sage: L[14:4]
[]
sage: L[14:]
[3 * 5, 2^4, 17, 2 * 3^2, 19]

Êîðòåæè èìåþò ñõîäñòâî ñî ñïèñêàìè, îäíàêî îíè íåèçìåíÿåìû ñ ìîìåíòà ñîçäàíèÿ.

sage: v = (1,2,3,4); v
(1, 2, 3, 4)
sage: type(v)
<type 'tuple'>
sage: v[1] = 5
Traceback (most recent call last):
...
TypeError: 'tuple' object does not support item assignment

Ïîñëåäîâàòåëüíîñòè - ýòî òèï äàííûõ, ñõîæèé ïî ñâîéñòâàì ñî ñïèñêîì. Ïîñëåäîâàòåëüíîñòè êàê òèï
äàííûõ íå âñòðîåíû â Python â îòëè÷èå îò ñïèñêîâ è êîðòåæåé. Ïî óìîë÷àíèþ, ïîñëåäîâàòåëüíîñòü
ÿâëÿåòñÿ èçìåíÿåìîé, îäíàêî èñïîëüçóÿ ìåòîä set_immutable èç êëàññà Sequence, îíà ìîæåò áûòü
ñäåëàíà íåèçìåíÿåìîé, êàê ïîêàçàíî â ñëåäóþùåì ïðèìåðå. Âñå ýëåìåíòû ïîñëåäîâàòåëüíîñòè èìåþò
îáùåãî ðîäèòåëÿ, èìåíóåìîãî óíèâåðñóìîì ïîñëåäîâàòåëüîñòè.

sage: v = Sequence([1,2,3,4/5])
sage: v
[1, 2, 3, 4/5]
sage: type(v)
<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])
<type 'sage.rings.rational.Rational'>
sage: v.universe()
Rational Field
sage: v.is_immutable()
False
sage: v.set_immutable()
sage: v[0] = 3
Traceback (most recent call last):
...
ValueError: object is immutable; please change a copy instead.

Ïîñëåäîâàòåëüíîñòè ìîãóò áûòü èñïîëüçîâàíû âåçäå, ãäå ìîãóò áûòü èñïîëüçîâàíû ñïèñêè:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)
True
sage: list(v)
[1, 2, 3, 4/5]
sage: type(list(v))
<type 'list'>

Áàçèñ äëÿ âåêòîðíîãî ïîëÿ ÿâëÿåòñÿ íåèçìåíÿåìîé ïîñëåäîâàòåëüíîñòüþ, òàê êàê î÷åíü âàæíî íå
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èçìåíÿòü èõ. Ýòî ïîêàçàíî â ñëåäóþùåì ïðèìåðå:

sage: V = QQ^3; B = V.basis(); B
[
(1, 0, 0),
(0, 1, 0),
(0, 0, 1)
]
sage: type(B)
<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]
Traceback (most recent call last):
...
ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

5.6 Ñëîâàðè

Ñëîâàðü (òàêæå èìåíóåìûé àññîöèàòèâíûì ìàññèâîì) - ýòî ñîïîñòàâëåíèå `õýøèðóåìûõ' îáúåêòîâ (êàê
ñòðîêè, ÷èñëà è êîðòåæè èç íèõ; ñì. äîêóìåíòàöèþ Python: http://docs.python.org/tut/node7.html è
http://docs.python.org/lib/typesmapping.html) ïðîèçâîëüíûì îáúåêòàì.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type(d)
<type 'dict'>
sage: d.keys()
[1, 'sage', Integer Ring]
sage: d['sage']
17
sage: d[ZZ]
Finite Field of size 7
sage: d[1]
5

Òðåòèé êëþ÷ ïîêàçûâàåò, ÷òî èíäåêñû ñëîâàðÿ ìîãó áûòü ñëîæíûìè, êàê, íàïðèìåð, êîëüöî öåëûõ
÷èñåë.

Ìîæíî ïðåâðàòèòü âûøåîïèñàííûé ñëîâàðü â ñïèñîê ñ òåì æå ñîäåðæèìûì:

sage: d.items()
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

×àñòî èñïîëüçóåìîé ïðàêòèêîé ÿâëÿåòñÿ ïðîèçâåäåíèå èòåðàöèé ïî ïàðàì â ñëîâàðå:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.iteritems()]
[8, 27, 64]

Êàê ïîêàçûâàåò ïîñëåäíèé ïðèìåð, ñëîâàðü íå óïîðÿäî÷åí.

5.7 Ìíîæåñòâà

Â Python åñòü âñòðîåííûé òèï ìíîæåñòâî. Ãëàâíûì ïðåèìóùåñòâîì ýòîãî òèïà ÿâëÿåòñÿ áûñòðûé
ïðîñìîòð, ïðîâåðêà òîãî, ïðèíàäëåæèò ëè ýëåìåíò ìíîæåñòâó, à òàêæå îáû÷íûå îïåðàöèè èç òåîðèè
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ìíîæåñòâ.

sage: X = set([1,19,'a']); Y = set([1,1,1, 2/3])
sage: X
set(['a', 1, 19])
sage: Y
set([1, 2/3])
sage: 'a' in X
True
sage: 'a' in Y
False
sage: X.intersection(Y)
set([1])

Â Sage òàêæå èìååòñÿ ñâîé òèï äàííûõ ìíîæåñòâî, êîòîðûé (â íåêîòîðûõ ñëó÷àÿõ) îñóùåñòâëåí ñ èñ-
ïîëüçîâàíèåì âñòðîåííîãî òèïà ìíîæåñòâî Python, íî âêëþ÷àåò â ñåáÿ ôóíêöèîíàëüíîñòü, ñâÿçàííóþ
ñ Sage. Ñîçäàéòå ìíîæåñòâî Sage ñ ïîìîùüþ Set(...). Íàïðèìåð,

sage: X = Set([1,19,'a']); Y = Set([1,1,1, 2/3])
sage: X
{'a', 1, 19}
sage: Y
{1, 2/3}
sage: X.intersection(Y)
{1}
sage: print latex(Y)
\left\{1, \frac{2}{3}\right\}
sage: Set(ZZ)
Set of elements of Integer Ring

5.8 Èòåðàòîðû

Èòåðàòîðû - ýòî ñðàâíèòåëüíî íåäàâíåå äîáàâëåíèå â Python, êîòîðîå ÿâëÿåòñÿ î÷åíü ïîëåçíûì â ìàòå-
ìàòè÷åñêèõ ïðèëîæåíèÿõ. Íåñêîëüêî ïðèìåðîâ èñïîëüçîâàíèÿ èòåðàòîðîâ ïðèâåäåíû íèæå; ïîäðîáíåå
ñì. [PyT]. Çäåñü ñîçäàåòñÿ èòåðàòîð äëÿ êâàäðàòîâ íåîòðèöàòåëüíûõ ÷èñåë äî 10000000.

sage: v = (n^2 for n in xrange(10000000))
sage: v.next()
0
sage: v.next()
1
sage: v.next()
4

Ñëåäóþùèé ïðèìåð - ñîçäàíèå èòåðàòîðîâ èç ïðîñòûõ ÷èñåë âèäà 4p + 1 ñ ïðîñòûì p è ïðîñìîòð
íåñêîëüêèõ ïåðâûõ çíà÷åíèé:

sage: w = (4*p + 1 for p in Primes() if is_prime(4*p+1))
sage: w # random output íà ñëåäóþùåé ñòðîêå 0xb0853d6c ìîæåò áûòü äðóãèì øåñòíàäöàòèðè÷íûì ÷èñëîì
<generator object at 0xb0853d6c>
sage: w.next()
13
sage: w.next()
29
sage: w.next()
53
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Îïðåäåëåííûå êîëüöà, êàê è êîíå÷íûå ïîëÿ è öåëûå ÷èñëà, èìåþò èòåðàòîðû:

sage: [x for x in GF(7)]
[0, 1, 2, 3, 4, 5, 6]
sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: W.next()
(0, 0)
sage: W.next()
(0, 1)
sage: W.next()
(0, -1)

5.9 Öèêëû, ôóíêöèè, óïðàâëÿþùèå êîíñòðóêöèè è ñðàâíåíèÿ

Ìû óæå âèäåëè íåñêîëüêî ïðèìåðîâ ñ èñïîëüçîâàíèåì öèêëîâ for. Â Python öèêë for èìååò òàáóëèðî-
âàííóþ ñòðóêòóðó:

>>> for i in range(5):
print(i)

0
1
2
3
4

Çàìåòüòå äâîåòî÷èå íà êîíöå âûðàæåíèÿ(�do� èëè �od�, êàê GAP èëè Maple, íå èñïîëüçóþòñÿ), à îò-
ñòóïû ïåðåä �òåëîì� öèêëà, â ÷àñòíîñòè, ïåðåä print(i). Ýòè îòñòóïû âàæíû. Â Sage îòñòóïû ñòàâÿòñÿ
àâòîìàòè÷åñêè ïðè íàæàòèè enter ïîñëå �:�, êàê ïîêàçàíî íèæå.

sage: for i in range(5):
... print(i) # íàæìèòå Enter äâàæäû
0
1
2
3
4

Ñèìâîë = èñïîëüçóåòñÿ äëÿ ïðèñâàèâàíèÿ. Ñèìâîë == èñïîëüçóåòñÿ äëÿ ïðîâåðêè ðàâåíñòâà:

sage: for i in range(15):
... if gcd(i,15) == 1:
... print(i)
1
2
4
7
8
11
13
14

Èìåéòå â âèäó, êàê òàáóëÿöèÿ îïðåäåëÿåò ñòðóêòóðó áëîêîâ äëÿ îïåðàòîðîâ if, for è while:

sage: def legendre(a,p):
... is_sqr_modp=-1
... for i in range(p):

5.9. Öèêëû, ôóíêöèè, óïðàâëÿþùèå êîíñòðóêöèè è ñðàâíåíèÿ 73



Sage Tutorial in Russian, Âûïóñê 5.0

... if a % p == i^2 % p:

... is_sqr_modp=1

... return is_sqr_modp

sage: legendre(2,7)
1
sage: legendre(3,7)
-1

Êîíå÷íî, ýòî íå ýôôåêòèâíàÿ ðåàëèçàöèÿ ñèìâîëà Ëåæàíäðà! Äàííûé ïðèìåð ñëóæèò ëèøü èëëþ-
ñòðàöèåé ðàçíûõ àñïåêòîâ ïðîãðàììèðîâàíèÿ â Python/Sage. Ôóíêöèÿ {kronecker}, âñòðîåííàÿ â Sage,
ïîäñ÷èòûâàåò ñèìâîë Ëåæàíäðà ýôôåêòèâíî ñ èñïîëüçîâàíèåì áèáëèîòåê C, â ÷àñòíîñòè, ñ èñïîëüçî-
âàíèåì PARI.

Ñðàâíåíèÿ ==, !=, <=, >=, >, < ìåæäó ÷èñëàìè àâòîìàòè÷åñêè ïåðåâîäÿò îáà ÷ëåíà â îäèíàêîâûé
òèï:

sage: 2 < 3.1; 3.1 <= 1
True
False
sage: 2/3 < 3/2; 3/2 < 3/1
True
True

Ïðàêòè÷åñêè ëþáûå äâà îáúåêòà ìîãóò áûòü ñðàâíåíû.

sage: 2 < CC(3.1,1)
True
sage: 5 < VectorSpace(QQ,3) # random output
True

Èñïîëüçóéòå ïåðåìåííûå bool äëÿ ñèìâîëüíûõ íåðàâåíñòâ:

sage: x < x + 1
x < x + 1
sage: bool(x < x + 1)
True

Ïðè ñðàâíåíèè îáúåêòîâ ðàçíîãî òèïà â áîëüøèíñòâå ñëó÷àåâ Sage ïîïûòàåòñÿ íàéòè êàíîíè÷åñêîå
ïðèâåäåíèå îáîèõ ê îáùåìó ðîäèòåëþ. Ïðè óñïåõå, ñðàâíåíèå âûïîëíÿåòñÿ ìåæäó ïðèâåä¼ííûìè îáú-
åêòàìè; åñëè íåò, òî îáúåêòû áóäóò ðàñöåíåíû êàê íåðàâíûå. Äëÿ ïðîâåðêè ðàâåíñòâà äâóõ ïåðåìåííûõ
èñïîëüçóéòå is. Íàïðèìåð:

sage: 1 is 2/2
False
sage: 1 is 1
False
sage: 1 == 2/2
True

Â ñëåäóþùèõ äâóõ ñòðîêàõ ïåðâîå íåðàâåíñòâî äàåò False, òàê êàê íåò êàíîíè÷åñêîãî ìîðôèçìà Q→
F5, ïîýòîìó íå ñóùåñòâóåò êàíîíè÷åñêîãî ñðàâíåíèÿ ìåæäó 1 â F5 è 1 ∈ Q. Îäíàêî, ñóùåñòâóåò
êàíîíè÷åñêîå ïðèâåäåíèå Z → F5, ïîýòîìó âòîðîå âûðàæåíèå äàåò True. Çàìåòüòå, ïîðÿäîê íå èìååò
çíà÷åíèÿ.

sage: GF(5)(1) == QQ(1); QQ(1) == GF(5)(1)
False
False
sage: GF(5)(1) == ZZ(1); ZZ(1) == GF(5)(1)
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True
True
sage: ZZ(1) == QQ(1)
True

ÂÍÈÌÀÍÈÅ: Ñðàâíåíèå â Sage ïðîâîäèòñÿ áîëåå æ¼ñòêî, ÷åì â Magma, êîòîðàÿ îáúÿâëÿåò 1 ∈ F5

ðàâíûì 1 ∈ Q.

sage: magma('GF(5)!1 eq Rationals()!1') # optional magma required
true

5.10 Ïðîôèëèðîâàíèå

Àâòîð ðàçäåëà: Martin Albrecht (malb@informatik.uni-bremen.de)

�Ïðåæäåâðåìåííàÿ îïòèìèçàöèÿ - ýòî êîðåíü âñåãî çëà.� - Äîíàëüä Êíóò

×àñòî î÷åíü ïîëåçíî ïðîâåðÿòü êîä íà ñëàáûå ìåñòà, ïîíèìàòü, êàêèå ÷àñòè îòíèìàþò íàèáîëüøåå
âðåìÿ íà âû÷èñëåíèÿ; òàêèì îáðàçîì ìîæíî óçíàòü, êàêèå ÷àñòè êîäà íàäî îïòèìèçèðîâàòü. Python è
Sage ïðåäîñòàâëÿåò íåñêîëüêî âîçìîæíîñòåé äëÿ ïðîôèëèðîâàíèÿ (òàê íàçûâàåòñÿ ýòîò ïðîöåññ).

Ñàìûé ëåãêèé ïóòü - ýòî èñïîëüçîâàíèå êîìàíäû prun. Îíà âîçâðàùàåò êðàòêóþ èíôîðìàöèþ î òîì,
êàêîå âðåìÿ îòíèìàåò êàæäàÿ ôóíêöèÿ. Äàëåå ñëåäóåò ïðèìåð óìíîæåíèÿ ìàòðèö èç êîíå÷íûõ ïîëåé:

sage: k,a = GF(2**8, 'a').objgen()
sage: A = Matrix(k,10,10,[k.random_element() for _ in range(10*10)])

sage: %prun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall �lename:lineno(function)
12127 0.160 0.000 0.160 0.000 :0(isinstance)
2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)
1000 0.120 0.000 0.370 0.000 �nite_�eld_element.py:392(__mul__)
1903 0.120 0.000 0.200 0.000 �nite_�eld_element.py:47(__init__)
1900 0.090 0.000 0.220 0.000 �nite_�eld_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 �nite_�eld_element.py:380(__add__)
1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)

2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)
...

Â äàííîì ïðèìåðå ncalls - ýòî êîëè÷åñòâî âûçîâîâ, tottime - ýòî îáùåå âðåìÿ, çàòðà÷åííîå íà îïðåäå-
ëåííóþ ôóíêöèþ (çà èñêëþ÷åíèåì âðåìåíè âûçîâîâ ñóá-ôóíêöèé), percall - ýòî îòíîøåíèå tottime ê
ncalls. cumtime - ýòî îáùåå âðåìÿ, ïîòðà÷åííîå â ýòîé è âñåõ ñóá-ôóíêöèÿõ, percall - ýòî îòíîøåíèå
cumtime ê ÷èñëó ïðèìèòèâíûõ âûçîâîâ, �lename:lineno(function) ïðåäîñòàâëÿåò èíôîðìàöèþ î êàæäîé
ôóíêöèè. ×åì âûøå ôóíêöèÿ íàõîäèòñÿ â ýòîì ñïèñêå, òåì áîëüøå âðåìåíè îíà îòíèìàåò.

prun? ïîêàæåò äåòàëè î òîì, êàê èñïîëüçîâàòü êîìàíäó ïðîôèëèðîâàíèÿ è ïîíèìàòü ðåçóëüòàò åå
èñïîëüçîâàíèÿ.

Ïðîôèëèðóþùàÿ èíôîðìàöèÿ ìîæåò áûòü âïèñàíà â îáúåêò äëÿ áîëåå ïîäðîáíîãî èçó÷åíèÿ:

sage: %prun -r A*A
sage: stats = _
sage: stats?
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Çàìåòêà: ââîä stats = prun -r A\*A îòîáðàçèò ñèíòàêñè÷åñêóþ îøèáêó, òàê êàê prun - ýòî êîìàíäà
îáîëî÷êè IPython, à íå îáû÷íàÿ ôóíêöèÿ.

Äëÿ ãðàôè÷åñêîãî îòîáðàæåíèÿ ïðîôèëèðóþùåé èíôîðìàöèè, Âû ìîæåòå èñïîëüçîâàòü hotshot -
íåáîëüøîé ñêðèïò, íàçâàííûé hotshot2cachetree è ïðîãðàììó kcachegrind (òîëüêî â Unix). Tîò æå ïðè-
ìåð ñ èñïîëüçîâàíèåì hotshot:

sage: k,a = GF(2**8, 'a').objgen()
sage: A = Matrix(k,10,10,[k.random_element() for _ in range(10*10)])
sage: import hotshot
sage: �lename = "pythongrind.prof"
sage: prof = hotshot.Pro�le(�lename, lineevents=1)

sage: prof.run("A*A")
<hotshot.Pro�le instance at 0x414c11ec>
sage: prof.close()

Ðåçóëüòàò áóäåò ïîìåùåí â ôàéë pythongrind.prof â òåêóùåé ðàáî÷åé äèðåêòîðèè. Äëÿ âèçóàëèçàöèè
ýòà èíôîðìàöèÿ ìîæåò áûòü ïåðåâåäåíà â ôîðìàò cachegrind.

Â ñèñòåìíîé îáîëî÷êå ââåäèòå

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

Âûõîäíîé ôàéë cachegrind.out.42 òåïåðü ìîæåò áûòü ïðîàíàëèçèðîâàí ñ ïîìîùüþ kcachegrind. Çàìåòü-
òå, ÷òî îáîçíà÷åíèå cachegrind.out.XX äîëæíî áûòü ñîáëþäåíî.
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Ãëàâà 6

Èñïîëüçîâàíèå SageTeX

Âñòðîåííûé â Sage ïàêåò SageTeX ïîçâîëÿåò âíåäðÿòü ðåçóëüòàòû âû÷èñëåíèé â äîêóìåíò òèïà LaTeX.
Äëÿ òîãî, ÷òîáû èñïîëüçîâàòü äàííûé ïàêåò, ïîíàäîáèòñÿ �óñòàíîâèòü� åãî â ëîêàëüíóþ ñèñòåìó TeX
(ïîä �óñòàíîâêîé� ïîäðàçóìåâàåòñÿ êîïèðîâàíèå îäíîãî ôàéëà). Ñì. Óñòàíîâêà, à òàêæå ðàçäåë �Make
SageTeX known to TeX� Ðóêîâîäñòâà ïî óñòàíîâêå Sage (äàííàÿ ññûëêà âåäåò ê ëîêàëüíîìó ðàçìåùåíèþ
êîïèè ðóêîâîäñòâà ïî óñòàíîâêå).

Â ýòîì óðîêå ïîêàçàí íåáîëüøîé ïðèìåð èñïîëüçîâàíèÿ SageTeX. Ïîëíàÿ äîêóìåíòàöèÿ íàõîäèòñÿ
â SAGE_ROOT/local/share/texmf/tex/generic/sagetex, ãäå SAGE_ROOT - ýòî äèðåêòîðèÿ, â êîòîðîé
óñòàíîâëåí Sage. Ýòà ïàïêà ñîäåðæèò äîêóìåíòàöèþ, ôàéë ñ ïðèìåðîì è ïîëåçíûå ñêðèïòû Python.

Äëÿ íà÷àëà ðàáîòû ñ SageTeX ñëåäóéòå óêàçàíèÿì ïî óñòàíîâêå (â Óñòàíîâêà) è âñòàâüòå ñëåäóþùèÿ
òåêñò â ôàéë íàçâàííûé, ñêàæåì, st_example.tex:

Ïðåäóïðåæäåíèå: Íèæåñëåäóþùèé òåêñò ìîæåò ñîäåðæàòü íåñêîëüêî ñîîáùåíèé îá îøèáêàõ, ñâÿ-
çàííûõ ñ íåèçâåñòíûìè óïðàâëÿþùèìè ïîñëåäîâàòåëüíîñòÿìè, åñëè Âû èñïîëüçóåòå èíòåðàêòèâíóþ
ïîìîùü. Îòêðîéòå ñòàòè÷åñêóþ âåðñèþ, ÷òîáû óâèäåòü ïðàâèëüíûé òåêñò.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
$\sage{number_of_partitions(1269)}$ integer partitions of $1269$.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}
f(x) = exp(x) * sin(2*x)

\end{sageblock}

The second derivative of $f$ is

\[
\frac{\mathrm{d}^{2}}{\mathrm{d}x^{2}} \sage{f(x)} =
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\sage{di�(f, x, 2)(x)}.
\]

Here's a plot of $f$ from $-1$ to $1$:

\sageplot{plot(f, -1, 1)}

\end{document}

Çàïóñòèòå LaTeX äëÿ st_example.tex. Çàìåòüòå, ÷òî LaTeX áóäåò æàëîâàòüñÿ íà íåêîòîðûå âåùè, êàê-
òî:

Package sagetex Warning: Graphics �le sage-plots-for-st_example.tex/plot-0.eps on page 1 does
not exist. Plot command is on input line 25.

Package sagetex Warning: There were unde�ned Sage formulas and/or plots. Run Sage on
st_example.sage, and then run LaTeX on st_example.tex again.

Ñðåäè ôàéëîâ, ñãåíåðèðîâàííûõ ïîñëå çàïóñêà LaTeX, åñòü ôàéë st_example.sage, ÿâëÿþùèéñÿ ñêðèï-
òîì Sage. Ñîîáùåíèå, ïîêàçàííîå âûøå, ïðåäëàãàëî çàïóñòèòü st_example.sage, ïîýòîìó ñòîèò òàê è
ñäåëàòü. Çàòåì áóäåò ïðåäëîæåíî çàïóñòèòü LaTeX äëÿ st_example.tex åùå ðàç; ïåðåä ýòèì áóäåò ñî-
çäàí ôàéë st_example.sout. Ýòîò ôàéë ñîäåðæèò ðåçóëüòàòû âû÷èñëåíèé â Sage â ôîðìàòå, óäîáíîì
äëÿ LaTeX. Íîâàÿ ïàïêà, ñîäåðæàùàÿ EPS-ôàéë ñ ãðàôèêîì, òàêæå áóäåò ñîçäàíà àâòîìàòè÷åñêè.
Çàïóñòèòå LaTeX åùå ðàç: âñå, ÷òî áûëî âû÷èñëåíî â Sage, òåïåðü âêëþ÷åíî â Âàø äîêóìåíò.

Ïåðå÷èñëèì øàãè:

• çàïóñòèòå LaTeX äëÿ .tex ôàéëà;

• çàïóñòèòå Sage äëÿ ñãåíåðèðîâàííîãî .sage ôàéëà;

• çàïóñòèòå LaTeX åùå ðàç.

Ïóíêò ñ çàïóñêîì Sage ìîæíî ïðîïóñòèòü, åñëè íèêàêèå èçìåíåíèÿ íå áûëè ïðèìåíåíû ê êîìàíäàì
Sage â äîêóìåíòå.

SageTeX ïðåäëàãàåò ìíîãî âîçìîæíîñòåé, è òàê êàê Sage è LaTeX ÿâëÿþòñÿ ìîùíûìè èíñòðóìåíòàìè,
òî ñòîèò èçó÷èòü SAGE_ROOT/local/share/texmf/tex/generic/sagetex.
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Ãëàâà 7

Ïîñëåñëîâèå

7.1 Ïî÷åìó Python?

7.1.1 Ïðåèìóùåñòâà Python

Îñíîâíîé ÿçûê ðåàëèçàöèè Sage � ýòî Python (ñì. [Py]), îäíàêî êîä, êîòîðûé äîëæåí îáðàáàòûâàòüñÿ
áûñòðî, íàïèñàí íà êîìïèëèðóåìîì ÿçûêå. Ó Python åñòü ðÿä ïðåèìóùåñòâ:

• Ñîõðàíåíèå îáúåêòîâ øèðîêî èñïîëüçóåòñÿ â Python. Â Python ïðèñóòñòâóåò ïîääåðæêà ñîõðà-
íåíèÿ (ïî÷òè) ëþáûõ îáúåêòîâ íà äèñê èëè â áàçó äàííûõ.

• Çàìå÷àòåëüíàÿ ïîääåðæêà äîêóìåíòàöèè ôóíêöèé è ïàêåòîâ â èñõîäíîì êîäå, âêëþ÷àÿ àâòîìà-
òè÷åñêèé äîñòóï ê äîêóìåíòàöèè è àâòîìàòè÷åñêîå òåñòèðîâàíèå âñåõ ïðèìåðîâ. Ïðèìåðû ïðîâå-
ðÿþòñÿ àâòîìàòè÷åñêè íà ðåãóëÿðíîé îñíîâå è èõ ïðàâèëüíàÿ ðàáîòîñïîñîáíîñòü ãàðàíòèðîâàíà.

• Óïðàâëåíèå ïàìÿòüþ: Python èìååò ïðîäóìàííûé è ñòàáèëüíûé ìåíåäæåð ïàìÿòè è ñáîðùèê ìó-
ñîðà, êîòîðûå èñïðàâíî ðàáîòàþò ñ öèêëè÷åñêèìè ññûëêàìè è ïîçâîëÿþò èñïîëüçîâàòü ëîêàëüíûå
ïåðåìåííûå â ôàéëàõ.

• Python èìååò ìíîæåñòâî ïàêåòîâ, äîñòóïíûõ óæå ñåé÷àñ, êîòîðûå ìîãóò áûòü èíòåðåñíû ïîëü-
çîâàòåëÿì Sage: ÷èñëåííûé àíàëèç è ëèíåéíàÿ àëãåáðà, 2D è 3D âèçóàëèçàöèÿ, ñåòü (äëÿ ðàñ-
ïðåäåëåííûõ âû÷èñëåíèé è ñåðâåðîâ, íàïðèìåð ñ ïîìîùüþ twisted), ïîääåðæêà áàç äàííûõ è
ò.ä.

• Ïîðòèðóåìîñòü: Python ñ ëåãêîñòüþ êîìïèëèðóåòñÿ íà áîëüøèíñòâå ïëàòôîðì â ñ÷èòàííûå ìè-
íóòû.

• Ðàáîòà ñ èñêëþ÷åíèÿìè: Python ñîäåðæèò ñëîæíûé è ïðîäóìàííûé ìåõàíèçì ðàáîòû ñ èñêëþ-
÷åíèÿìè, áëàãîäàðÿ ÷åìó ïðîãðàììû ïðîäîëæàþò ðàáîòàòü äàæå ïðè âîçíèêíîâåíèè îøèáîê â
âûçûâàåìîì èìè êîäå.

• Îòëàä÷èê: Python âêëþ÷àåò â ñåáÿ îòëàä÷èê, òàê ÷òî êîãäà ïðîãðàììà íå ðàáîòàåò ïî êàêîé-òî
ïðè÷èíå, ïîëüçîâàòåëü ìîæåò ïîëó÷èòü äîñòóï ê èñòîðèè ñòåêà, ïðîâåðèòü ñîñòîÿíèå íåîáõîäè-
ìûõ ïåðåìåííûõ, ïåðåìåùàòüñÿ ïî ñòåêó.

• Ïðîôèëèðîâùèê: ñóùåñòâóåò ïðîôèëèðîâùèê Python, êîòîðûé çàïóñêàåò êîä è ñîçäàåò îò÷åò ïî
êîëè÷åñòâó âûçîâîâ è âðåìåíè ðàáîòû êàæäîé ôóíêöèè.

• ßçûê: Âìåñòî òîãî, ÷òîáû ïèñàòü íîâûé ÿçûê äëÿ ìàòåìàòèêè, êàê ýòî áûëî ñäåëàíî äëÿ Magma,
Maple, Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, è ò.ä., ìû èñïîëüçóåì ÿçûê
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Python, êîòîðûé ÿâëÿåòñÿ ïîïóëÿðíûì ÿçûêîì ïðîãðàììèðîâàíèÿ; îí àêòèâíî ðàçâèâàåòñÿ è
îïòèìèçèðóåòñÿ ñîòíÿìè îïûòíûõ ñïåöèàëèñòîâ ïî ïðîãðàììíîìó îáåñïå÷åíèþ (ñì. [PyDev]).

7.1.2 Ïðå-ïàðñåð: Ðàçëè÷èÿ ìåæäó Sage è Python

Â íåêîòîðûõ ìàòåìàòè÷åñêèõ àñïåêòàõ Python ìîæåò ââåñòè â çàáëóæäåíèå, ïîýòîìó Sage âåäåò ñåáÿ
íåìíîãî äðóãèì îáðàçîì.

• Îáîçíà÷åíèå âîçâåäåíèÿ â ñòåïåíü: ** âìåñòî ^. Â Python, ^ îçíà÷àåò �èñêëþ÷èòåëüíî èëè (xor)�,
à íå âîçâåäåíèå â ñòåïåíü, òàê â Python:

>>> 2^8
10
>>> 3^2
1
>>> 3**2
9

Èñïîëüçîâàíèå ^ ìîæåò ïîêàçàòüñÿ ñòðàííûì; ýòî íå òàê âàæíî äëÿ ìàòåìàòè÷åñêèõ èññëåäîâà-
íèé, ïîòîìó êàê �èñêëþ÷èòåëüíî èëè� èñïîëüçóåòñÿ äîâîëüíî ðåäêî. Äëÿ óäîáñòâà, Sage èñïîëü-
çóåò ïðå-ïàðñåð äëÿ ïðîâåðêè êîäà ïåðåä òåì, êàê îí ïåðåäàåòñÿ â Python, è ñèìâîë ^ (åñëè îí
íå íàõîäèòñÿ â ñòðîêå) çàìåíÿåò íà **:

sage: 2^8
256
sage: 3^2
9
sage: "3^2"
'3^2'

• Äåëåíèå öåëûõ ÷èñåë: Âûðàæåíèå 2/3 â Python îçíà÷àåò íå òî, ÷åãî îæèäàåò ìàòåìàòèê. Â Python,
åñëè m è n - öåëûå ÷èñëà, òî m/n òàêæå öåëîå ÷èñëî, åñëè áûòü òî÷íåå, òî öåëàÿ ÷àñòü îò äåëåíèÿ
m íà n. Ñëåäîâàòåëüíî 2/3=0. Â ñîîáùåñòâå Python îáñóæäàåòñÿ âàðèàíò èçìåíåíèÿ îïåðàòîðà
òàê, ÷òîáû 2/3 âîçâðàùàëî ÷èñëî ñ ïëàâàþùåé òî÷êîé 0.6666..., à 2//3 âîçâðàùàëî 0.

Â èíòåðïðåòàòîðå Sage ìû èñïîëüçóåì îáîçíà÷åíèå Integer( ) è äåëåíèå èñïîëüçóåì êàê êîíñòðóê-
òîð äëÿ ðàöèîíàëüíûõ ÷èñåë. Íàïðèìåð:

sage: 2/3
2/3
sage: (2/3).parent()
Rational Field
sage: 2//3
0
sage: int(2)/int(3)
0

• Áîëüøèå öåëûå ÷èñëà: Python èìååò âñòðîåííóþ ïîääåðæêó öåëûõ ÷èñåë ïðîèçâîëüíîé òî÷íîñòè
â äîïîëíåíèå ê C-int'àì. Îíè íàìíîãî ìåäëåííåå, ÷åì òî, ÷òî ïðåäîñòàâëÿåò GMP, à òàêæå èìåþò
ñâîéñòâî: ñèìâîë L â êîíöå, ÷òîáû îòëè÷àòü èõ îò ïåðåìåííûõ òèïà int (è ýòî íå èçìåíèòñÿ â
áëèæàéøåì áóäóùåì). Sage èñïîëüçóåò öåëûå ÷èñëà ïðîèçâîëüíîé òî÷íîñòè ñ ïîìîùüþ GMP
C-áèáëèîòåêè, è îíè âûâîäÿòñÿ íà ýêðàí áåç L.

Âìåñòî èçìåíåíèÿ èíòåðïðåòàòîðà Python (êàê ïîñòóïèëè íåêîòîðûå ëþäè äëÿ âíóòðåííèõ ïðîåêòîâ),
ìû èñïîëüçóåì Python êàê åñòü, è ïðèìåíÿåì ïðå-ïàðñåð äëÿ IPython òàê ÷òîáû ïîâåäåíèå êîìàíäíîé
ñòðîêè IPython ñîîòâåòñòâîâàëî îæèäàíèÿì ìàòåìàòèêîâ. Ýòî îçíà÷àåò, ÷òî ëþáîé ñóùåñòâóþùèé êîä
íà Python ìîæåò áûòü èñïîëüçîâàí â Sage. Îäíàêî, íóæíî ïðèäåðæèâàòüñÿ ñòàíäàðòà Python ïðè
íàïèñàíèè ïàêåòîâ, êîòîðûå áóäóò èìïîðòèðîâàíû â Sage.
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(×òîáû óñòàíîâèòü ïàêåò Python, êîòîðûé, ñêàæåì, âû íàøëè â èíòåðíåòå, ñëåäóéòå èíñòðóêöèè, íî çà-
ïóñêàéòå sage -python âìåñòî python. Î÷åíü ÷àñòî ýòî îçíà÷àåò, ÷òî íóæíî ââåñòè sage -python setup.py
install.)

7.2 Êàê ïðèíÿòü ó÷àñòèå â ðàçðàáîòêå Sage?

Åñëè âû õîòèòå ïîìî÷ü â ðàçðàáîòêå Sage, ýòî áóäåò îöåíåíî ïî äîñòîèíñòâó! Ïîìîùü ìîæåò âàðüèðî-
âàòüñÿ îò âíåñåíèÿ èçìåíåíèé â êîä äî äîïîëíåíèÿ ñïðàâî÷íîé èíôîðìàöèè è íàõîæäåíèÿ áàãîâ.

Ïîèùèòå èíôîðìàöèþ äëÿ ðàçðàáîò÷èêîâ íà ãëàâíîé ñòðàíèöå Sage; êðîìå âñåãî ïðî÷åãî, âû ìîæåòå
íàéòè ñïèñîê ïðîåêòîâ, ñâÿçàííûõ ñ Sage, îòñîðòèðîâàííûõ ïî ïðèîðèòåòó è êàòåãîðèè. Ðóêîâîäñòâî
ðàçðîáîò÷èêà Sage ñîäåðæèò ïîëåçíóþ èíôîðìàöèþ; âû òàêæå ìîæåòå óçíàòü áîëüøå â Google-ãðóïïå
sage-devel.

7.3 Êàê ïðàâèëüíî ññûëàòüñÿ íà Sage?

Åñëè âû èñïîëüçóåòå Sage äëÿ íàïèñàíèÿ ðàáîòû, ïîæàëóéñòà, óêàæèòå, ÷òî âû÷èñëåíèÿ áûëè ïðîèç-
âåäåíû ñ ïîìîùüþ Sage. Âêëþ÷èòå

[Sage] William A. Stein et al., Sage Mathematics Software (Version 4.3).
The Sage Development Team, 2009, http://www.sagemath.org.

â ðàçäåë áèáëèîãðàôèè (çàìåíÿÿ 4.3 âåðñèåé Sage, êîòîðóþ âû èñïîëüçóåòå). Êðîìå òîãî, ïîæàëóéñòà,
ïîñòàðàéòåñü îòñëåäèòü, êàêèå êîìïîíåíòû Sage áûëè èñïîëüçîâàíû äëÿ âû÷èñëåíèé, íàïðèìåð PARI?,
GAP?, Singular? Maxima?, è óêàæèòå ýòè ñèñòåìû. Åñëè âû ñîìíåâàåòåñü î òîì, êàêîå ïðîãðàììíîå
îáåñïå÷åíèå èñïîëüçóåòñÿ äëÿ âû÷èñëåíèé, çàäàéòå âîïðîñ â Google-ãðóïïå sage-devel. Ñì. Ïîëèíîìû
îäíîé ïåðåìåííîé äëÿ äàëüíåéøåãî îáñóæäåíèÿ ýòîé òåìû.

Åñëè âû ïðî÷èòàëè ýòî ðóêîâîäñòâî îò íà÷àëà äî êîíöà, è ó âàñ åñòü ñîîáðàæåíèÿ ïî ïîâîäó âðåìåíè,
çàòðà÷åííîãî íà íåãî, ïîæàëóéñòà, âûñêàæèòå ñâîå ìíåíèå â Google-ãðóïïå sage-devel.

Íàñëàæäàéòåñü Sage!
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Ãëàâà 8

Äîïîëíåíèå

8.1 Ïðèîðèòåò áèíàðíûõ àðèôìåòè÷åñêèõ îïåðàòîðîâ

×òî òàêîå 3^2*4 + 2%5? Çíà÷åíèå (38) îïðåäåëåíî ïî ýòîé �òàáëèöå ïðèîðèòåòà îïåðàòîðîâ�. Òàáëèöà
íèæå îñíîâàíà íà òàáëèöå èç � 5.14 êíèãè Python Language Reference Manual, G. Rossum and F. Drake.
Îïåðàòîðû ðàñïîëîæåíû â ïîðÿäêå âîçðàñòàíèÿ ñòàðøèíñòâà.

Operators Description
or boolean or
and boolean and
not boolean not
in, not in membership
is, is not identity test
>, <=, >, >=, ==, !=, <> comparison
+, - addition, subtraction
*, /, % multiplication, division, remainder
**, ^ exponentiation

Ñëåäîâàòåëüíî, ÷òîáû ïîñ÷èòàòü 3^2*4 + 2%5, Sage ðàññòàâëÿåò ñêîáêè òàê: ((3^2)*4) + (2%5). Ñíà÷àëà
ñ÷èòàåòñÿ 3^2, òî åñòü 9, çàòåì ñ÷èòàþòñÿ (3^2)*4 è 2%5, è íàêîíåö îíè ñêëàäûâàþòñÿ.
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Ãëàâà 9

Áèáëèîãðàôèÿ
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Ëèòåðàòóðà

[Cyt] Cython, http://www.cython.org.

[Dive] Dive into Python, Freely available online at http://diveintopython.org.

[GAP] The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, http://www.gap-
system.org

[GAPkg] GAP Packages, http://www.gap-system.org/Packages/packages.html

[GP] PARI/GP http://pari.math.u-bordeaux.fr/.

[Ip] The IPython shell http://ipython.scipy.org.

[Jmol] Jmol: an open-source Java viewer for chemical structures in 3D http://www.jmol.org/.

[Mag] Magma http://magma.maths.usyd.edu.au/magma/.

[Max] Maxima http://maxima.sf.net/

[NagleEtAl2004] Nagle, Sa�, and Snider. Fundamentals of Di�erential Equations. 6th edition, Addison-
Wesley, 2004.

[Py] The Python language http://www.python.org/ Reference Manual http://docs.python.org/ref/ref.html.

[PyDev] Guido, Some Guys, and a Mailing List: How Python is Developed,
http://www.python.org/dev/dev_intro.html.

[Pyr] Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/.

[PyT] The Python Tutorial http://www.python.org/.

[SA] Sage web site http://www.sagemath.org/.

[Si] G.-M. Greuel, G. P�ster, and H. Sch�onemann. Singular 3.0. A Computer Algebra System for
Polynomial Computations. Center for Computer Algebra, University of Kaiserslautern (2005).
http://www.singular.uni-kl.de.

[SJ] William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm.
Computer Algebra {39}(2005)61-64.
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